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Abstract. Logical matrices are widely accepted as the semantic structures that most naturally fit
the traditional approach to algebraic logic. The behavioral approach to the algebraization of log-
ics extends the applicability of the traditional methods ofalgebraic logic to a wider range of logical
systems, possibly encompassing many-sorted languages andnon-truth-functional phenomena. How-
ever, as one needs to work with behavioral congruences, matrix semantics are unsuited to the behav-
ioral setting. In [5], a promising version of algebraic valuation semantics was proposed in order to
fill in this gap. Herein, we define the class of valuations thatshould be canonically associated to a
logic, and we show, by means of new meaningful bridge results, how it is related to the behaviorally
equivalent algebraic semantics of a behaviorally algebraizable logic.
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1. Introduction

The behavioral approach to the algebraization of logics wasintroduced in [7] with the aim of extending
the range of applicability of the traditional tools of algebraic logic to logics with a many-sorted syntax,
or including non-truth-functional connectives, and whichare not algebraizable with the usual approach.
The key idea underlying the behavioral approach to algebraic logic is to shift one’s attention from the
notion of congruence that is central to the traditional algebraization process, to the weaker notion of
behavioral equivalence. Behavioral equivalence has its roots in computer science, namely in the field of
algebraic specifications of data-types, where it is often necessary to reason about data which cannot be
directly accessed [17]. In such a situation, it is perfectlypossible that one cannot distinguish between two
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different values if those values provide exactly the same results for all available ways of observing and
experimenting with them. Hence, unsorted equational logicis replaced by many-sorted behavioral equa-
tional logic (sometimes called hidden equational logic) based on the notion of behavioral equivalence,
given a set of available experiments. Behavioral reasoningin equational logic has been consistently
developed, see for instance [15, 19].

Logical matrices [16] are widely accepted as the semantic structures that naturally fit the traditional
approach to algebraic logic [14]. It is well-known that every structural logic is fully characterized by
the class of its matrix models, or even better by the class of its reduced matrix models [20]. In the case
of a logic algebraizable according to the traditional methods, one even gets an equational specification
of the algebras underlying these matrix models, a neat characterization of matrix congruences by means
of the Leibniz operator, and a way of recovering the corresponding matrix filters by using the defining
equations of the algebraization [2, 14]. However, as a consequence of the behavioral generalization of
the process of algebraizing logics, one finds that the fundamental notion of matrix semantics is no longer
adequate. Namely, due to its added freedom, the notion of behavioral equivalence is in general not a
congruence over the whole language of the logic. Moreover, as expected in the case of logics that are not
algebraizable under the usual approach (but which may be behaviorally algebraizable), the connection
between the logic and its matrix semantics may be weak and uninteresting. A paradigmatic example
of this situation can be found in da Costa’s system of paraconsistent logicC1 [8]. In fact, C1 is well-
known not to be algebraizable using traditional means, and additionally all its Lindenbaum matrices
are reduced. Still, the logicC1 is behaviorally algebraizable, and its resulting behaviorally equivalent
algebraic semantics is quite interesting [6]. Namely, withlittle effort, it allows us to recover the non-
truth-functional bivaluation semantics of [9].

Logical valuations as a general semantic tool were proposedin [10] precisely with the aim of pro-
viding a semantic ground for logics that, likeC1, lack a meaningful truth-functional semantics. The key
idea is, in the extreme case, to drop the condition that formulas should always be interpreted homomor-
phically in an algebra over the same signature. Besides lacking a thorough study, namely if contrasted to
the myriad of interesting and valuable algebraic theory underlying logical matrices (see [20]), valuation
semantics has been criticized for its excessive generality(see, for instance, [13]). Still, every logician
would agree that a matrix semantics is simply a clever and algebraically well-behaved way of defining
a valuation semantics by simply collecting all possible homomorphic interpretations. A promising alge-
braically well-behaved version of valuation semantics wasproposed in [5] as the natural generalization of
logical matrices to the behavioral setting. Namely, it drops the requirement that formulas be interpreted
homomorphically, while still requiring that any exceptions must have an algebraic specification.

In this paper we review the nice properties of algebraic valuations, paralleling them with the proper-
ties of logical matrices. As our main contribution, we propose a fine-tuned version of the process leading
to the envisaged semantic counterpart of behaviorally algebraizable logics that allows us to obtain new
meaningful bridge results, namely generalizing to the behavioral setting the role played by reduced ma-
trix models in the traditional approach, thus opening the way to the development of a behavioral algebraic
theory of logical valuations. The paper is organized as follows. In Section 2, we will recall the essential
ingredients of the behavioral approach to the algebraization of logics, including those of a behaviorally
protoalgebraic logic, a behaviorally algebraizable logic, and the behavioral Leibniz operator, along with
a few relevant characterizations. We will also introduce for the first time the behavioral Suszko operator
and prove some of its properties. In Section 3, we review the notion of valuation semantics proposed
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in [5] and some of its properties, and introduce the class of reduced valuations that should be canonically
associated with a logic. Section 4 is dedicated to establishing a few bridge results that parallel for val-
uations, in the behavioral setting, well known bridging results between logical matrices and traditional
algebraization. Finally, in Section 5, we draw conclusionsand discuss some relevant topics of future
work.

2. Behavioral algebraization of logics

We will focus our attention on a wide class of logics: those whose language can be built from a rich
many-sorted signature. Below, we first recall the necessarynotions of universal algebra. We will also
recall behavioral equational reasoning, contrasting it with traditional equational reasoning. Along the
way we also fix some notation and terminology. Then, we will recall from [7] the necessary elements of
the behavioral approach to algebraizing logics. We will also prove a few new characterization results.

2.1. Algebraic preliminaries

A (many-sorted) signatureis a pairΣ = 〈S,F 〉 whereS is a set (ofsorts) andF = {Fws}w∈S∗,s∈S

is an indexed family of sets (ofoperations). For simplicity, we writef : s1 . . . sn → s ∈ F for an
elementf ∈ Fs1...sns. As usual, we denote byTΣ(X) = {TΣ,s(X)}s∈S theS-sorted family of carrier
sets of the freeΣ-algebraTΣ(X) with generators taken from a sorted familyX = {Xs}s∈S of variable
sets. We will denote byx : s the fact thatx ∈ Xs. Often, we will need to write termst ∈ TΣ(Y )
over a given subset of variablesY ⊆ X. For simplicity, we will denote such a term byt(Y ), or even
by t(x1 : s1, . . . , xn : sn) whenY = {x1 : s1, . . . , xn : sn}. Moreover, ifT is a set whose elements
are all terms of this form, we will writeT (Y ). A substitutionoverΣ is aS-sorted family of functions
σ = {σs : Xs → TΣ,s(X)}s∈S . As usual,σ(t) denotes the term obtained by uniformly applyingσ to
each variable int. Givent(Y ) andu = 〈ui ∈ TΣ,si

(X)〉xi:si∈Y , we will write t(u) to denote the term
σ(t) whereσ is a substitution such thatσsi

(xi) = ui for eachxi : si ∈ Y . Extending everything to
sets, givenT (Y ) andU ⊆

∏
xi:si∈Y TΣ,si

(X), we will useT [U ] =
⋃

u∈U T (u). A derived operation
of types1 . . . sn → s overΣ is simply a term inTΣ,s(x1 : s1, . . . , xn : sn). Forw ∈ S∗, we denote by
DerΣ,ws the set of all derived operations of typew → s overΣ. A (full) subsignatureof Σ is a signature
Γ = 〈S,F ′〉 such that, for eachw ∈ S∗ ands ∈ S, F ′

ws ⊆ DerΣ,ws.

Given a signatureΣ = 〈S,F 〉, a Σ-algebra is a pairA=〈{As}s∈S , A〉, where eachAs is a non-
empty set, thecarrier of sort s, and A assigns to each operationf : s1 . . . sn → s a functionfA :
As1

×. . .×Asn → As. An assignment overA is aS-sorted family of functionsh = {hs : Xs → As}s∈S.
As usual, we will often overloadh and use it to denote also the unique extension of the assignment
to an homomorphismh : TΣ(X) → A. Given aΣ-algebraA, a termt(x1 : s1, . . . , xn : sn) and
〈a1, . . . , an〉 ∈ As1

× . . .×Asn , then we denote bytA(a1, . . . , an) the valueh(t) thatt takes inA under
an assignmenth such thath(x1) = a1, . . . , h(xn) = an. WhenA is aΣ-algebra andΓ a subsignature
of Σ, we denote byA|Γ theΓ-algebra obtained by forgetting the interpretation of all operations not inΓ.

