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ABSTRACT.It is well-known that da Costa’sC-systems of paraconsistent logic do not admit a
Blok-Pigozzi algebraization. Still, an algebraic flavored semantics for them has been proposed
in the literature, namely using the class of so-called da Costa algebras. However, the precise
connection between these semantic structures and theC-systems was never established at the
light of the theory of algebraizable logics. In this paper we propose to study theC-systems from
an algebraic point of view, and to fill in this gap by using the tools and techniques of the newly
developed behavioral approach to abstract algebraic logic. As a by-product of the approach,
we also rediscover the bivaluation semantics of the logics.
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1. Introduction

The roots of the theory of algebraization of logics can be traced back to the work
of Tarski. He was the first to establish precisely the connection between Boolean al-
gebras and classical propositional logic. His approach built on Lindenbaum’s idea of
viewing the set of formulas of the logic as a free algebra with operations induced by
the connectives. Logical equivalence then becomes a congruence relation on this al-
gebra, that is, an equivalence relation compatible with every operation of the algebra.
Moreover, the quotient algebra obtained by factoring the original algebra of formulas
by logical equivalence is precisely a Boolean algebra. This construction, which be-
came known as the Lindenbaum-Tarski algebraization method, was then successfully
applied to obtain algebraic counterparts for a number of different logics. Nevertheless,
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it was soon realized that this technique is not very general, since logical equivalence
is not always a congruence. The theory of algebraization of logics then evolved in
the direction of finding a general congruence on a logic in such a way that a similar
quotient construction could be obtained. Blok and Pigozzi gave, in (Bloket al., 1989),
the first precise abstract definition of the notion of algebraizable logic. The general
theory of algebraization of logics, abstract algebraic logic, or simply AAL, from now
on, was then developed having in mind the process by which a class of algebras is
associated with a given logic. Once this connection could be made, there was also
interest in investigating the connection between various metalogical properties of the
logic at hand and algebraic properties of the associated class of algebras. A recent
overview of the area can be found in (Fontet al., 2003).

Although the Blok-Pigozzi approach appeared as a generalization of the
Lindenbaum-Tarski construction, the algebraic notion of congruence remained as the
main building block of AAL. So, at the light of the standard tools of AAL, the lack
of a non-trivial congruence in a given logic invalidates the possibility of a meaningful
algebraic study of the logic. This is precisely the case of many so-called non-truth-
functional logics and, in particular, of da Costa’sC-systems. TheC-systems consist
of a hierarchyC = {Cn}n∈IN of logical systems which was introduced by da Costa
in (da Costa, 1963; da Costa, 1974) for reasoning about formal inconsistency. As
early as in (da Costaet al., 1964), da Costa and Guillaume realized that the rule of
replacement fails in each of these systems, due to the properties of the paraconsistent
negation. This is the same as to say that logical equivalence is not a congruence rela-
tion in the algebra of formulas. Their non-Frégean nature hence rules out immediately
the possibility of a Lindenbaum-Tarski algebraization of the logics. At this time, and
despite this negative result, the problem of finding a Blok-Pigozzi algebraization of
theC-systems was still open. Mortensen finally gave a negative answer to this ques-
tion in (Mortensen, 1980). He proved that the only congruence compatible with the
set of theorems ofC1 is trivial. As a consequence, every logic weaker thanC1, which
includes every member of theCn hierarchy, fails to be algebraizable. In (Lewinet
al., 1991), Lewin, Mikenberg and Schwarze gave a small and easy proof thatC1 is not
algebraizable using the techniques of AAL. What is very interesting about this state
of affairs, is that an algebraic flavored counterpart for these logics has been proposed
and studied in the literature, as it was soon realized that, although not algebraizable,
theC-systems do indeed have some rich algebraic structure underneath, namely be-
cause their positive fragment is classical. Hence, da Costa himself advanced a pro-
posal in (da Costa, 1966), which was then generalized by Carnielli and de Alcantara
in (Carnielli et al., 1984), and by Seoane and de Alcantara in (Seoaneet al., 1991):
the class of so-calledda Costa algebras. This class of algebraic structures was care-
fully studied and, in particular, a Stone-like representation theorem was proved, to
the effect that every such structure is isomorphic to aparaconsistent algebra of sets.
Still, it was clear that these algebraic structures could not be seen, in a strict sense, as
algebras over the similarity type corresponding to the logical connectives. Other inter-
esting semantics for theC-systems have also been introduced, namely the bivaluation
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semantics of (Da Costaet al., 1977), but the gap has remained open as none of these
proposals could ever be explained by the standard theory of AAL.

However, the work in (Caleiroet al., 2003) motivated a novelbehavioralbranch
of AAL, as proposed and developed by Caleiro, Gonçalves and Martins in (Caleiro
et al., 2007). Intuitively, while AAL is traditionally centered around the notion of
congruence, the behavioral approach to AAL is centered around the weaker notion
of behavioral equivalence. Behavioral equivalence has its roots in computer science,
namely in the field of algebraic specifications with applications to knowledge repre-
sentation, software engineering, and object-oriented programming, where it is often
necessary to reason about data which cannot be directly accessed. In fact, complex
systems constitute a challenge for traditional algebraic methods, since they very of-
ten provide mechanisms to encapsulate internal data. In such situations, it is per-
fectly possible that one cannot distinguish between two different values if these two
values provide exactly the same results for all available ways of observing and ex-
perimenting with them. In this case, we say that the two values are behaviorally
equivalent (Reichel, 1985). Behavioral reasoning in equational logic has been con-
sistently developed, see for instance (Goguenet al., 2000; Rosu, 2004). In technical
terms, the data is split into two categories:visible datawhich can be directly accessed,
andhidden datathat can only be accessed indirectly by analyzing the visible output
of operations on it, suitably calledexperiments. Since one cannot access the hidden
data, it is not possible to reason directly about the equality of two hidden values.
Hence, unsorted equational logic is replaced by many-sorted behavioral equational
logic (sometimes called hidden equational logic) based on the notion of behavioral
equivalence, given a set of available experimentsΓ. This restriction induces the notion
of Γ-behavioral equivalence, whereΓ is a subset of the set of original operations. It can
be shown that theΓ-behavioral equivalence is the largestΓ-congruence whose visible
part is the identity relation. Notably, the possibility of having a restricted set of exper-
iments also accommodates the existence of non-congruent operations (Rosu, 2004).
This feature of behavioral logic plays a fundamental role in our development of be-
havioral AAL, since it allows us to cope also with non-truth-functionality. In a nut-
shell, the behavioral approach to AAL introduced in (Caleiroet al., 2007) extends
the standard theory of AAL by simply using many-sorted behavioral logic in the role
traditionally played by (unsorted) equational logic.

