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Abstract. Many approaches for forgetting in Answer Set Programming (ASP)
have been proposed in recent years, in the form of specific operators, or classes
of operators, following different principles and obeying different properties. A
recently published comprehensive overview of existing operators and properties
provided a uniform picture of the landscape, including many novel (even sur-
prising) results on relations between properties and operators. Yet, this overview
largely missed an additional set properties for forgetting, proposed by Wong, and
this paper aims to close this gap. It turns out that, while some of these properties
are closely related to the properties previously studied, four of them are distinct
providing novel results and insights, further strengthening established relations
between existing operators.

1 Introduction

Forgetting – or variable elimination – is an operation that allows for the removal, from
a knowledge base, of middle variables no longer deemed relevant, whose importance is
witnessed by its application to cognitive robotics [1,2], resolving conflicts [3,4,5], and
ontology abstraction and comparison [6,7]. With its early roots in Boolean Algebra, it
has been extensively studied within classical logic [3,8].

Only more recently, the operation of forgetting began to receive attention in the con-
text of non-monotonic logic programming, notably of Answer Set Programming (ASP).
It turns out that the rule-based nature and non-monotonic semantics of ASP create very
unique challenges to the development of forgetting operators – just as with other belief
change operators such as those for revision and update, c.f. [9,10,11,12] – making it a
special endeavour with unique characteristics distinct from those for classical logic.

Over the years, many have proposed different approaches to forgetting in ASP,
through the characterization of the result of forgetting a set of atoms from a given
program up to some equivalence class, and/or through the definition of concrete op-
erators that produce a program given an input program and atoms to be forgotten
[4,5,13,14,15,16,17]. These approaches were typically proposed to obey some specific
set of properties deemed adequate by their authors, some adapted from the literature on
classical forgetting [18,16], others introduced for the case of ASP [5,13,14,15,17].

The result is a complex landscape filled with operators and properties, that is dif-
ficult to navigate. This problem was tackled in [19] by presenting a systematic study
of forgetting in ASP, thoroughly investigating the different approaches found in the lit-
erature, their properties and relationships, giving rise to a comprehensive guide aimed
at helping users navigate this topic’s complex landscape and ultimately assist them in
choosing suitable operators for each application.



However, [19] ignores to a large extent the postulates on forgetting in ASP intro-
duced by Wong in [13].1 In this paper, we close this gap by thoroughly investigating
them, their relationships with other properties and existing operators, concluding that,
while some of them are straightforwardly implied by one of the previously studied prop-
erties, hence ultimately weaker than these and thus of less importance, others turn out
to be distinct and provide additional novel results further strengthening the relations
between properties and classes of operators as established previously.

2 Preliminaries

We assume a propositional language LA over a signatureA, a finite set of propositional
atoms. The formulas of LA are inductively defined using connectives⊥, ∧, ∨, and⊃:

ϕ ::= ⊥ | p | ϕ ∨ ϕ | ϕ ∧ ϕ | ϕ ⊃ ϕ (1)

where p ∈ A. In addition, ¬ϕ and > are shortcuts for ϕ ⊃ ⊥ and ⊥ ⊃ ⊥, resp. Given
a finite set S of formulas,

∨
S and

∧
S denote resp. the disjunction and conjunction of

all formulas in S. In particular,
∨
∅ and

∧
∅ stand for resp. ⊥ and >, and ¬S and ¬¬S

represent resp. {¬ϕ | ϕ ∈ S} and {¬¬ϕ | ϕ ∈ S}. We assume that the underlying
signature for a particular formula ϕ is A(ϕ), the set of atoms appearing in ϕ.

Regarding the semantics of propositional formulas, we consider the monotonic
logic here-and-there (HT) and equilibrium models [20]. An HT -interpretation is a pair
〈H,T 〉 s.t. H ⊆ T ⊆ A. The satisfiability relation in HT, denoted |=HT, is recursively
defined as follows for p ∈ A and formulas ϕ and ψ:

– 〈H,T 〉 |=HT p if p ∈ H; 〈H,T 〉 6|=HT ⊥;
– 〈H,T 〉 |=HT ϕ ∧ ψ if 〈H,T 〉 |=HTϕ and 〈H,T 〉 |=HTψ;
– 〈H,T 〉 |=HT ϕ ∨ ψ if 〈H,T 〉 |=HT ϕ or 〈H,T 〉 |=HT ψ;
– 〈H,T 〉 |=HT ϕ ⊃ ψ if (i) T |= ϕ ⊃ ψ,2 and (ii) 〈H,T 〉 |=HT ϕ⇒ 〈H,T 〉 |=HT ψ.