We will uset ≈ u to represent an equation between termst, u ∈ TΣ,s(X) of the same sorts, in which
case we dub it ans-equation. TheS-sorted set of allΣ-equations will be written asEqΣ. We will denote
quasi-equations by(t1 ≈ u1) & . . .& (tn ≈ un) → (t ≈ u). A setΘ of equations with variables in
{x1 :s1, . . . , xn :sn} will be dubbedΘ(x1 :s1, . . . , xn :sn). As usual, we say that an assignmenth over
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A satisfiesthe equationt ≈ u, in symbolsA, h  t ≈ u if h(t) = h(u). We say thatA satisfiest ≈ u, in
symbolsA  t ≈ u, if A, h  t ≈ u for every assignmenth overA. Given a classK of Σ-algebras, the
equational consequence overΣ associated withK, �K ⊆ P(EqΣ)×EqΣ, is such thatΘ �K t ≈ u if for
everyA ∈ K and assignmenth overA we have thatA, h  t ≈ u wheneverA, h  Θ. Moreover, we
say thatA satisfies a quasi-equation(t1 ≈ u1) & . . .& (tn ≈ un) → (t ≈ u), denoted byA  (t1 ≈ u1)
& . . .& (tn ≈ un) → (t ≈ u), whenever{t1 ≈ u1, . . . , tn ≈ un} �{A} t ≈ u.

As mentioned above, the key ingredient of the behavioral approach to algebraizing logics is to use
behavioral equational logicin the role usually played by plainequational logic. The distinctive feature
of behavioral equational logic is the fact that the sorts aresplit in two disjoint sets, ofvisible andhid-
densorts, and only certain operations of visible sort are allowed asexperiments. In the visible sorts we
can perform simple equational reasoning, but we can only reason indirectly about hidden sorts, using
behavioral indistinguishabilityunder the available experiments. Intuitively, we must evaluate equations
involving hidden values using only their visible properties. It may happen that under all available experi-
ments two certain hidden terms always coincide, which makesthem behaviorally equivalent, even though
they might actually have distinct values. We will now put forward the rigorous definitions, contrasting
them with the ones for plain equational logic. Ahidden (many-sorted) signatureis a tuple〈Σ, V, E〉
whereΣ = 〈S,F 〉 is a many sorted-signature,V ⊆ S is the set of visible sorts, andE is the set of
availableexperiments, that is, a set terms of visible sort of the formt(x : s, x1 : s1, . . . , xn : sn) where
x is a distinguished variable of hidden sorts ∈ H = S \ V .

Definition 2.1. Consider a hidden signature〈Σ, V, E〉 and aΣ-algebraA. Given a hidden sorts ∈
H, two valuesa, b ∈ As are E-behaviorally equivalent, in symbolsa ≡E b, if for every experiment
t(x :s, x1 :s1, . . . , xn :sn) ∈ E and every〈c1, . . . , cn〉 ∈ As1

× . . . ×Asn , we have that

tA(a, c1, . . . , cn) = tA(b, c1, . . . , cn).

Now that we have defined behavioral equivalence, we can talk about behavioral satisfaction of an
equation by aΣ-algebraA. We say that an assignmenth overA E-behaviorally satisfiesan equation
t ≈ u of hidden sorts ∈ H, in symbolsA, h �

E t ≈ u if h(t) ≡E h(u). Expectedly, equations of visible
sort are satisfied as usual, that is, ift ≈ u is an equation of sorts ∈ V then we writeA, h �

E t ≈ u
if h(t) = h(u). These notion can now be smoothly extended. We say thatA E-behaviorally satisfies
t ≈ u, in symbolsA �

E t ≈ u, if A, h �
E t ≈ u for every assignmenth overA. Given a classK

of Σ-algebras, thebehavioral consequence overΣ associated withK andE , |≡E
K
⊆ P(EqΣ) × EqΣ, is

such thatΘ |≡E
K
t ≈ u if for everyA ∈ K and every assignmenth overA we have thatA, h �

E t ≈ u
wheneverA, h �

E t′ ≈ u′ for everyt′ ≈ u′ ∈ Θ. Moreover, we say thatA E-behaviorally satisfies
a quasi-equation(t1 ≈ u1) & . . .& (tn ≈ un) → (t ≈ u), denoted byA �

E (t1 ≈ u1) & . . .&
(tn ≈ un) → (t ≈ u), whenever{t1 ≈ u1, . . . , tn ≈ un} |≡E

{A} t ≈ u. We refer the reader to [19] for
more details on the subject of behavioral equational reasoning.

2.2. The behavioral approach

From now on, we will work only with signaturesΣ = 〈S,F 〉 with a distinguished sortφ (the syntactic
sort of formulas). We assume fixed aS-sorted familyX of variables. We define the induced set of
formulasLΣ(X) to be the carrier set of sortφ of the free algebraTΣ(X) with generatorsX, that is,
LΣ(X) = TΣ,φ(X). We now introduce the class of logics that is the target of ourapproach.
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Definition 2.2. A (many-sorted) logicis a tupleL = 〈Σ,⊢〉whereΣ is a signature and⊢ ⊆ P(LΣ(X))×
LΣ(X) is aconsequence relationsatisfying, for everyΦ ∪ Ψ ∪ {ϕ} ⊆ LΣ(X):

• if ϕ ∈ Φ thenΦ ⊢ ϕ (reflexivity);

• if Φ ⊢ ϕ for all ϕ ∈ Ψ, andΨ ⊢ ψ thenΦ ⊢ ψ (cut);

• if Φ ⊢ ϕ andΦ ⊆ Ψ thenΨ ⊢ ϕ (weakening).

L is further said to bestructural whenever:

• if Φ ⊢ ϕ thenσ[Φ] ⊢ σ(ϕ), for every substitutionσ,

and said to befinitary whenever

• if Φ ⊢ ϕ thenΨ ⊢ ϕ for some finiteΨ ⊆ Φ.

In this paper, unless otherwise stated, all the logics considered are assumed to be structural.

Note that propositional-based logics appear as a particular case of many-sorted logics, considering a
signatureΣ = 〈S,F 〉 such thatS = {φ}.

We will use⊢L instead of just⊢ to refer to the consequence relation of a given logicL = 〈Σ,⊢〉.
Moreover, as usual, ifΦ,Ψ ⊆ LΣ(X), we will write Ψ ⊢ Φ wheneverΨ ⊢ ϕ for all ϕ ∈ Φ. We say
thatϕ,ψ ∈ LΣ(X) are interderivablein L, which is denoted byϕ ⊣⊢L ψ, if ϕ ⊢L ψ andψ ⊢L ϕ.
Analogously, we say thatΦ andΨ are interderivablein L, which is denoted byΦ ⊣⊢L Ψ, if Φ ⊢L Ψ
andΨ ⊢L Φ. Thetheoremsof L are the formulasϕ such that∅ ⊢L ϕ. A theoryof L is a set of formulas
Φ such that ifΦ ⊢L ϕ thenϕ ∈ Φ. As usual,Φ⊢L denotes the least theory ofL that containsΦ. The set
of theories ofL will be denoted byThL.

Extending the single-sorted case, a logical matrix over a many-sorted signatureΣ, or simply aΣ-
matrix, is a tuple〈A,D〉 whereA is aΣ-algebra andD ⊆ Aφ. A matrix 〈A,D〉 overΣ is a model of a
logic L = 〈Σ,⊢〉 if for every homomorphismh : TΣ(X) → A we have that ifT ⊢L ϕ thenh(ϕ) ∈ D
wheneverh(ψ) ∈ D for everyψ ∈ T , in which caseD is dubbed aL-filter of A. As usual, the class of
all matrix models of a given logicL will be denoted by Matr(L)1.