Using behavioral tools and techniques in AAL, it is possible to prove that the
whole hierarchy ofC-systems is behaviorally algebraizable, as shown in (Caleiroet
al., 2007; Gonçalves, 2008). Furthermore, their connection with da Costa algebras, as
well as with their bivaluation semantics, finally emerges naturally in this behavioral
algebraic setting. The aim of this paper is precisely to reveal this connection. For the
sake of readability, we took the decision to avoid too many technicalities about be-
havioral equivalence, whenever possible, so that they do not interfere with the correct
understanding of the key ideas we want to transmit. For simplicity, we have focused
most of our exposition on the logicC1, but it should be clear that all the results transfer
smoothly to the whole hierarchy ofC-systems. An early version of this work was the
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subject of a contributed talk at the Fourth World Congress of Paraconsistency, held in
Melbourne, Australia, in July 2008, whose abstract appears in (Caleiroet al., 2008a).

The paper is organized as follows. In Section 2 we recall da Costa’sC-systems
and some of their properties, including their bivaluation semantics and the class of
da Costa structures. Special attention is dedicated to recalling why they cannot be
algebraized using the standard tools of AAL. The behavioral algebraization ofC1 will
be introduced in Section 3, along with the presentation of an algebraic counterpart for
C1 in this behavioral setting. Section 4 will be devoted to the study of the connection
between the behavioral algebraization ofC1 and the class of da Costa algebras. As a
by-product, also the connection with its bivaluation semantics is explained. Finally, in
Section 5, we draw some conclusions and point to some topics of further research.

2. TheC-systems

Let us start by recalling the hierarchy{Cn}n∈IN , and some of its properties. All
the logic systems share a common language,LC , obtained by applying the primitive
connectives¬, ∧, ∨, ⇒ (respecting the usual arities) to a countable setP of proposi-
tional variables. Given a formulaϕ ∈ LC we will sometimes writeϕ(p1, . . . , pn) to
emphasize the fact that the variables ofϕ are all amongp1, . . . , pn. We will also use
ξ, ξ1, ξ2, . . . as metavariables ranging over formulas.

Givenϕ ∈ LC , letϕ◦ ≡ ¬(ϕ ∧ ¬ϕ). We abbreviate the formulaϕ◦...◦, where the
symbol◦ appearsn times,n ≥ 1, by ϕn and letϕ(n) ≡ (ϕ1 ∧ . . . ∧ ϕn). Indeed,
since the logics are paraconsistent, formulas likeϕ◦, ϕn andϕ(n) are typically not
theorems, and they can be used to express consistency within theC-systems. For each
n ∈ IN , a Hilbert-style axiomatization ofCn can be obtained by using the fixed axioms
(i-x)

(i) ξ1 ⇒ (ξ2 ⇒ ξ1)
(ii) (ξ1 ⇒ ξ2)⇒ ((ξ1 ⇒ (ξ2 ⇒ ξ3))⇒ (ξ1 ⇒ ξ3))

(iii) (ξ1 ∧ ξ2)⇒ ξ1
(iv) (ξ1 ∧ ξ2)⇒ ξ2
(v) ξ1 ⇒ (ξ2 ⇒ (ξ1 ∧ ξ2))

(vi) ξ1 ⇒ (ξ1 ∨ ξ2)
(vii) ξ2 ⇒ (ξ1 ∨ ξ2)

(viii) (ξ1 ⇒ ξ3)⇒ ((ξ2 ⇒ ξ3)⇒ ((ξ1 ∨ ξ2)⇒ ξ3))
(ix) ξ1 ∨ ¬ξ1
(x) ¬¬ξ1 ⇒ ξ1

plus the parametric axioms (xin-xivn)

(xin) ξ
(n)
1 ⇒ (ξ1 ⇒ (¬ξ1 ⇒ ξ2))

(xiin) (ξ(n)
1 ∧ ξ(n)

2 )⇒ (ξ1 ∧ ξ2)(n)

(xiii n) (ξ(n)
1 ∧ ξ(n)

2 )⇒ (ξ1 ∨ ξ2)(n)

(xivn) (ξ(n)
1 ∧ ξ(n)

2 )⇒ (ξ1 ⇒ ξ2)(n)
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as well (MP) as the unique rule of inference

(MP) ξ1 ξ1⇒ξ2
ξ2

.

We will denote the resulting consequence relation of eachCn by `n. In the case
of C1, we will sometimes write alsòC1 . It is well-known that̀ n )`n+1, for every
n, which makes the hierarchy ofC-systems increasingly weak. It is clear that the
deduction theorem holds for eachCn.

TheC-systems are weaker than classical propositional logic (CPL), namely with
respect to the properties of the paraconsistent negation¬. Indeed, theC-systems are
paraconsistent, in the sense that a formula and its negation do not necessarily lead to
deductive explosion. That is, in general in eachCn, we have thatϕ,¬ϕ 6`n ψ. Still,
in Cn, ϕ(n) can be used to assert the consistency of a formulaϕ. Indeed, it is the
case thatϕ(n), ϕ,¬ϕ `n ψ, that is, deductive explosion reappears in the presence of
consistency, as explained by axiom (xin). The parametric axioms (xiin-xivn) above
explain precisely how this notion of consistency propagates along the other logical
connectives. In these terms, there is a strong connection between the consequence
relation of CPL and those of theC-systems. To explain this, letΦ∪{ψ} ⊆ LC , andV
be the set of propositional variables that occur inΦ∪{ψ}. If we denote byV (n) the set
{p(n) : p ∈ V }, then we have thatΦ `CPL ψ if and only if Φ, V (n) `n ψ. Moreover,
one can take advantage of the way consistency can be expressed to define in eachCn a
classical negation connective∼n. Indeed, it suffices to let∼n ϕ ≡ ϕ(n)∧¬ϕ. The fact
that∼n indeed behaves like a classical negation is an essential feature of these logics.
For example, we have that(ϕ∨ ∼n ϕ) and(∼n (ϕ∧ ∼n ϕ)) are both theorems of
Cn. Clearly one can also defineverumand falsumby t ≡ ϕ⇒ ϕ and fn ≡ ∼nt,
respectively, whereϕ is a fixed but arbitrary formula ofLC . For simplicity, in the case
of C1, we will simply write∼ andf , instead of∼1 andf1.