An HT -interpretation is an HT -model of a formula ϕ if 〈H,T 〉 |=HT ϕ. We denote by
HT (ϕ) the set of all HT-models of ϕ. In particular, 〈T, T 〉 ∈ HT (ϕ) is an equilibrium
model of ϕ if there is no T ′ ⊂ T s.t. 〈T ′, T 〉 ∈ HT (ϕ). Given two formulas ϕ and
ψ, if HT (ϕ) ⊆ HT (ψ), then ϕ entails ψ in HT, written ϕ |=HT ψ. Also, ϕ and ψ are
HT-equivalent, written ϕ ≡HT ψ, ifHT (ϕ) = HT (ψ).

An (extended) logic program P is a finite set of rules r, i.e., formulas of the form∧
¬¬D ∧

∧
¬C ∧

∧
B ⊃

∨
A , (2)

where all elements in A = {a1, . . . , ak}, B = {b1, . . . , bl}, C = {c1, . . . , cm}, D =
{d1, . . . , dn} are atoms.3

Given r, we distinguish its head, head(r) = A, and its body, body(r) = B ∪¬C ∪
¬¬D , representing a disjunction and a conjunction.

As shown by Cabalar and Ferraris [22], any set of (propositional) formulas is HT-
equivalent to an (extended) logic program which is why we can focus solely on these.

1 We use the term postulate to follow [13] and easily distinguish them from the properties dis-
cussed in [19]. However, their role is the same as the role of other properties.

2 |= is the standard consequence relation from classical logic.
3 Extended logic programs [21] are actually more expressive, but this form is sufficient here.



The class of logic programs, Ce, i.e., the set of all (extended) logic programs, in-
cludes a number of special kinds of rules r: notably if n = 0, then we call r disjunctive.
Then, the class of disjunctive programs, Cd is defined as a finite set of disjunctive rules.

We recall the following from [19]. Given a class of logic programs C over A, a
forgetting operator is a partial function f : C × 2A → C s.t. f(P, V ) is a program over
A(P ) \ V , for each P ∈ C and V ∈ 2A. We call f(P, V ) the result of forgetting about
V from P . Furthermore, f is called closed for C′ ⊆ C if, for every P ∈ C′ and V ∈ 2A,
we have f(P, V ) ∈ C′. A class F of forgetting operators is a set of forgetting operators.

Previous work on forgetting in ASP has introduced a variety of desirable properties
and operators satisfy differing subsets of these. For lack of space, we refer to [19].

3 Wong’s Properties of Forgetting

With all concepts and notation in place, we can now turn our attention to the postu-
lates introduced by Wong [13]. These postulates were defined in a somewhat different
way when compared to the properties presented in [19]. Namely, they only considered
forgetting a single atom, were defined for disjunctive programs (the maximal class of
programs considered in [13]), and used a generic formulation which allowed different
notions of equivalence. Here, we only consider HT-equivalence, i.e., strong equiva-
lence, as, in the literature, this is clearly the more relevant of the two notions considered
in [13] (the other one being the non-standard T-equivalence) and in line with previously
presented material here and in [19].

We start by recalling these postulates4 adjusting them to our notation and extending
them to the most general class of extended logic programs considered here.
(F0) F satisfies (F0) if, for each f ∈ F, P, P ′ ∈ C and a ∈ A: if P ≡HT P ′, then

f(P, {a}) ≡HT f(P ′, {a}).
(F1) F satisfies (F1) if, for each f ∈ F, P, P ′ ∈ C and a ∈ A: if P |=HT P ′, then

f(P, {a}) |=HT f(P ′, {a}).
(F2) F satisfies (F2) if, for each f ∈ F, P, P ′ ∈ C and a ∈ A: if a does not appear in

R, then f(P ∪R, {a}) ≡HT f(P ′, {a}) ∪R for all R ∈ C.
(F2-) F satisfies (F2-) if, for each f ∈ F, P ∈ C, and a ∈ A: if P |=HT r and a does

not occur in r, then f(P, {a}) |=HT r for all rules r expressible in C.
(F3) F satisfies (F3) if, for each f ∈ F, P ∈ C and a ∈ A: f(P, {a}) does not contain

any atoms that are not in P .
(F4) F satisfies (F4) if, for each f ∈ F, P ∈ C and a ∈ A: if f(P, {a}) |=HT r, then

f({r′}, {a}) |=HT r for some r′ ∈ CnA(P ).
(F5) F satisfies (F5) if, for each f ∈ F, P ∈ C and a ∈ A: if

f(P, {a}) |=HT A← B ∪¬C ∪¬¬D , then P |=HT A← B ∪¬C ∪{¬a}∪¬¬D .
(F6) F satisfies (F6) if, for each f ∈ F, P ∈ C and a, b ∈ A: f(f(P, {b}), {a}) ≡HT

f(f(P, {a}), {b}).
These postulates represent the following: Forgetting about atom a from HT-equivalent
programs preserves HT-equivalence (F0); if a program is an HT-consequence of an-
other program, then forgetting about atom a from both programs preserves this HT-