In the present setting, given the signatureΣ = 〈S,F 〉 of a logic, the corresponding free algebra will
have a set of terms of each sort, but only those terms of sortφ will correspond to formulas of the logic.
Therefore, in the logic itself, one can only observe the behavior of terms of other sorts by their indirect
influence on the formulas where they appear. The behavioral approach to the algebraization of logics is
built over the idea of taking this situation a step further. Namely, we will hide all the sorts ofΣ, including
φ, and introduce a new unique visible sort for observing the behavior of formulas. Experiments must be
carefully chosen among the well-behaved connectives of thelogic, determined by a given subsignature
Γ of Σ, thus possibly allowing the remaining connectives to behave in a non-congruent way. This can be
achieved by considering behavioral equational logic over an extended signature. We define the extended
signatureΣo = 〈So, F o〉 such thatSo = S

⊎
{v}, wherev is the newly introduced sort ofobservationsof

1In this paper we will borrow the terminology used, for instance, in [20]. In the modern terminology of algebraic logic [14], the
classes Matr(L) and Matr∗(L) are instead denoted by Mod(L) and Mod∗(L), respectively. We dropped this terminology here,
as our main point is precisely that matrices do not provide the most natural notion of model in the behavioral algebraic setting.
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formulas. The indexed set of operationsF o = {F o
ws}w∈(So)∗,s∈So is such thatF o

ws = Fws if w ∈ S∗

ands ∈ S,F o
φv = {o}, andF o

ws = ∅ otherwise. Intuitively, we are just extending the signature with a new
sortv for the observations that we can perform on formulas using the observation operationo. Finally, the
extended hidden signature is〈Σo, {v}, EΓ〉 whereEΓ = {o(t(x :s, x1 :s1, . . . , xm :sm)) : t ∈ TΓ,φ(X)}.
Henceforth, we will useΓ instead ofEΓ to qualify the corresponding notions of behavioral reasoning.
Before we recall the notion of a behaviorally algebraizablelogic, we need a further concept. LetΘ(x : φ)
be a set ofφ-equations.Θ is said to beΓ-compatiblewith a classK of Σo algebras if, given any variable
y : φ, it is the case thatx ≈ y,Θ(x) |≡Γ

K
Θ(y).

Definition 2.3. A logic L = 〈Σ,⊢〉 is behaviorally algebraizableif there exists a subsignatureΓ of Σ, a
classK of Σo-algebras, a setΘ(x : φ) of φ-equationsΓ-compatible withK, and a set∆(x : φ, y : φ) ⊆
LΓ,φ of formulas such that, for everyΦ ∪ {ϕ} ⊆ LΣ(X) and for every setΨ ∪ {t ≈ u} of φ-equations,
we have:

• Φ ⊢L ϕ iff Θ[Φ] |≡Γ
K

Θ(ϕ);

• Ψ |≡Γ
K
t ≈ u iff ∆[Ψ] ⊢L ∆(t, u);

• x ⊣⊢L ∆[Θ(x)] and x ≈ y ≡||≡Γ
K

Θ[∆(x, y)].

The setΘ is called the set ofdefining equations, ∆ the set ofequivalence formulas, andK abehaviorally
equivalent algebraic semanticsfor L.

This definition is parameterized by the choice of the subsignatureΓ of Σ. Hence, in what follows,
we will say that a logic isΓ-behaviorally algebraizableif we want to stress the choice ofΓ.

It is no accident that the definition of behaviorally algebraizable logic follows very closely the usual
definition of an algebraizable logic, but with behavioral reasoning replacing the usual equational rea-
soning. As shown in [7], behavioral algebraization indeed enlarges the scope of the traditional theory
of algebraization, but maintains many of its nice properties. Namely, given aΣ-algebraA, there is a
very natural way of defining a correspondingΓ-behavioral Leibniz operatorΩA

Γ
that maps each filter

D ⊆ Aφ of A to the largest congruenceΩA

Γ
(D) of A|Γ that is compatible withD. Note thatΩA

Γ
(D) is

in general not a congruence overA if Γ is a proper subsignature ofΣ. In particular, if we consider the
free algebraTΣ(X), we will write ΩΓ instead ofΩTΣ(X)

Γ
. We will useΩΓ,φ to denote the restriction of

ΩΓ to the sortφ. The following simple result, whose proof can be found in [7], gives us a simple view
of the meaning of the behavioral Leibniz congruence.

Proposition 2.1. LetL = 〈Σ,⊢〉 be a logic,〈A,D〉 a matrix overΣ, andΓ a subsignature ofΣ. Then,
〈a, b〉 ∈ Ω

A

Γ,s(D) if and only if for every formulaϕ(x : s, x1 : s1, . . . , xn : sn) ∈ LΓ(X) and every
c1 ∈ As1

, . . . , cn ∈ Asn we have that:

ϕA(a, c1, . . . , cn) ∈ D iff ϕA(b, c1, . . . , cn) ∈ D.

Note that the behavioral Leibniz operator has some interesting features. Namely, given a sorts ∈
S, if the setLΓ(X) = ∅ then Ω

A

Γ,s(D) becomes trivial, that is,ΩA

Γ,s(D) = As × As. Moreover,

whenLΓ(X) 6= ∅, even ifΩA

Γ,φ(D) is the identity, it may happen thatΩA

Γ
(D) is not the identity. In
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general, whenΩA

Γ,φ(D) is the identity, we have thatΩA

Γ,s(D) is the kernel of the (possibly non-injective)
interpretation of the operators inΓ.

Nevertheless, as in the traditional approach, the behavioral Leibniz operator can be used to char-
acterize important classes of logics with respect to their algebraic properties. Namely, a logicL is
Γ-behaviorally algebraizable exactly when, on the theoriesof L, ΩΓ is injective, monotone, and com-
mutes with inverse substitutions [7]. The behavioral Leibniz operator can also be used to generalize to
the behavioral setting the class of protoalgebraic logics,which is considered to be the largest class of
logics amenable to a meaningful algebraic treatment.

Definition 2.4. A logic L = 〈Σ,⊢〉 is behaviorally protoalgebraicif there exists a subsignatureΓ of Σ
such that, for everyΦ ∈ ThL andϕ,ψ ∈ LΣ(X), we have:

• if 〈ϕ,ψ〉 ∈ ΩΓ,φ(Φ) thenΦ, ϕ ⊢ ψ andΦ, ψ ⊢ ϕ.

This definition is again parameterized by the choice of the subsignatureΓ. We will say that a logic
is Γ-behaviorally protoalgebraicwhen we want to stress this choice.

We will now recall two equivalent characterizations of behaviorally protoalgebraic logics that will
be useful later on. One is based on properties of the behavioral Leibniz operator, and the other on the
existence of a parameterized equivalence for the logic. Both generalize to the behavioral setting well
known results about protoalgebraic logics, in the standardsense, and their proofs can be found in [7].

Definition 2.5. Let L = 〈Σ,⊢〉 be a logic,Γ a subsignature ofΣ. Given a setZ of variables, called
parametric variables, a set∆(x : φ, y : φ,Z) ⊆ LΓ(X) is said to be aparameterizedΓ-equivalence
system forL if it satisfies the following conditions:

• ⊢ ∆(x, x, Z);

• x,∆(x, y, U) ⊢ y;

• ∆(x, y, U) ⊢ ∆(ϕ(x), ϕ(y), U), for eachϕ ∈ TΓ,φ(x : φ),

whereU =
∏

zi:si∈Z TΣ,si
(X), thus allowing the joint instantiation of the parametric variablesZ in

every possible way.

We can now present the characterization result.

Theorem 2.1. LetL = 〈Σ,⊢〉 be a logic andΓ a subsignature ofΣ. Then, the following conditions are
equivalent:

(i) L is Γ-behaviorally protoalgebraic;

(ii) ΩΓ is monotone on ThL;

(iii) there exists a parameterizedΓ-equivalence system forL.

A straightforward generalization of the standard setting allows us to prove an interesting but simple
new result, which will be useful below, showing that a parameterizedΓ-equivalence system can be used
to define theΓ-behavioral Leibniz congruence in every matrix model ofL.
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Lemma 2.1. LetL = 〈Σ,⊢〉 be a logic and∆(x : φ, y : φ,Z) be a parameterizedΓ-equivalence system
for L. Then, for everyM = 〈A,D〉 ∈ Matr(L), we have that

〈a, b〉 ∈ Ω
A

Γ,φ(D) iff ∆A(a, b, c) ⊆ D for everyc ∈
∏

zi:si∈Z

Asi
.