2.1. Non-algebraizability

We will proceed by giving a flavor of the traditional Blok-Pigozzi theory of al-
gebraization of logics and making some consideration on why theC-systems, being
apparently well-behaved logics, fail to be algebraizable. Despite of their innocent
aspect and the fact that they satisfy a lot of classical properties, eachCn is non-
selfextensional. In general, it may happen thatϕ a`n ψ but¬ϕ 6a`n¬ψ. This phe-
nomenon, known as the lack of the intersubstitutivity of provable equivalents (IpE),
has as an immediate consequence the fact that logical equivalence is not a congruence
of the free algebra of formulas. This fact cuts short the possibility of a Lindenbaum-
Tarski algebraization of the logics. Nevertheless, this fact alone does not put aside
the possibility of an algebraization in the lines of the general theory of AAL. This
task amounts to finding some nontrivial congruence on the algebra of formulas that
takes into account the consequence relations of theCn. With respect to this last prop-
erty, the minimum that one can impose on any such congruence is that it does not
identify theorems with non-theorems. In this case we say that the congruence is
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compatible with the set of theorems. However, this is impossible as was first shown
in (Mortensen, 1980), and then in (Lewinet al., 1991). More than the mere impos-
sibility of a Blok-Pigozzi algebraization of theC-systems, both of these works made
clear that the paraconsistent negation connective¬ is the responsible for this failure.
Mortensen’s proof of this fact is long and hard, also due to the fact that, at that time,
there was no general definition nor theory of algebraizable logics. However, the proof
of Lewin, Mikenberg and Schwarze is short and enlightening. We briefly recall it be-
low, since its main argument uses the powerful tools of AAL in a very interesting way.
We should make clear that, in both cases, only the case ofC1 was analyzed. For the
sake of brevity, we shall do the same here. A straightforward result of AAL shows
that, sinceC1 can be seen as an axiomatic extension of every otherCn with n > 1, the
non-algebraizability of the former implies the non-algebraizability of the latter. It is
absolutely straightforward, in any case, to generalize the arguments used to the whole
{Cn}n∈IN hierarchy.

One of the important theorems of Blok and Pigozzi’s seminal paper on AAL (Blok
et al., 1989), is the one that states that if a logicL is algebraizable and its equivalent
algebraic semantics is the class of algebrasK then, for every algebraC of the same
similarity type, the Leibniz operatorΩC (mapping eachL-filter of C to the largest
compatibleK-congruence ofC) is an isomorphism. Note that aK-congruence of
C is simply a congruence ofC such that the corresponding reduced algebra is in the
classK. So, in order to show that a given logic is not algebraizable, it suffices to
present an algebraC such thatΩC is not an isomorphism. In (Lewinet al., 1991),
the authors proved the non-algebraizability ofC1 precisely by exhibiting a particular
algebra where the Leibniz operator is not injective, namely

C = 〈C, tC, fC,∧C,∨C,⇒C,¬C〉

such that

– C = {0, a, b, 1, u};
– tC = 1 andfC = 0;

– 〈C,∧C,∨C〉 is a lattice as depicted below;

u

1

��
��

��
��

>>
>>

>>
>>

a

>>
>>

>>
>>

b

��
��

��
��

0

– the operations⇒C and¬C are defined by the following tables.
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⇒C u 1 a b 0
u u u a b 0
1 u 1 a b 0
a u 1 1 b b
b u 1 a 1 a
0 u 1 1 1 1

¬C

u 1
1 0
a b
b a
0 1

The key feature ofC is that it is a simple algebra, that is, it has no non-trivial
congruences. So, we have just the trivial congruences

– ∆ = {〈x, x〉 : x ∈ C}; and

–∇ = C × C.

It is easy to verify, also, that theC1-filters ofC are

–D1 = {u, 1};
–D2 = {u, 1, a};
–D3 = {u, 1, b}; and

–D4 = {u, 1, a, b, 0}.

Therefore, it is obvious thatΩC cannot be injective. In particular, we have that
ΩC(D2) = ΩC(D3) = ∆.

2.2. da Costa algebras

Before these negative results, there was an effort to set up an algebraic semantics
for C1. In (da Costa, 1966), da Costa proposed a class of structures, that he calledC1-
algebras, as a possible algebraic counterpart forC1. Later on, in (Carnielliet al., 1984),
Carnielli and de Alcantara refined da Costa’s ideas and defined a class of structures
that became known asda Costa algebras. This class of structures was studied in
detail in (Carnielliet al., 1984; Seoaneet al., 1991), and namely an important Stone-
like representation theorem was proved about them. Let us recall the definition of
this class of algebraic structures, adapted to the particular case ofC1. By a da Costa
algebrawe mean a structure

U = 〈U, 0, 1,≤U,∧U,∨U,⇒U,¬U〉,

such that0, 1 ∈ U and, for everya, b, c ∈ U , the following conditions hold

–≤U ⊆ U × U is a quasi-order, that is, it satisfies

Reflexivity: a ≤U a, and

Transitivity: if a ≤U b andb ≤U c thena ≤U c;

– a ∧U b ≤U a and a ∧U b ≤U b ;

– a ∧U a 'U a and a ∨U a 'U a, wherea 'U b iff a ≤U b andb ≤U a;

– a ∧U (b ∨U c) 'U (a ∧U b) ∨U (a ∧U c);
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– a ≤U a ∨U b andb ≤U a ∨U b;

– if a ≤U c and b ≤U c then a ∨U b ≤U c;

– a ∧U (a⇒U b) ≤U b;

– a ∧U c ≤U b thenc ≤U (a⇒U b);
– 0 ≤U a anda ≤U 1;

– a◦ ≤U (¬Ua)◦, wherea◦ = ¬U(a ∧U ¬Ua);
– a ∨U ¬Ua 'U 1;

– ¬U(¬Ux) ≤U x;

– a◦ ≤U (b⇒U a)⇒U ((b⇒U ¬Ua)⇒U ¬Ub);
– a◦ ∧U ¬U(a◦) 'U 0;

– a◦ ∧U b◦ ≤U (a ∧U b)◦;
– a◦ ∧U b◦ ≤U (a ∨U b)◦;
– a◦ ∧U b◦ ≤U (a⇒U b)◦.