4 As mentioned before, we use the term postulate to follow [13] and ease readability. Techni-
cally, they are treated as every other property.



consequence (F1); when forgetting about an atom a, it does not matter whether we add
a set of rules over the remaining language before or after forgetting (F2); any conse-
quence of the original program not mentioning atom a is also a consequence of the result
of forgetting about a (F2-); the result of forgetting about an atom from a program only
contains atoms occurring in the original program (F3); any rule which is a consequence
of the result of forgetting about an atom from program P is a consequence of the result
of forgetting about that atom from a single rule among the HT-consequences of P (F4);
a rule obtained by extending with not a the body of a rule which is an HT-consequence
of the result of forgetting about an atom a from program P is an HT-consequence of P
(F5); and the order is not relevant when sequentially forgetting two atoms (F6).

Note that CnA(P ) for (F4) is defined over the class of programs considered in each
operator, and, likewise, that the kind of rules considered in (F5) is restricted according
to the class of programs considered in a given operator.

The following proposition relates these postulates and the properties in [19].

Proposition 1. The following relations hold for all F:

1. (F1) implies (F0); [13]
2. (F2) and (F1) imply (F2-); [13]
3. (SE) implies (F0);
4. (W) and (PP) together imply (F1);

5. (SI) implies (F2);
6. (PP) implies (F2-);
7. (W) implies (F5).

Postulates (F0), (F2), (F2-), and (F5) are implied by existing properties presented
in [19], while (F1) is implied by a pair of these. This may impact on the question we
investigate next, namely which classes of operators from the literature satisfy which of
the new postulates. For that purpose, we verified for all classes of operators presented
in [19] which of these postulates they satisfy. The results are summarized in the main
theorem of our paper, illustrated in one easy-to-read table.

Theorem 1. All results in Fig. 1 hold.

It turns out that for three of the four postulates directly implied by existing proper-
ties, (F0), (F2), and (F2-), the classes of operators that satisfy them coincide with their
existing generalization (see Prop. 1). Also, postulate (F3) is always satisfied, which is
not surprising given the definition of forgetting operators. Three of the remaining four
properties, (F1), (F4), and (F5), are in fact distinct (even though (F5) is implied by an
existing property), and no other already existing property is satisfied by precisely the
same set of classes of forgetting operators in each of these cases (see [19]). Notably,
unlike the weaker property (F0) and the related (SE), FSM and FSas do not satisfy (F1),
most likely because the premise in the condition for satisfying (F1) is weaker than that
of (F0). Finally, postulate (F6) is not always satisfied, but it seems that this is solely
tied to the incompatibility with the crucial property (SP), further discussed in [23].

4 Conclusions

We have studied eight postulates of forgetting in ASP introduced in [13], to fill a gap
in a recent comprehensive guide on properties and classes of operators for forgetting



(F0) (F1) (F2) (F2-) (F3) (F4) (F5) (F6)
Fstrong × × X × X X X X
Fweak × × X X X X X X
Fsem × × × × X × × X
FS X X × X X X X X
FW X X X X X X X X
FHT X X X X X X X X
FSM X × × X X × × X
FSas X × X X X × × ×
FSE X X × X X X X X

Fig. 1: Satisfaction of properties for known classes of forgetting operators. For class F
and property (P), ’X’ represents that F satisfies (P), ’×’ that F does not satisfy (P).
in ASP, and relations between these [19]. It turns out that four of them can safely be
ignored because they either basically coincide with already existing properties or are
trivially satisfied by any forgetting operator. The others are in fact distinct, and no other
already existing property is satisfied by precisely the same set of classes of forgetting
operators in each of these cases.

Left open is the investigation of these postulates for semantics other than ASP,
such as [16] based on the FLP-semantics [24], or [25,15] based on the well-founded
semantics, as well as forgetting in the context of hybrid theories [26,27,28] and reac-
tive/evolving multi-context systems [29,30], as well as the development of concrete syn-
tactical forgetting operators that can be integrated in reasoning tools such as [31,32,33].
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