Proof:
Consider the binary relationθ∆ = {〈a, b〉 : ∆A(a, b, c) ⊆ D for everyc ∈

∏
zi:si∈Z Asi

} overAφ. It is
easy to prove thatθ∆ is compatible withD, and that it respects a congruence property for all the formulas
φ(x1 : φ, . . . , xn : φ) ∈ LΓ(X), that is, if〈a1, b1〉, . . . , 〈an, bn〉 ∈ θ∆ then it must also be the case that
〈φA(a1, . . . , an), φA(b1, . . . , bn)〉 ∈ θ∆. Therefore, we can conclude thatθ∆ ⊆ Ω

A

Γ,φ(D).

To prove the converse, consider〈a, b〉 ∈ Ω
A

Γ,φ(D). Then〈∆A(a, a, c),∆A(a, b, c)〉 ∈ Ω
A

Γ,φ(D) for
everyc ∈

∏
zi:si∈Z Asi

. SinceM ∈ Matr(L) we have that∆A(a, a, c) ⊆ D for everyc ∈
∏

zi:si∈Z Asi
.

Therefore, by compatibility we can conclude that∆A(a, b, c) ⊆ D. ⊓⊔

Despite the fact that the Leibniz congruence is a key tool of algebraic logic, there is evidence that for
non-protoalgebraic logics the Suszko congruence is more suitable. Nevertheless, the Suszko congruence
is often neglected because it coincides with the Leibniz congruence within the class of protoalgebraic
logics, and most of the work in algebraic logic focuses on theclass of protoalgebraic logics. Herein,
as we want to be as general as possible, we will introduce for the first time a behavioral version of the
Suszko congruence. Given aΣ-algebraA and a filterD of A we can define the behavioral Suszko con-
gruence as̃ΩA

Γ
(D) =

⋂
{ΩA

Γ
(D′) : D′ is aL-filter of A andD ⊆ D′}. Note that, as in the traditional

approach and contrarily to the definition of the Leibniz congruence, the definition of the Suszko congru-
enceΩ̃A

Γ
(D) does not depend exclusively onA andD, but also on the logicL to define all theL-filters

that containD. The notation we are using does not emphasize this fact, but we should keep it in mind at
all times. An immediate consequence of the definition is thatΩ̃

A

Γ
(D) ⊆ Ω

A

Γ
(D). As for the behavioral

Leibniz congruence, we should also remark here thatΩ̃
A

Γ
(D) is not a congruence overA if Γ is a proper

subsignature ofΣ. When we consider the free algebraTΣ(X) we will write Ω̃Γ instead ofΩ̃TΣ(X)
Γ

.
The following result presents an alternative, perhaps simpler, characterization of the behavioral Suszko
congruence.

Proposition 2.2. LetL = 〈Σ,⊢〉 be a logic,〈A,D〉 a matrix overΣ, andΓ a subsignature ofΣ. Then,
〈a, b〉 ∈ Ω̃

A

Γ,s(D) if and only if for every formulaϕ(x : s, x1 : s1, . . . , xn : sn) ∈ LΓ(X), every
c1 ∈ As1

, . . . , cn ∈ Asn , and everyL-filter D′ of A such thatD ⊆ D′, we have that:

ϕA(a, c1, . . . , cn) ∈ D′ iff ϕA(b, c1, . . . , cn) ∈ D′.

Proof:
This result follows easily from Proposition 2.1. Just note that 〈a, b〉 ∈ Ω̃

A

Γ,s(D) iff 〈a, b〉 ∈ Ω
A

Γ,s(D
′)

for everyL-filter D′ of A such thatD ⊆ D′ iff for every formulaϕ(x : s, x1 : s1, . . . , xn : sn) ∈
LΓ(X), everyc1 ∈ As1

, . . . , cn ∈ Asn , and everyL-filter D′ of A such thatD ⊆ D′, we have that
ϕA(a, c1, . . . , cn) ∈ D′ iff ϕA(b, c1, . . . , cn) ∈ D′. ⊓⊔

We can now obtain a generalization to the behavioral settingof a very nice result of the traditional
setting. First we prove a useful lemma.
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Lemma 2.2. The behavioral Suszko operator̃Ω
A

Γ
is monotone, for every logicL = 〈Σ,⊢〉, everyΣ-

algebraA, and every subsignatureΓ of Σ.

Proof:
Assume thatD1,D2 are two filters ofA such thatD1 ⊆ D2. Then, it is clear thatF1 = {D :
D is aL-filter of A andD1 ⊆ D} ⊇ {D : D is aL-filter of A andD2 ⊆ D} = F2. Therefore,
Ω̃

A

Γ
(D1) =

⋂
F1 ⊆

⋂
F2 = Ω̃

A

Γ
(D2). ⊓⊔

We can now prove that the Leibniz and Suszko behavioral congruences coincide precisely when the
logic at hand is behaviorally protoalgebraic.

Theorem 2.2. LetL = 〈Σ,⊢〉 be a logic andΓ a subsignature ofΣ. Then,L is Γ-behaviorally protoal-
gebraic if and only ifΩ̃Γ(Φ) = ΩΓ(Φ) for everyΦ ∈ ThL.

Proof:
Suppose first thatL is Γ-behaviorally protoalgebraic. Then, using Theorem 2.1 we know that there exists
a parameterizedΓ-equivalence system∆(x : φ, y : φ,Z) for L. Let Φ ∈ ThL andt1, t2 ∈ TΣ,s(X) such
that 〈t1, t2〉 ∈ ΩΓ,s(Φ). SinceΩΓ(Φ) is a Γ-congruence we have that the pair〈ϕ(t1, u1, . . . , un),
ϕ(t2, u1, . . . , un)〉 ∈ ΩΓ,φ(Φ), for everyϕ(x0 : s, x1 : s1, . . . , xn : sn) ∈ LΓ(X) and everyu1 ∈
TΣ,s1

(X), . . . , un ∈ TΣ,sn(X). Thus, using Lemma 2.1,∆(ϕ(t1, u1, . . . , un), ϕ(t2, u1, . . . , un), U) ⊆
Φ, and using the properties of a parameterizedΓ-equivalence system it is straightforward to conclude
that Φ, ϕ(t1, u1, . . . , un) ⊣⊢ Φ, ϕ(t2, u1, . . . , un). Therefore, we have thatϕ(t1, u1, . . . , un) ∈ Φ′ if
and only ifϕ(t2, u1, . . . , un) ∈ Φ′ for everyΦ′ ∈ ThL with Φ ⊆ Φ′, and Proposition 2.2 allows us
to conclude that〈t1, t2〉 ∈ Ω̃Γ,s(Φ). Since it is always the case thatΩ̃Γ ⊆ ΩΓ, we can conclude that
Ω̃Γ = ΩΓ.

For the converse implication, assume thatΩ̃Γ(Φ) = ΩΓ(Φ) for everyΦ ∈ ThL. Then, Lemma 2.2
allow us to conclude thatΩΓ is monotone onThL. Using Theorem 2.1 we have thatL is Γ-behaviorally
protoalgebraic. ⊓⊔

In the classical theory of algebraization, the class of models that are canonically associated with a
logicL is typically not the whole family Matr(L), but rather the subclasses of Leibniz or Suszko reduced
matrix models. In general, a matrix forL can be reduced by simply factoring it with the corresponding
congruence. This is however a challenge in the behavioral case, as typically the behavioral Leibniz and
Suszko are congruences for just the operations inΓ.

3. Algebraic valuations

In this section we will first review the definition and properties of the notion of valuation semantics
proposed in [5] as the suitable semantic companion of a logicin the behavioral setting. Then, we propose
and discuss the class of logical valuations that, from our point of view, should be canonically associated
with a given logic.
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3.1. Logical valuations

The idea of valuation semantics appeared in [10] as an effortto provide a semantic ground to logics
that lack a meaningful matrix semantics. The essential ingredient behaind valuation semantics is thus
to drop the requirement that formulas must be interpreted homomorphically in an algebra over the same
signature, and instead accept any possible interpretationas a function from the set of formulas of the
logic to a set of truth-values equipped with a subset of designated values. Besides lacking a thorough
supporting theory, namely if contrasted to the rich theory of logical matrices, valuation semantics has
been mostly criticized for its excessive generality, namely as it can be (mis)understood at the light of
Suszko’s bivalence thesis (see, for instance, [4, 13]). Thenotion of valuation semantics proposed in [5],
that we review in this subsection along with its essential properties, is intended precisely to maintain as
much regularity as possible, thus allowing for a smooth algebraic treatment.