Expectedly,Φ `C1 ψ iff for every da Costa algebraU and assignmenth : P → U
we have thatψh

U 'U 1 wheneverϕh
U 'U 1 for everyϕ ∈ Φ.

Although there is a strong conceptual connection betweenC1 and da Costa alge-
bras, the negative results discussed in Subsection 2.1 make it impossible to explain
this connection at the light of the traditional theory of AAL. Clearly, the algebraic
structures in this class cannot even be seen as algebras over the similarity type corre-
sponding to the logical connectives ofC1.

2.3. Bivaluation semantics

The first major semantical analysis of the logicsCn was developed in (Da Costaet
al., 1977) by da Costa and Alves, where they proposed a non-truth-functional bival-
uation semantics for each logic in the{Cn}n∈IN hierarchy. Namely, a bivaluation for
C1 is a functionν : LC → {0, 1} that satisfies the following conditions

– ν(ϕ1 ∧ ϕ2) = 1 iff ν(ϕ1) = 1 andν(ϕ2) = 1;

– ν(ϕ1 ∨ ϕ2) = 1 iff ν(ϕ1) = 1 or ν(ϕ2) = 1;

– ν(ϕ1 ⇒ ϕ2) = 1 iff ν(ϕ1) = 0 or ν(ϕ2) = 1;

– if ν(ϕ◦2) = ν(ϕ1 ⇒ ϕ2) = ν(ϕ1 ⇒¬ϕ2) = 1 thenν(ϕ1) = 0;

– if ν(ϕ◦1) = ν(ϕ◦2) = 1 thenν((ϕ1 ∗ ϕ2)◦) = 1 where∗ ∈ {∧,∨,⇒};
– if ν(ϕ) = 0 thenν(¬ϕ) = 1;

– if ν(¬¬ϕ) = 1 thenν(ϕ) = 1.

As shown in (Da Costaet al., 1977),Φ `C1 ψ iff ν(ϕ) = 1 for eachϕ ∈ Φ implies
ν(ψ) = 1, for everyC1 bivaluationν.
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Valuation semantics was advocated in (da Costaet al., 1994) as a very general
kind of semantics. It is indeed very general, and very useful for logics that do not
admit a truth-functional semantics, likeC1. Although the bivaluation semantics for
C1 appeared much earlier than all the non-algebraizability concerns, it will be useful
for us in the sequel. In any case, it certainly sheds some light on the subtleties of the
logic.

3. Behavioral algebraization

Recall that, when setting-up an algebraic semantics for a truth-functional logic,
we endow it with models that are algebras over the connectives of the logic, and we
evaluate formulas homomorphically. This approach, using truth-functional logical
matrices, does not work when the logic is not truth-functional. A change of paradigm
in (Caleiroet al., 2003), led to proposing an alternative algebraic semantics forC1.
The idea was to associate toC1 not a class of algebras over the signature ofC1, but
rather a class of algebras over a two-sorted signature of formulas and truth-values,
where the valuation map is an operation between the two sorts. This work actually
inspired a novel behavioral approach to AAL, as introduced in (Caleiroet al., 2007),
whose main aim was extending the range of applicability of the usual tools of AAL to-
wards providing a meaningful algebraic counterpart also to logics that, asC1, include
non-truth-functional connectives and which are not algebraizable according to the tra-
ditional theory. The key idea of the behavioral approach to AAL is to substitute the
role played byunsorted equational logic(Eqn) by a suitablemany-sorted behavioral
equational logic(BEqn). As Eqn, BEqn is a logic for reasoning about equations. In
BEqn, however, equality is only defined relatively to a prescribed set of possible ex-
periments, as explained above. The approach implies also a shift towards many-sorted
languages and logics.

For those who might not be familiar with the terminology, the example of first-
order logic can be helpful. There we have the logical language divided in the sort
of terms and the sort of formulas. Function symbols can be viewed as operations
on terms, whereas predicates can be viewed as operations that transform terms into
formulas. The connectives and quantifiers are simply operations on formulas. The
usual interpretation structures can be viewed as algebras over this two-sorted signa-
ture, where we have a set to interpret terms, the domain of interpretation, and a set to
interpret formulas, typically the set{0, 1}. Function symbols are interpreted as func-
tions on the domain, and predicates, usually interpreted as relations, can be interpreted
as functions from the domain to{0, 1}. Connectives and quantifiers bear their usual
interpretations as functions over{0, 1}.

The distinctive feature ofBEqn is that the sorts are split in two disjoint sets, of
visibleandhiddensorts, and that the operations are also split in two disjoint sets, of
behavioraland non-behavioral(or congruentand non-congruent) operations. The
behavioral operations generate theexperiments, which are visible terms with a distin-
guished hidden variable. The experiments can be seen as the only way to access the
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hidden data by substituting the distinguished variable of the experiment by the hidden
term to observe. It this way, they generate abehavioral equivalenceon each algebra,
by defining two elements to be behaviorally equivalent if and only if they cannot be
distinguished by any experiment evaluated in that algebra. Obviously, the behavioral
equivalence relation is preserved by the behavioral operations in any algebra, but it
may not be preserved by the non-congruent operations in some algebras. An alge-
braA behaviorally satisfies an equationt1 ≈ t2 if for every assignmenth overA,
the value oft1 is behaviorally equivalent to the value oft2. Hence, we can say that
BEqnis defined asEqnbut where usual equational satisfaction is replaced by behav-
ioral satisfaction. We will present these notions rigorously below, when applied to the
particular case ofC1.

The precise definition ofbehaviorally algebraizable logicis very technical and it
is not our objective to get into these technical details here. The interested reader can
find all the details in (Caleiroet al., 2007; Gonçalves, 2008). We can say, informally,
that a propositional logic is behaviorally algebraizable if it is equivalent to the behav-
ioral equational theory of a class of two-sorted algebras. To allow for non-congruent
connectives, the sort of formulas must be a hidden sort, so that one is forced to reason
behaviorally about formulas. This can be achieved by considering behavioral logic
over an extended signature. In the case ofC1, the two-sorted signature,ΣC1 , obtained
from the propositional signature ofC1 can be presented graphically as shown below.

φ
o

//∧,∨,⇒,∼,¬ 55 v

Intuitively, we are just extending the propositional signature with a new sortv for
the observations that we can perform on formulas using the unary operationo. In
any case, the formulas ofLC can be easily identified with the terms of sortφ. For
simplicity, we have also included the classical negation∼ as primitive. The choice
of v as the name for the new sort is clear. It is intended to represent the only visible
sort of the extended signature. As congruent operations we will take all operations on
the hidden sort except paraconsistent negation, that is,ΓC1 = {∧,∨,⇒,∼}. So, the
experiments are of the formo(ϕ(x, x1, . . . , xn)), whereϕ(x) is a formula built just
with the classical connectives ofC1, with a distinguished variablex and parametric
variablesx1, . . . , xn.

An algebra overΣC1 is a tupleA = 〈Aφ, Av, oA,∧A,∨A,⇒A,∼A,¬A〉, where
Aφ is a set to interpret formulas,Av a set to interpret the observation of formulas and
the remainder are the interpretation of the operations. As usual, we say that aΣC1-
algebraA satisfies an equationϕ ≈ ψ, which is denoted byA  ϕ = ψ, if for every
assignmenth of values to the variables we have thatA, h  ϕ ≈ ψ, that is,ϕh

A = ψh
A.

Similarly, we say thatA satisfies a conditional-equation(ϕ1 ≈ ψ1 & . . .& ϕn ≈
ψn) → ϕ ≈ ψ, which is denoted byA  (ϕ1 ≈ ψ1 & . . .&ϕn ≈ ψn) → ϕ ≈ ψ,
if for every assignmenth we have thatA, h  ϕ ≈ ψ wheneverA, h  ϕi ≈ ψi for
everyi = 1, . . . , n.
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To define behavioral satisfaction in an algebraA, we first need to introduce the
notion ofbehavioral equivalence. We say thata, b ∈ Aφ arebehaviorally equivalent
in A, denoted bya ≡A b, if for every experimento(ϕ(x, x1, . . . , xn)) and every as-
signmenth to the variables, we have thato(ϕ)h[x/a]

A = o(ϕ)h[x/b]
A . Clearly,h[x/a]

denotes the assignment that mapsx to a, and coincides withh on every other vari-
able. Mutatis mutandis, the same applies toh[x/b]. One can now understand why
behavioral equivalence amounts to indistinguishability by means of experiments.

We say thatA behaviorally satisfies an equationϕ ≈ ψ, which is denoted byA �
ϕ ≈ ψ, if for every assignmenth of values to the variables we have thatA, h � ϕ ≈
ψ, that isϕh

A ≡A ψh
A. Similarly, we say thatA behaviorally satisfies a conditional-

equation, which is denoted byA � (ϕ1 ≈ ψ1 & . . .&ϕn ≈ ψn) → ϕ ≈ ψ, if for
every assignmenth we have thatA, h � ϕ ≈ ψ wheneverA, h � ϕi ≈ ψi for
everyi = 1, . . . , n. The reader should contrast these definitions with the usual ones
of satisfaction of a (conditional-)equation, given the notion of behavioral equivalence.

3.1. KC1-algebras

It is not our intention to dwell here on the technical details of the behavioral alge-
braization ofC1. What is important for our purposes is that it was proved in (Caleiro
et al., 2007) thatC1 is behaviorally algebraizable and therefore a classKC1 of two-
sortedΣC1-algebras can be canonically associated to it. In the remainder of this
section we will presentKC1 and explore some of its properties. Further details
can be found in (Gonçalves, 2008). The classKC1 consists of all theΣC1-algebras
A = 〈Aφ, Av, oA,∧A,∨A,⇒A,∼A,¬A〉 such thatoA is a surjective function, and
that behaviorally satisfy the following hidden equations

1) ξ1 ⇒ (ξ2 ⇒ ξ1) ≈ t;
2) (ξ1 ⇒ ξ2)⇒ ((ξ1 ⇒ (ξ2 ⇒ ξ3))⇒ (ξ1 ⇒ ξ3)) ≈ t;
3) (ξ1 ∧ ξ2)⇒ ξ1 ≈ t;
4) (ξ1 ∧ ξ2)⇒ ξ2 ≈ t;
5) ξ1 ⇒ (ξ2 ⇒ (ξ1 ∧ ξ2)) ≈ t;
6) ξ1 ⇒ (ξ1 ∨ ξ2) ≈ t;
7) ξ2 ⇒ (ξ1 ∨ ξ2) ≈ t;
8) (ξ1 ⇒ ξ3)⇒ ((ξ2 ⇒ ξ3)⇒ ((ξ1 ∨ ξ2)⇒ ξ3)) ≈ t;
9) ξ1 ∨ ¬ξ1 ≈ t;

10)¬¬ξ1 ⇒ ξ1 ≈ t;
11) ξ◦1 ⇒ (ξ1 ⇒ (¬ξ1 ⇒ ξ2)) ≈ t;
12) (ξ◦1 ∧ ξ◦2)⇒ (ξ1 ∧ ξ2)◦ ≈ t;
13) (ξ◦1 ∧ ξ◦2)⇒ (ξ1 ∨ ξ2)◦ ≈ t;
14) (ξ◦1 ∧ ξ◦2)⇒ (ξ1 ⇒ ξ2)◦ ≈ t,
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and behaviorally satisfy, also, the following hidden conditional-equations

15) (ξ1 ≈ t & ξ1 ⇒ ξ2 ≈ t) → ξ2 ≈ t;
16) (ξ1 ⇒ ξ2 ≈ t & ξ2 ⇒ ξ1 ≈ t) → ξ1 ≈ ξ2,

and further satisfy the following visible conditional-equations

17) (o(ξ1) ≈ o(ξ2)) → o(∼ ξ1) ≈ o(∼ ξ2);
18) (o(ξ1) ≈ o(ξ2) & o(ξ3) ≈ o(ξ4)) → o(ξ1 ∨ ξ3) ≈ o(ξ2 ∨ ξ4);
19) (o(ξ1) ≈ o(ξ2) & o(ξ3) ≈ o(ξ4)) → o(ξ1 ∧ ξ3) ≈ o(ξ2 ∧ ξ4);
20) (o(ξ1) ≈ o(ξ2) & o(ξ3) ≈ o(ξ4)) → o(ξ1 ⇒ ξ3) ≈ o(ξ2 ⇒ ξ4).