Below, we will consider fixed a signatureΣ = 〈S,F 〉 and a subsignatureΓ of Σ.

Definition 3.1. A Γ-valuationis a tripleϑ = 〈A,D, h〉 such that:

• 〈A,D〉 is aΓ-matrix, and

• h is a sorted functionh : TΣ(X) → A such thath(f(t1, . . . , tn)) = fA(h(t1), . . . , h(tn)) for
everyf : s1 . . . sn → s ∈ Γ andti ∈ TΣ,si

(X) with i ∈ {1, . . . , n}.

A Γ-valuation semanticsoverΣ is a collectionV of Γ-valuations.

A Γ-valuation is a matrix over the subsignatureΓ of Σ together with a function that satisfies the
homomorphism condition for every connective inΓ. In other words,h : TΣ(X)|Γ → A must be
an homomorphism betweenΓ-algebras. In this way we are allowing valuations that do notnecessarily
satisfy the homomorphism condition with respect to connectives outsideΓ. Note that the notion of matrix
semantics is a particular case of this definition, as it can beobtained by takingΓ = Σ and requiring that,
for each relevantΣ-algebraA, every homomorphismh : TΣ(X) → A is considered.

Expectedly, given aΓ-valuationϑ = 〈A,D, h〉 and a formulaϕ ∈ LΣ(X), we say thatϑ satisfies
ϕ, denoted byϑ  ϕ, if h(ϕ) ∈ D. As usual, givenΦ ⊆ LΣ(X), we writeϑ  Φ wheneverϑ  ϕ for
everyϕ ∈ Φ. A Γ-valuationϑ is said to be a model ofL when it happens that ifϑ  Φ andΦ ⊢L ϕ then
ϑ  ϕ. In this case,D is called aL-filter of h. The class of allΓ-valuations that are models ofL will be
denoted by ValΓ(L).

Given aΓ-valuation semanticsV = {〈Ai,Di, hi〉 : i ∈ I} over Σ, we define the consequence
relation associated withV, ⊢V ⊆ P(LΣ(X))×LΣ(X), by lettingΦ ⊢V ϕ if for everyΓ-valuationϑ ∈ V
we have thatϑ  ϕ wheneverϑ  Φ. Note that, in general,⊢V is not structural, an important question
to which we will return. In any case, letL = 〈Σ,⊢〉 be a logic overΣ, not necessarily structural. A
Γ-valuation semanticsV is soundfor L if ⊢L⊆⊢V . Symmetrically,V is adequatefor L if ⊢V ⊆⊢L. The
Γ-valuation semanticsV is completefor L if it is both sound and adequate, that is⊢L =⊢V .

One can easily bring the usual Lindenbaum-Tarski constructions to the setting of valuations. For
each setΦ ⊆ LΣ(X) of formulas, we can define theΓ-valuationϑΦ

Γ = 〈LΣ(X)|
Γ
,Φ, id 〉 whereid :

LΣ(X) → LΣ(X) is the identity function. TheΓ-valuations of the formϑΦ
Γ are dubbedLindenbaum

Γ-valuationsfor Σ. The familyVΓ(L) = {ϑΦ
Γ : Φ is a theory ofL} is called theLindenbaumΓ-bundle

of L.
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Proposition 3.1. For every logicL,

• L is complete with respect to its LindenbaumΓ-bundleVΓ(L);

• L is complete with respect to ValΓ(L).

Proof:
Clearly,VΓ(L) ⊆ ValΓ(L). To see thatVΓ(L) is an adequateΓ-valuation semantics forL, just suppose
thatΦ 0L ϕ for someΦ ∪ {ϕ} ⊆ LΣ(X). ThenϑΦ⊢L

Γ  Φ butϑΦ⊢

Γ 1 ϕ, and henceΦ 0VΓ(L) ϕ. As a
consequence, also ValΓ(L) is adequate forL. ⊓⊔

As the class of all matrix models ofL in the usual approach, the class ValΓ(L) is very important
since it allows us to study the metalogical properties ofL. As we will show below, when a logic is
behaviorally algebraizable, we are able to algebraically specify not only the class of algebras associated
with the logic, but also the admissible ways that formulas can be interpreted in these algebras, as the
valuations are now incorporated in the algebraic models. Note that it is precisely the extended signature
Σo that gives the algebraic handle that allows us to specify these. There are, however, other desirable
properties that a valuation semantics might enjoy.

One semantical property which is very characteristic of thealgebraic setting, and which holds for a
matrix semantics, isrepresentativity.

Definition 3.2. A Γ-valuation semanticsV overΣ is is said to berepresentativeif

• ϑ = 〈A,D, h〉 ∈ V implies thatϑ ◦ σ = 〈A,D, h ◦ σ〉 ∈ V for every substitutionσ.

This last property is well known to be closely connected withstructurality [20].

Theorem 3.1. LetL be a logic, not necessarily structural, over signatureΣ, andΓ a subsignature of
Σ. Then,L is structural if and only if the class ValΓ(L) is representative.

Proof:
Suppose thatL is structural, letϑ ∈ ValΓ(L) and take any substitutionσ. Assume thatΦ ⊢L ϕ and
ϑ ◦ σ  Φ. Clearly, this is equivalent to havingϑ  σ[Φ]. But, by structurality, it is also the case that
σ[Φ] ⊢L σ(ϕ) and, asϑ ∈ ValΓ(L), it follows thatϑ  σ(ϕ). Equivalently, then,ϑ ◦ σ  ϕ, and hence
ϑ ◦ σ ∈ ValΓ(L), and ValΓ(L) is representative.

To prove the converse implication, given that according to Proposition 3.1L is complete with respect
to ValΓ(L), it suffices to show that the consequence associated with an arbitrary representative valuation
semanticsV is necessarily structural. Assume thatΦ ⊢V ϕ and take any substitutionσ. Givenϑ ∈ V,
if ϑ  σ[Φ] then, equivalently,ϑ ◦ σ  Φ. But we know thatϑ ◦ σ ∈ V, and thereforeϑ ◦ σ  ϕ, or
equivalently,ϑ  σ(ϕ). Hence,σ[Φ] ⊢V σ(ϕ) and⊢V is structural. ⊓⊔

To see that some further important properties of the fruitful theory of logical matrices generalize
to our notion of valuation semantics, we end this section with an example of such a result, namely an
adaptation of Bloom’s theorem [3].

Given aΓ-valuationϑ = 〈A,D, h〉 a subvaluation ofϑ is aΓ-valuationϑ′ = 〈A′,D′, h′〉 such that
A

′ is aΓ-subalgebra ofA,D ∩A′
φ = D′, andh′ = h.
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Two Γ-valuationsϑ = 〈A,D, h〉 andϑ′ = 〈A′,D′, h′〉 are said to beisomorphicif there exists an
isomorphismι : A → A

′ of Γ-algebras such thatι(D) = D′ andι ◦ h = h′.
Given a setΛ = {ϑi = 〈Ai,Di, hi〉 : i ∈ I} of Γ-valuations thedirect product ofΛ is theΓ-valuation

Πi∈Iϑi = 〈Πi∈IAi,Πi∈IDi, (hi( ))i∈I〉. A subdirect productof Λ is aΓ-valuationϑ = 〈A,D, h〉 such
thatϑ is a subvaluation ofΠi∈Iϑi and each of the projectionsπi : A → Ai is onto.

Recall that, given a setI, anultrafilter onI is a setU consisting of subsets ofI such that the following
conditions hold:(1) ∅ /∈ U ; (2) if A ∈ U andA ⊆ B thenB ∈ U ; (3) if A,B ∈ U thenA ∩ B ∈ U ;
(4) if A ⊆ I, then eitherA ∈ U or I \A ∈ U . Note that conditions(1–3)together imply thatA andI \A
cannot both be elements ofU . GivenΛ = {ϑi : i ∈ I} and an ultrafilterU on I we can define a (sorted)
equivalence relation∼U on the direct productΠi∈Iϑi as follows:a ∼U b iff {i ∈ I : ai = bi} ∈ U .