Note that the way an axiomatization forKC1 could be constructed from the axiom-
atization ofC1, and vice-versa, is the result of applying toC1 a general result of AAL,
which extends also to the behavioral setting as shown in (Caleiroet al., 2007). In fact,
the axioms (i-xiv) ofC1 directly give rise to conditions (1-14), and the (MP) rule gives
rise to condition (15). The hidden conditional-equation (16) forces equivalence⇔ to
be interpreted as behavioral equivalence in every member ofKC1 . The visible equa-
tions (17-20) express the fact that the observation operationo is well-behaved with
respect to the congruent operations, that is, the classical connectives.

Recall that we have not included in the signature any operation on sortv. Neverthe-
less, given the setΓC1 of congruent operations, we can define some natural operations
on the sortv arising from the congruent operations on sortφ. Indeed, we can define,
the following abbreviations:

– constant> for o(t);
– constant⊥ for o(f);
– binary meetso(x) u o(y) for o(x ∧ y);
– binary joinso(x) t o(y) for o(x ∨ y);
– an implicationo(x) A o(y) for o(x⇒ y); and

– a unary complement−o(x) for o(∼ x).

Note that sinceoA is surjective, we have thatAv = {oA(a) : a ∈ Aφ}, for every
A ∈ KC1 . Intuitively, this means that every element ofAv can be obtained as an ob-
servation of an element ofAφ. This fact, together with the conditional-equations (17-
20), gives us the guarantee that the interpretation of these operations is well-defined in
every algebraA ∈ KC1 . By well-defined we mean, for example, that, givenA ∈ KC1
anda1, a2, b1, b2 ∈ Aφ, we have that ifoA(a1) = oA(a2) andoA(b1) = oA(b2) then
alsooA(a1) uA oA(b1) = oA(a2) uA oA(b2).

The following proposition states a fundamental property of the classKC1 , which
is an immediate consequence of the fact that it constitutes an algebraic semantics for
C1. The result also takes advantage of the possibility, in this case, of reducing the
behavioral satisfaction of a hidden equation to the satisfaction of a visible equation,
by using the observation operationo. Its proof, and additional details, can be found
in (Caleiroet al., 2007; Gonçalves, 2008).
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Proposition 1. Letϕ1, . . . , ϕn, ψ ∈ LC . Then we have that

{ϕ1, . . . , ϕn} `C1 ψ

iff

for everyA ∈ KC1 , A � (ϕ1 ≈ t & . . .& ϕn ≈ t) → ψ ≈ t

iff

for everyA ∈ KC1 , A  (o(ϕ1) ≈ > & . . .& o(ϕn) ≈ >) → o(ψ) ≈ >.

As a particular case of the above lemma we have that`C1ϕ iff A � ϕ ≈ t iff
A  o(ϕ) = >, for everyA ∈ KC1 .

It interesting to note that although we have defined the classKC1 over a poorer sig-
nature, we can define corresponding visible connectives as abbreviations and further
obtain the following result.

Proposition 2. For every algebraA ∈ KC1 , Av = 〈Av,>A,⊥A,uA,tA,AA,−A〉
is a Boolean algebra.

As we will see below, this fact, which is a consequence of the intimate connection
betweenC1 and CPL, is a very important and useful one due to the strong and well-
studied properties of Boolean algebras. We just state, without further comments, the
main theorem aboutC1’s behavioral algebraization. Details can be found in (Caleiro
et al., 2007; Gonçalves, 2008).

Theorem 3. The logicC1 is ΓC1-behaviorally algebraizable, with behaviorally equiv-

alent algebraic semantics the class ofKC1-algebras, the set{ξ ≈ t} of defining equa-
tions, and the set{ξ1 ⇒ ξ2, ξ2 ⇒ ξ1} of equivalence formulas.

3.2. Lewin, Mikenberg and Schwarze’s argument no longer applies

Our aim is now to reanalyze the proof of standard non-algebraizability ofC1 dis-
cussed above, but now at the light of its behavioral algebraization. We want to ex-
plain why the argument used in the proof in (Lewinet al., 1991) no longer applies
in th behavioral setting. The general result of AAL used in Lewin, Mikenberg and
Schwarze’s proof has a corresponding behavioral version, as shown in (Caleiroet
al., 2007; Gonçalves, 2008). Namely, it states that if a logicL is Γ-behaviorally alge-
braizable and its behaviorally equivalent algebraic semantics is the class of algebrasK
then, for every algebraC, the behavioral Leibniz operatorΩΓ

C (mapping eachL-filter
of C to the largest compatibleK-Γ-congruence ofC) is an isomorphism. Note now,
that aK-Γ-congruence ofC is aΓ-congruence such that the corresponding two-sorted
reduced algebra is inK. The reduced two-sorted reduced algebra is a technical artifact
that allows one to simulate a quotient of the algebra using aΓ-congruence, which in
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general is not a congruence. We shall not go into the fine details of these notions here,
but we give an hint at the related constructions below.

Let C be the algebra used in the proof of (Lewinet al., 1991), that we recall from
Subsection 2.1. As we have seen, there are fourC1-filters ofC, namelyD1, D2, D3,
andD4. AlthoughC only has the trivial congruences∆ and∇, it does have non-trivial
ΓC1-congruences (where, of course, the paraconsistent negation¬ is disregarded). In
fact, it is easy to see that if we restrict the operations of the algebraC to the elements
{a, b, 0, 1} we get a Boolean algebra. It suffices to use the abbreviation of classical
negation, in order to obtain the interpretation shown in the table below.

∼C

u 0
1 0
a b
b a
0 1

Therefore,C has four distinctKC1-ΓC1-congruences, whose corresponding sets of
equivalence classes are

– θ1 = {{u, 1}, {a}, {b}, {0}};
– θ2 = {{u, 1, a}, {b, 0}};
– θ3 = {{u, 1, b}, {a, 0}}; and

– θ4 = {{u, 1, a, b, 0}}.

It is easy to verify that theΓC1-behavioral Leibniz operator overC is such that

ΩΓC1
C (Di) = θi for i = 1, . . . , 4. Therefore,ΩΓC1

C is an isomorphism.

In order to shed some light on the construction of the corresponding two-sorted
algebras, let us consider theΓC1-congruenceθ1. Then, the two-sorted reduced algebra
A will haveAφ structured asC, Av structured according to the four-valued Boolean
lattice below, andoA mapping each element to its equivalence class.

{u, 1}

yy
yy

yy
yy

EE
EE

EE
EE

{a}

EE
EE

EE
EE

{b}

yy
yy

yy
yy

{0}

Similar constructions apply to the remaining cases, with corresponding two-valued
(for θ2 andθ3) and single-valued (forθ4) Boolean lattices as visible domains.



15

4. Revisiting da Costa algebras

The main gist of our work is to draw a connection between da Costa algebras and
C1 at the light of the behavioral theory of AAL. Since we already have all the necessary
ingredients, in this section, we will focus our attention on understanding the precise
connection between the class of da Costa algebras and the classKC1 of two-sorted
algebras, theΓC1-behavioral algebraic counterpart of the logic. The idea is to show
that, up to isomorphism, there is a one-to-one correspondence between the two.

First of all, given an algebraA ∈ KC1 , let us see how we can obtain from it a da
Costa algebraUA. Let A = 〈Aφ, Av, oA,∧A,∨A,⇒A,∼A,¬A〉 and consider the
algebraic structure

UA = 〈Aφ, fA, tA,≤A,∧A,∨A,⇒A,¬A〉,

obtained fromA by letting

– a ≤A b iff (a⇒A b) ≡A tA.

We can now prove that this construction indeed returns a da Costa algebra.

Proposition 4. GivenA ∈ KC1 , UA is a da Costa algebra.

Proof. Recall that we can consider a binary relation'A onAφ defined bya 'A b
if a ≤A b andb ≤A a. Using the fact thatA behaviorally satisfies the conditional-
equation (16) of the definition ofKC1 , we can conclude that in fact'A coincides with
behavioral equivalence≡A. To see thatUA is a da Costa algebra we just have to
prove that it satisfies all the conditions on the definition of a da Costa algebra. This
is precisely the point where behavioral reasoning comes into play. Verifying thatUA

satisfies a condition of the forma ≤A b is, by definition, the same as proving that in
A we have that(a ⇒A b) ≡A tA. Now, using Proposition 1, it can be easily proved
thatUA satisfies the conditions in the definition of a da Costa algebra, since they all
amount to well-known properties of̀C1 .

Now, given a da Costa algebraU, let us see how we can obtain from it an alge-
bra AU ∈ KC1 . Let U = 〈U, 0, 1,≤U,∧U,∨U,⇒U,¬U〉 be a da Costa algebra.
Consider now the two-sorted algebra

AU = 〈Aφ, Av, oA,∧U,∨U,⇒U,∼U,¬U〉

obtained fromU by letting

– Aφ = U ;

– Av = U/'U
= {[a]'U

: a ∈ U}, whereb 'U c if b ≤U c andc ≤U b;

– oA(a) = [a]'U
;

–∼U be derived using the abbreviation of classical negation.
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Before we prove thatAU is an algebra inKC1 , a few remarks are due. To start
with, note that in a da Costa algebraU the equivalence relation'U is in general
not a congruence, namely with respect to the paraconsistent negation¬. Hence, the
usual quotient construction cannot be done directly because the non-congruent oper-
ation would not be well-defined on the setU/'U

. Using our two-sorted behavioral
approach we can, nevertheless, simulate the quotient construction. This is the idea of
the construction used to obtainAU from U. Moreover, it is an easy exercise to prove
that'U is an equivalence relation compatible with the classical connectives. This
observation implies that we can prove the following result.

Lemma 5. Given an equationϕ ≈ ψ and an assignmenth, then

AU, h � ϕ ≈ ψ iff AU, h  o(ϕ) ≈ o(ψ).

We will now prove thatAU ∈ KC1 .

Proposition 6. Given a da Costa algebraU, AU ∈ KC1 .

Proof. First of all note thatoA is surjective by construction. So, we are left to prove
thatAU behaviorally satisfies all the equations and conditional-equations (1–16), and
satisfies the conditional-equations (17-20) in the definition ofKC1 . Using Lemma 5
and the definition ofAU it is not hard to conclude that, given an equationϕ ≈ ψ and
an assignmenth, we have thatAU, h � ϕ ≈ ψ iff ϕh

U 'U ψh
U. Moreover, in every

da Costa algebraU, we have that(a⇒U b) 'U 1 is equivalent to havinga ≤U b.
Using these observations, verifying thatAU behaviorally satisfies (1–16) amounts
to checking well-known properties of every da Costa algebra. Almost all of these
properties are proved, for example, in Proposition 1 of (Carnielliet al., 1984). The
fact thatAU satisfies (17–20) is an immediate consequence of the already mentioned
fact that'U is compatible with the classical connectives.

We now prove that these two constructions are inverse of each other, up to isomor-
phism.

Theorem 7. LetU be a da Costa algebra, andA ∈ KC1 . Then, we have that

– UAU
= U; and

– AUA
is isomorphic toA.

Proof. Let us see thatUAU
andU are in fact equal. Recall that givenU = 〈U, 0, 1,≤

,∧U,∨U,⇒U,¬U〉 and applying the construction we obtainUAU
= 〈U, 0, 1,≤AU

,∧U,∨U,⇒U,¬U〉. So, all that remains to prove is that≤U and≤AU
coincide. For

the purpose, observe that givena, b ∈ U we have the following sequence of equivalent
statements:a ≤AU

b iff (a⇒AU
b) ≡AU

tAU
iff oAU

(a⇒AU
b) = oAU

(tAU
) iff

[a⇒U b]'U
= [1]'U

iff (a⇒U b) 'U 1 iff a ≤U b.
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Let us now see thatAUA
and A are isomorphic. Recall that givenA =

〈Aφ, Av, oA,∧A,∨A,⇒A,∼A,¬A〉 and applying the constructions we obtain
AUA

= 〈Aφ, (Aφ)/'UA
, oAUA

,∧A,∨A,⇒A,∼UA
,¬A〉. Clearly, by definition,

∼UA
=∼A. Recall also that'UA

coincides with behavioral equivalence≡A. So,
all we have to prove is that(Aφ)/≡A

is isomorphic toAv, and that bothoA andoAUA

respect this isomorphism, in the sense that, ifπ : (Aφ)/≡A
→ Av is the isomorphism

anda ∈ Aφ then we have thatπ(oAUA
(a)) = oA(a).