Theultraproductof theΓ-valuationsΛ modulo an ultrafilterU , denoted byΠUϑi, is the quotient of
Πi∈Iϑi by the equivalence∼U (that is indeed a congruence of the underlyingΓ-algebra). Concretely, let
ΠUϑi = 〈(Πi∈IAi)/U , [{(ai)i∈I ∈ Πi∈IAi,φ : {i ∈ I : ai ∈ Di} ∈ U}]U , [(hi( ))i∈I ]U 〉.

Theorem 3.2. LetL be a logic over signatureΣ, andΓ a subsignature ofΣ. Then,L is finitary if and
only if the class ValΓ(L) is closed under ultraproducts.

Proof:
Suppose first thatL is finitary. Let{ϑi : i ∈ I} ⊆ ValΓ(L) be a family ofΓ-models ofL andU an
ultrafilter onI. We aim to prove thatΠUvi ∈ ValΓ(L). So, suppose thatΦ ⊢L ϕ and thatΠUϑi  Φ.
SinceL is finitary, there must exist{ϕ1, . . . , ϕn} ⊆ Φ such thatϕ1, . . . , ϕn ⊢L ϕ. For each1 ≤ j ≤ n,
we have thatΠUϑi  ϕj , and thusIj = {i ∈ I : ϑi  ϕj} ∈ U . SinceU is an ultrafilter we have that
I1 ∩ . . . ∩ In = {i ∈ I : ϑi  {ϕ1, . . . , ϕn}} ∈ U . Note also that, since eachϑi is aΓ-model ofL,
I1 ∩ . . . ∩ In ⊆ {i ∈ I : ϑi  ϕ}. SinceU is an ultrafilter we have that{i ∈ I : ϑi  ϕ} ∈ U and so
ΠUϑi  ϕ.

Suppose now that ValΓ(L) is closed under ultraproducts. To prove thatL is finitary letΦ be infinite
and assume thatΦ′

0L ψ, for every finiteΦ′ ⊆ Φ. Let I denote the set of all finite subsets ofΦ.
For eachi ∈ I, definei∗ = {j ∈ I : i ⊆ j}. Using well-known results on ultrafilters [20] we can
conclude that there exists an ultrafilterU overI that contains the family{i∗ : i ∈ I}. For everyi ∈ I,
consider the theoryi⊢L and letϑi = ϑi⊢L

Γ ∈ ValΓ(L) be the corresponding LindenbaumΓ-valuation.
Let ΠUϑi be the ultraproduct of the family by the ultrafilterU . Then, for everyϕ ∈ Φ we have that
{ϕ}∗ ⊆ {i ∈ I : ϑi  ϕ}. So,{i ∈ I : ϑi  ϕ} ∈ U for everyϕ ∈ Φ, and consequently we have that
ΠUϑi  Φ. But {i ∈ I : ϑi  ψ} = ∅ and soΠUϑi 1 ψ. SinceΠUϑi ∈ ValΓ(L) we have thatΦ 0 ϕ,
and we can conclude thatL is finitary. ⊓⊔

As we have mentioned earlier, the class of logical matrices canonically associated with an algebraiz-
able logicL is typically not the whole of Matr(L), but rather the subclass Matr∗(L) of Leibniz reduced
matrices. In the behavioral setting, we can define an analogous class of reducedΓ-valuation models, by
setting Val∗Γ(L) = {〈A,D, h〉 ∈ ValΓ(L) : Ω

A

Γ
(D) is the identity}. Expectedly, givenΦ ⊆ LΣ(X), we

can also define theΓ-valuation

ϑ∗ΦΓ = 〈(LΣ(X)|Γ)/ΩΓ(Φ), [Φ]ΩΓ(Φ), [ ]ΩΓ(Φ)〉 ∈ Val∗Γ(L).

TheΓ-valuations of this form are dubbedreduced LindenbaumΓ-valuationsfor Σ. The familyV∗
Γ(L) =

{ϑ∗ΦΓ : Φ is a theory ofL} is called thereduced LindenbaumΓ-bundleof L.
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Proposition 3.2. For every logicL,

• L is complete with respect to its reduced LindenbaumΓ-bundleV∗
Γ(L);

• L is complete with respect to Val∗
Γ(L).

Proof:
Noting thatV∗

Γ(L) ⊆ Val∗Γ(L), the results follows easily from Proposition 3.1, once we observe that,
for every theoryΦ of L and everyϕ ∈ LΣ(X), we have thatϑ∗ΦΓ  ϕ if and only if ϑΦ

Γ  ϕ. This
equivalence follows easily from the fact thatΩΓ(Φ) is compatible withΦ. ⊓⊔

Still, the class Val∗Γ(L) is not fully satisfactory, as it fails to comply with an important global property
of matrix semantics: the fact that we can consider all possible assignments to the variables over a given
algebra.

Definition 3.3. A Γ-valuation semanticsV overΣ is said to beLaplacianif

• wheneverϑ = 〈A,D, h〉 ∈ V then for every assignmentρ over A there exists aΓ-valuation
ϑρ = 〈A,D, hρ〉 ∈ V such thathρ|X = ρ.

In the general case, there seems to be no clear way of making Val∗Γ(L) Laplacian.

3.2. Valuations canonically associated with a logic

In this section we advance our proposal of the most suitable valuation semantics that should, from an
algebraic perspective, be associated with a logic. To startwith, it is useful to recall what happens in the
traditional approach, using matrix models. Indeed, a lot ofeffort was invested by algebraic logicians in
finding a congruence that could be used to extend in a smooth way the Lindenbaum-Tarski construction to
every logic. It became clear that the Suszko and the Leibniz congruences were the most natural choices.
In the class of protoalgebraic logics these two congruencescoincide, and therefore it became clear what
the natural generalization of the Lindenbaum-Tarski construction for protoalgebraic logics should be.
For non-protoalgebraic logics, the range of studied examples confirmed that the Suszko congruence is
the most appropriate choice. Therefore, the standard classof algebras canonically associated with a logic
L is the class Alg(L), obtained as the closure under isomorphisms of

{A/eΩA(D) : 〈A,D〉 ∈ Matr(L)}.

As argued in [14], this class of algebras is less important than the closure under isomorphisms of the
class of Suszko reduced matrices

{〈A/eΩA(D), [D]eΩA(D)〉 : 〈A,D〉 ∈ Matr(L)},

as, it is not possible, in general, to canonically associateto eachA ∈ Alg(L) a filterDA such thatL is
complete with respect to{〈A,DA〉 : A ∈ Alg(L)}.

Using the Leibniz congruence one can introduce another important class of reduced matrices associ-
ated with a logicL. This is Matr∗(L), the closure under ismorphisms of the class of its Leibniz reduced
matrix models

{〈A/ΩA(D), [D]ΩA(D)〉 : 〈A,D〉 ∈ Matr(L)}.
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Taking the algebraic reducts of the class of Matr∗(L) we obtain the class of algebras

Alg∗(L) = {A : 〈A,D〉 ∈ Matr∗(L)}.

Since, in general,̃ΩA ⊆ Ω
A we have that Alg∗(L) ⊆ Alg(L). Moreover, in the protoalgebraic case,

the classes Alg∗(L) and Alg(L) coincide. Therefore, within the class of protoalgebraic logics, it is usual
to work just with the Leibniz congruence and the classes Alg∗(L) and Matr∗(L).

To pave the ground for a meaningful behavioral algebraic theory of valuations, it seems that the
wisest choice will be to consider classes of reduced valuations that mimic as much as possible the case
of logical matrices. However, as we have seen above, simply taking classes of reduced valuations does
not seem to be a good choice. We propose instead a rationale that is perhaps even closer to the lessons
learned from logical matrices, and which departs from the simple intuition that a matrix semantics can
be understood as defining the class of all valuations obtained by homomorphic interpretation. Given a
logic L = 〈Σ,⊢〉 and a subsignatureΓ of Σ, letM = 〈A,D〉 ∈ Matr(L). As we have discussed, the
Γ-behavioral Suszko and Leibniz congruences, not being congruences over the wholeΣ, cannot help
us to obtain a corresponding reduced matrix. Still, for eachhomomorphismh : LΣ(X) → A over
M , we can take the correspondingΓ-valuationϑM,h = 〈A|Γ,D, h〉 ∈ ValΓ(L), and obtain reducedΓ-

valuations. If we quotientϑM,h by the behavioral Leibniz congruenceΩ = Ω
A|Γ
Γ

(D) we obtainϑ∗M,h =

〈(A|Γ)/Ω, [D]Ω, [ ]Ω ◦h〉. If we quotientϑM,h by the behavioral Suszko congruenceΩ̃ = Ω̃
A|Γ
Γ

(D) we
obtainϑ̃M,h = 〈(A|Γ)/eΩ

, [D]eΩ
, [ ]eΩ

◦ h〉. If we proceed like this, systematically, we can define some
interesting classes of reducedΓ-valuations. As usual, we denote byI(V) the closure for isomorphisms
of a given class of valuationsV.

Definition 3.4. For every logicL = 〈Σ,⊢〉 and subsignatureΓ of Σ, we define the following classes of
valuations:

• MVal∗Γ(L) = I({ϑ∗M,h : M ∈ Matr(L) andh is a homomorphism overM});

• MVal∼Γ (L) = I({ϑ̃M,h : M ∈ Matr(L) andh is a homomorphism overM}).

Note that for a logicL in the class ofΓ-behaviorally protoalgebraic logics, MVal∗
Γ(L) and MVal∼Γ (L)

coincide. In general, of course, MVal∗
Γ(L) ⊆ MVal∼Γ (L). Here, since we are following the work done

in behavioral algebraization of logics, which is still veryfocused on the class ofΓ-behaviorally pro-
toalgebraic logics, we will restrict our analysis to MVal∗

Γ(L). Nevertheless, we should stress that, when
studying logics outside the behavioral protoalgebraic class, it might be wise to consider MVal∼

Γ (L) in-
stead. We will briefly discuss this possibility in the concluding section.

As we will show below, the valuation semantics MVal∗
Γ(L) is meaningful and very well-behaved.

One important characteristic of MVal∗
Γ(L) which is not shared by Val∗

Γ(L) is that it is Laplacian.

Proposition 3.3. LetL be a many-sorted logic. Then MVal∗
Γ(L) is both Laplacian and representative.

Proof:
Suppose thatϑ = 〈A,D, h〉 ∈ MVal∗Γ(L). Then there existsM = 〈B,D′〉 ∈ Matr(L) and an homo-
morphismh′ overM such thatϑ = ϑ∗M,h′. Consider given an assignmentρ over A. Recall that by
constructionA results of a quotient construction fromB|Γ. Therefore, it is always possible to choose an
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assignmenthρ overB such that, for everys ∈ S and everyx ∈ Xs, we have thathρ
s(x) ∈ ρs(x). We can

then conclude thatϑ∗M,hρ = 〈A,D, [ ]
ΩB

Γ
(D′) ◦ h

ρ〉 ∈ MVal∗Γ(L) and([ ]
ΩB

Γ
(D′) ◦ h

ρ)|X = ρ. Hence,
MVal∗Γ(L) is Laplacian.

To show that MVal∗Γ(L) is representative, take any substitutionσ. Clearly,h′◦σ is also an assignment
overB. Hence,ϑ∗M,h′◦σ = ϑ∗M,h′ ◦ σ = ϑ ◦ σ ∈ MVal∗Γ(L). ⊓⊔

Lemma 3.1. LetL = 〈Σ,⊢〉 be a many-sorted logic andΓ a subsignature ofΣ. Then:

(i) MVal∗Γ(L) ⊆ Val∗Γ(L);

(ii) for everyϑ ∈ Val∗Γ(L) there existsϑ′ ∈ MVal∗Γ(L) such that, for everyϕ ∈ LΣ(X), we have that
ϑ  ϕ iff ϑ′  ϕ;

(iii) for every Φ ∪ {ϕ} ⊆ LΣ(X), Φ ⊢MVal∗
Γ
(L) ϕ iff Φ ⊢L ϕ iff Φ ⊢Val∗

Γ
(L) ϕ.

Proof:
Condition(i) is trivial since by construction everyΓ-valuation in MVal∗Γ(L) is reduced and a model

of L.
To prove condition(ii) , letϑ = 〈A,D, h〉 ∈ Val∗Γ(L). Consider the setΦϑ = {ϕ ∈ LΣ(X) : h(ϕ) ∈

D}. It is easy to see thatΦϑ ∈ ThL. Therefore, we have thatM = 〈TΣ(X),Φϑ〉 ∈ Matr(L), and
taking the identity functionid : TΣ(X) → TΣ(X) we have thatϑ∗M,id ∈ MVal∗Γ(L). We just need to
check thatϑ  ϕ iff ϑ∗M,id  ϕ, for everyϕ ∈ LΣ(X). Clearly,ϑ∗M,id  ϕ iff [ϕ]ΩΓ(Φϑ) ∈ [Φϑ]ΩΓ(Φϑ)

iff ϕ ∈ Φϑ iff h(ϕ) ∈ D iff ϑ  ϕ.
Condition(iii) is an immediate consequence of condition(ii) and Proposition 3.2. ⊓⊔

Given these properties, it is not surprising that we proposeMVal∗Γ(L) as the canonical valuation
semantics that should be associated with a givenΓ-behaviorally protoalgebraic logicL.

4. Bridge results

In this section we will present two bridge results similar tothose that connect traditional algebraization
with matrix semantics, thus setting the path towards a behavioral algebraic theory of logical valuations.
We also discuss our proposal at the light of the behaviorallyequivalent algebraic semantics associated
with a behaviorally algebraizable logic, thus reinforcingthe idea that the class MVal∗

Γ(L) of Γ-valuations
is the right behavioral companion ofL. The following theorem is a generalization of a bridge result of
traditional algebraic logic.

Theorem 4.1. LetL = 〈Σ,⊢〉 be a many-sorted logic. ThenL is Γ-behaviorally protoalgebraic if and
only if MVal∗Γ(L) is closed under subdirect products.

Proof:
Let us first suppose thatL isΓ-behaviorally protoalgebraic. Then, by Theorem 2.1,L has a parameterized
Γ-equivalence system∆(x, y, Z), whereZ is the set of parametric variables. Let us consider a family
Λ = {ϑi = 〈Ai,Di, hi〉}i∈I of Γ-valuations such that, for eachi ∈ I, ϑi ∈ MVal∗Γ(L) and letϑ =
〈A,D, h〉 be a subdirect product ofΛ. It is easy to see thatϑ is a model ofL. What remains to
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be proved is thatϑ is reduced. For the purpose, leta, b ∈ As and suppose that〈a, b〉 ∈ Ω
A

Γ,s(D).
Take anyϕ(x0 : s, x1 : s1, . . . , xn : sn) ∈ LΓ(X) andd1 ∈ As1

, . . . , dn ∈ Asn . Then, we have that
〈ϕA(a, d1, . . . , dn), ϕA(b, d1, . . . , dn)〉 ∈ Ω

A

Γ,φ(D). Sinceϑ is a model ofL and MVal∗Γ(L) is Laplacian
we know that, for everyc ∈

∏
z:r∈Z Ar there existshc : TΣ(X) → A such that〈A,D, hc〉 ∈ MVal∗Γ(L),

with hc(x) = ϕA(a, d1, . . . , dn), hc(y) = ϕA(b, d1, . . . , dn) andhc,r(z) = cz:r for everyz : r ∈ Z.
Thus, using Lemma 2.1, we have that∆A(ϕA(a, d1, . . . , dn), ϕA(b, d1, . . . , dn), c) ⊆ D for everyc ∈∏

z:r∈Z Ar. Hence, by definition of subdirect product, we also know thatfor eachi ∈ I it must be
the case that∆Ai

(ϕA(a, d1, . . . , dn)i, ϕA(b, d1, . . . , dn)i, ci) ⊆ Di. Note thatϕA(a, d1, . . . , dn)i =
ϕAi

(ai, d1,i, . . . , dn,i), and similarly forϕA(b, d1, . . . , dn)i. Moreover, asπi is onto, we have that, for
every i ∈ I, ci ranges over

∏
z:r∈Z Ai,r, asc ranges over

∏
z:r∈Z Ar. Thus, for eachi ∈ I, we have

that∆Ai
(ϕAi

(ai, d1,i, . . . , dn,i), ϕAi
(bi, d1,i, . . . , dn,i), ci) ⊆ Di for everyci ∈

∏
z:r∈Z Ai,r. So, using

Lemma 2.1 again, we have that〈ϕAi
(ai, d1,i, . . . , dn,i), ϕAi

(bi, d1,i, . . . , dn,i)〉 ∈ Ω
Ai

Γ,φ(Di). As this is
true for everyϕ(x0 : s, x1 : s1, . . . , xn : sn) ∈ LΓ(X), andd1,i ∈ Ai,s1

, . . . , dn,i ∈ Ai,sn range over all
possible values asd1, . . . , dn vary due to the fact thatπi is onto, we can conclude using Theorem 2.1 that
〈ai, bi〉 ∈ Ω

Ai

Γ,s(Di). Since eachϑi is reduced we have thatai = bi for everyi ∈ I, and we can conclude
thata = b.