Consider the functionπ : (Aφ)/≡A
→ Av such that[a]≡A

π7→ oA(a). Note thatπ is
well-defined, in that it does not depend on any particular choice of representatives of
the equivalence classes. Indeed, ifa, b ∈ Aφ are such thata ≡A b then, by Lemma 5,
we have thatoA(a) = oA(b). Let us now prove thatπ is indeed a bijection. For
proving injectivity, leta, b ∈ Aφ such thatπ([a]≡A

) = π([b]≡A
). In that case, we have

thatoA(a) = oA(b) and, again by Lemma 5, we can conclude that[a]≡A
= [b]≡A

.
The surjectivity ofπ follows immediately from the fact thatoA is surjective.

To conclude, we just have to check thatπ(oAUA
(a)) = oA(a). This is immediate,

sinceoAUA
(a) = [a]'UA

= [a]≡A
.

4.1. More on valuation semantics

Having come so far, we must also point at how the bivaluation semantics
of (Da Costaet al., 1977) appears naturally in the behavioral context, as a by-
product of the behaviorally equivalent algebraic semantics ofC1. Indeed, in the lines
of (da Costaet al., 1994), it can be argued that algebraic valuations are the best behav-
ioral counterpart of logical matrices. A deeper discussion of this topic can be found
in (Caleiroet al., 2008b; Gonçalves, 2008). In any case, let us see how to obtain the
bivaluation semantics forC1 directly from the class of algebrasKC1 . This fact also re-
inforces the idea that the behavioral algebraic approach really captures in an accurate
way all the semantical aspects ofC1, and can therefore be seen as an unifying the-
ory. The idea is very simple, theC1 bivaluations correspond exactly to the observation
maps inKC1 algebras, given that their visible domain is always a Boolean algebra.

Let A = 〈Aφ, Av, oA,∧A,∨A,⇒A,∼A,¬A〉 be aKC1 algebra, and recall from
Proposition 2 thatAv = 〈Av,>A,⊥A,uA,tA,AA,−A〉 is a Boolean algebra. We
will now make use of the well-known result that every Boolean algebra is isomorphic
to a subdirect power of the two element Boolean algebra2 (Birkhoff, 1967; Burriset
al., 1981). For our purposes, it suffices to know that this implies the existence of a set
I and an injective homomorphismα : Av → 2I , called a subdirect embedding, such
that for eachi ∈ I, we have thatαi : Av → 2 is surjective.

Clearly, we can view bothLC andAφ as the domains of algebras,LC andAφ

respectively, over the connectives ofC1. LC is simply the free algebra generated from
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the propositional variables, whereasAφ is the restriction ofA to the sortφ. We now
consider the following set of functions

VA = {νA,i,h = αi ◦ oA ◦ h | i ∈ I andh : LC → Aφ is an homomorphism}.

Note that for everyi ∈ I and every homomorphismh : LC → Aφ, we have that
νA,i,h is a function fromLC to the domain of2, say{0, 1}. We can collect all the
functions of this form in the setV =

⋃
A∈KC1

VA.

Theorem 8. V is precisely the set of allC1 bivaluations.

Proof. First, it can be easily checked that every element ofV is a bivaluation forC1.
Then, we have to prove that every bivaluation forC1 is indeed inV , that is, it can be
obtained from some algebra inKC1 . To see this, letν be a bivaluation forC1, and
consider the two-sorted algebra

Aν = 〈Aν,φ, Aν,v, oAν
,∧,∨,⇒,∼,¬〉

such thatAν,φ = LC , Aν,v = {0, 1} andoAν = ν. It is laborious but straightforward
to verify thatAν is in fact an algebra inKC1 . In this case,Aν,v is already a (trivial)
subdirect product of2. Hence, it must be the case thatI = {i} is a singleton, and the
homomorphismα is the identity. Taking the homomorphismh : LC → Aν,φ also as
the identity, it becomes clear thatνAν ,i,h = ν.

5. Concluding remarks

In (Caleiroet al., 2007) the authors developed a behavioral generalization of the
tools and techniques of abstract algebraic logic in order to extend its scope of applica-
bility namely to study logics that include non-truth-functional connectives, and which
are not algebraizable according to the standard approach. In this paper we have used
this behavioral approach to study da Costa’sC-systems from an algebraic perspective.
In particular, we were able to explain the precise connection between da Costa alge-
bras andC1. As a by-product we were also able to rediscover the usual bivaluation
semantics forC1. Our results are encouraging in that they put an end to the idea that
logics like da Costa’sC-systems which are not algebraizable in the traditional sense
cannot have an algebraic counterpart, in a very precise sense. Using our approach, we
have given a definitive algebraic justification to the usual view that theC-systems can
be understood as being built over a classical Boolean base, then enriched with an extra
operator, the paraconsistent negation.

Some work as been devoted in the literature to prove a Stone-like representation
result for da Costa algebras (Carnielliet al., 1984; Seoaneet al., 1991). We want to
make clear, here, that such results are better understood in the behavioral setting we
have proposed, as a direct application of the usual Stone representation of Boolean
algebras and of our translations between da Costa andKC1 algebras, as hidden in the
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arguments used in the proofs of Theorem 4 in (Carnielliet al., 1984) and of Theorem
7 in (Seoaneet al., 1991).

The paper raises several interesting questions. One such question is the connection
between our approach and other semantics for theC-systems proposed in the literature,
namely possible translation semantics (Carnielli, 2000) and non-deterministic matri-
ces (Avron, 2005). In particular, it would be interesting to study the connection with a
generalization of the notion of algebraizable logic in the realm of possible translation
semantics introduced in (Bueno-Soleret al., 2005). Another path of future work is the
development of the work started in (Caleiroet al., 2008b) on an algebraic perspective
of valuation semantics. This seems a promising generalization of matrix semantics
that is able to deal with non-truth-functionality. Since our construction can clearly be
generalized to other non-truth-functional logics, it would be very interesting to study
other examples to which an algebraic counterpart in the spirit of da Costa algebras
could be obtained.
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