To prove the converse, letΦ1,Φ2 ∈ ThL be two theories such thatΦ1 ⊆ Φ2. Consider the reduced
LindenbaumΓ-valuationsϑ∗Φ1

Γ andϑ∗Φ2

Γ , and letθ = ΩΓ(Φ1) ∩ ΩΓ(Φ2). We can define aΓ-valuation
ϑθ = 〈(TΣ(X)|Γ)/θ, [Φ1]θ, [ ]θ〉. We have thatϑθ is isomorphic to a subdirect product ofϑ∗Φ1

Γ andϑ∗Φ2

Γ

by the mapping[t]θ 7→ 〈[t]ΩΓ(Φ1), [t]ΩΓ(Φ2)〉. Since MVal∗Γ(L) is closed under subdirect products and

ϑ∗Φ1

Γ , ϑ∗Φ2

Γ ∈ MVal∗Γ(L) we can conclude thatϑθ ∈ MVal∗Γ(L). So,θ = ΩΓ(Φ1) ∩ΩΓ(Φ2) = ΩΓ(Φ1)
and therefore, we can conclude thatΩΓ,φ(Φ1) ⊆ ΩΓ,φ(Φ2). Using Theorem 2.1 we can conclude thatL
is Γ-behaviorally protoalgebraic. ⊓⊔

Let us now consider thatL is aΓ-behaviorally algebraizable with behaviorally equivalent algebraic
semanticsK and defining equationsΘ = {δi ≈ ǫi : i ∈ I}. As advanced in [7], one important
consequence of this assumption is that given aΣo-algebraA ∈ K, and by settingDA = {a ∈ Aφ :
δi
A

(a) ≡Γ ǫi
A

(a) for everyi ∈ I}, we can recover a filter such thatMA = 〈A|Σ,DA〉 ∈ Matr(L).
Thus, we can reduce theΓ-valuationϑMA,h = 〈A|Γ,DA, h〉 obtained from each assignmenth over
MA, and define

MVal∗Γ,K = {ϑ∗MA,h : A ∈ K andh is an assignment overMA}.

We can now prove a result relating the behavioral consequence associated withK and the corresponding
valuation semantics. The result generalizes another well-known bridge result linking matrix semantics
with traditional algebraization [14].

Theorem 4.2. Let L = 〈Σ,⊢〉 be aΓ-behaviorally algebraizable logic with behaviorally equivalent
algebraic semanticsK. Then, MVal∗Γ(L) = MVal∗Γ,K(L).

Proof:
The fact that MVal∗Γ,K(L) ⊆ MVal∗Γ(L) follows easily from the definition of MVal∗Γ,K(L).

Let us now prove the other inclusion. Letϑ = 〈A,D, h〉 ∈ MVal∗Γ(L). Then, there existsM =
〈B,D′〉 ∈ Matr(L) and an homomorphismh′ overM such thatϑ = ϑ∗M,h′. Consider theΣo-algebraBo

obtained fromM by settingBo|Σ = B, andBo
v = {[a]

ΩB

Γ
(D′) : a ∈ Bφ} andoBo = [ ]

ΩB

Γ
(D′). As an
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easy consequence of the construction ofB
o from M we have thatM,h′  ϕ iff B

o, h′,�Γ Θ(ϕ), for
everyϕ ∈ LΣ(X). From this fact, sinceL isΓ-behaviorally algebraizable, it easily follows thatB

o ∈ K.
We aim to prove thatϑ = ϑ∗MBo ,h′ , thus showing thatϑ ∈ MVal∗Γ,K(L). This follows easily after we
prove thatMBo = M . To prove this we start by recalling thatMBo = 〈Bo|Σ,DBo〉, whereDBo = {a ∈
Bφ : δBo(a) ≡Γ ǫBo(a) for everyδ ≈ ǫ ∈ Θ(x : φ)}. It is clear that, by construction,Bo|Σ = B. What
remains to be proved is thatDBo = D′. Assuming thatL is Γ-behaviorally algebraizable with defining
equationsΘ(x : φ) and equivalence formulas∆(x : φ, y : φ), we have thatx ⊣⊢ ∆[Θ(x)]. Therefore,
sinceM ∈ Matr(L) we have thata ∈ D′ iff ∆B(δB(a), ǫB(a)) ⊆ D′ for everyδ ≈ ǫ ∈ Θ(x : φ) iff
〈δB(a), ǫB(a)〉 ∈ Ω

B

Γ,φ(D′) for everyδ ≈ ǫ ∈ Θ(x : φ) iff a ∈ DBo . ⊓⊔

5. Conclusion

We have explored an algebraic based notion of valuation semantics arising naturally in semantical con-
siderations in the behavioral approach to the algebraization of logics, and proposed the class MVal∗

Γ(L)
of valuations that should be canonically associated with a logic L. The results obtained, which gener-
alize well known properties of matrix semantics and of reduced matrix models in traditional algebraic
logic, are intended as a trigger towards the development of aconsistent algebraic theory of logical val-
uations. That is to say that further meaningful results relating properties of the class MVal∗

Γ(L) with
properties of the logicL are expected. The references [2, 11, 14, 20], among others, will provide the
essential guidelines for future work, in this respect. A thorough analysis of meaningful examples is also
essential. Namely, the lessons learnt from the logicC1 in [6] suggest the way towards obtaining a general
result that will allow us to construct an algebraic specification of MVal∗Γ(L) from an axiomatization ofL.
The recovery of the non-truth-functional bivaluation semantics ofC1 from the Boolean-based algebraic
valuations obtained by the behavioral algebraization process also suggest that a systematic study of the
Birkhoff-like operations over valuation semantics is crucial.

Of course, we could also associate a meaningful class of algebras to each logic, by taking advantage
of its valuation semantics, as is done in the traditional setting. However, these would necessarily have
to be algebras over the extended signature. Thus, we might speculate, here, that the difficulties raised
by the fact that the model-theory of behavioral equational logic remains relatively unexplored (see [18]),
are perhaps a hint that meaningful bridge results might be simpler to obtain using the more intuitive
valuation semantics proposed in this paper.

Alternatives to the proposed valuation semantics should also be carefully inspected. In particular, we
would like to have characterization results for the classesof valuations resulting from non-deterministic
matrices [1], both in the static and dynamic versions, or gaggles [12], as well as bridges to the classes of
logics that they characterize. We hope to report on these andrelated questions in forthcoming papers.

Finally, we should pay attention to the difficulties posed bythe fact thatthe valuationas semantic unit
has a ‘local’ character when contrasted with the ‘global’ character of a logical matrix. Indeed, the notion
of valuation semantics we have proposed seems to come short,in general, with respect to the property of
being Laplacian. Notably, in general, the inclusion MVal∗

Γ(L) ⊆ Val∗Γ(L) is strict. This weakness is also
reflected in the asymmetric development we have given to the behavioral Suszko and Leibniz operators.
In particular, while the notion of a Leibniz reduced valuation is relatively straightforward, there seems
to be no satisfactory way of defining a Suszko reduced valuation. Therefore, aiming at proving, for
instance, that MVal∼Γ (L) is always closed under subdirect products, hints us to consider a more ‘global’
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notion of model. Namely, it seems that we need to work with a generalized notion of matrix, defined as
follows: given a signatureΣ and a subsignatureΓ of Σ, a model consists of a triple given by aΣ-matrix
〈A,D〉, a Γ-matrix 〈B, F 〉, and a surjectiveΓ-homomorphismh : A|Γ → B satisfying the strictness
condition on the filters, that is,D = h−1(F ). Further development of this notion will be the subject of a
forthcoming paper.
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