
On the limits of forgetting in
Answer Set ProgrammingI
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aNOVA LINCS, Departamento de Informática, FCT NOVA, 2829-516 Caparica, Portugal
bDBAI, TU Wien, Favoritenstrasse 9-11, A-1040 Vienna, Austria

Abstract

Selectively forgetting information while preserving what matters the most is be-
coming an increasingly important issue in many areas, including in knowledge
representation and reasoning. Depending on the application at hand, forgetting
operators are defined to obey different sets of desirable properties. It turns out
that, of the myriad of desirable properties discussed in the context of forgetting
in Answer Set Programming, strong persistence, which imposes certain condi-
tions on the correspondence between the answer sets of the program pre- and
post-forgetting, and a certain independence from non-forgotten atoms, seems to
best capture its essence, and be desirable in general. However, it has remained
an open problem whether it is always possible to forget a set of atoms from a
program while obeying strong persistence. In this paper, we investigate the lim-
its of forgetting in Answer Set Programming. After showing that it is not always
possible to forget a set of atoms from a program while obeying this property,
we move forward and precisely characterize what can and cannot be forgotten
from a program, by presenting a necessary and sufficient criterion. This charac-
terisation allows us to draw some important conclusions regarding the existence
of forgetting operators for specific classes of logic programs, to characterize the
class of forgetting operators that achieve the correct result whenever forgetting
is possible, and investigate the related question of determining what we can
forget from some specific logic program. Subsequently, we address the issue of
what to do when we must forget a set of atoms, but cannot without violating
this property. To this end, we investigate three natural alternatives to forget
when forgetting without violating strong persistence is not possible, which turn
out to correspond to the different natural possible relaxations of the charac-
terization of strong persistence. Additionally, before concluding, we address
computational complexity issues – namely of checking whether the novel crite-
rion holds and whether a certain program is a result according to the different
classes of forgetting operators we introduce – and discuss the related literature.
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Relativized Equivalence, Computational Complexity.

1. Introduction

Forgetting is often considered a problem in our everyday life, because of
the negative effects it causes, such as missing an appointment, or failing to
recall where we placed the car keys this time. Since the early experiments by
Ebbinghaus [3], the causes of forgetting have been studied in Cognitive Psychol-
ogy. According to [4], they vary from fading (or decay) over time; interference,
where learning new information can affect previously learned information, and
vice-versa; retrieval failure, either because we never stored the information in
the first place or because links, so-called cues, that are required to retrieve
the memory are missing; as well as repression, e.g., in the case of trauma, or
amnesia.

Recent work in Neuroscience suggests that while some forms of forgetting,
such as fading or loss of cues, are passive in nature, others must be the result of
actively forgetting. Experiments show that our brain seems to be equipped with
mechanisms that allow the removal of information no longer deemed necessary
[5], which indicates that forgetting is indeed desirable. In fact, despite its com-
mon negative connotation, in the face of the huge amounts of information we
acquire in our daily life, the loss of information actually turns out to be highly
beneficial, since it allows us to distinguish important memories and abstract
irrelevant details. As argued in [6], this fosters better decision making in future
situations under changing conditions.

A similar motivation can be found in recent work on intentional forgetting
in organizations/enterprises [7]. Whereas it is well-established that knowledge
acquisition is paramount for the success of organizations, only more recently
it has been observed that ever growing amounts of knowledge acquired over
time can also become an obstacle for the continued success of the organization.
Forgetting can then provide the means to ease the process of interpreting the
available knowledge and turn the organization more competitive. Current pro-
posed methods of forgetting are often inspired by forms of forgetting considered
in cognitive psychology, such as forgetting the retrieval cues for organizational
routines (rather than unlearning them) [7].

In Computer Science, the enormous increase of available data and informa-
tion due to the digital transformation creates huge problems, because of the lim-
itations in terms of space (of physical storage) and runtime (of algorithms). The
latter is especially true in the area of Artificial Intelligence, where algorithms
of exponential worst-case complexity are common. Furthermore, forgetting is
becoming increasingly necessary to properly deal with legal and privacy issues,
including, for example, the implementation of court orders to eliminate certain
pieces of illegally acquired or maintained information, or even to enforce the
new EU General Data Protection Regulation [8], which includes the right to be
forgotten – the person’s right to ask a corporation to eliminate private data.
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This has resulted in a growing attention to forgetting with the aim to omit
irrelevant information for faster and better decision processes and tools [9].
For example, in Machine Learning, methods are proposed to forget/fade out
irrelevant features or use data selection to improve/speed up the training of
neural networks. In the area of Knowledge Representation and Reasoning, two
distinct kinds of forgetting have been considered in the literature [10]. The less
common kind amounts to logically eliminate a certain formula from a knowledge
base, and is in fact closely related to the operation of contraction in belief
revision. The more common kind, and the one that corresponds to the focus of
this paper, considers forgetting – or variable elimination – as an operation that
suppresses part of the vocabulary of the knowledge base, which may result in an
additional refinement of formulas over the remaining vocabulary. This is most
useful when we wish to eliminate (temporary) variables introduced to represent
auxiliary concepts, with the goal of restoring the declarative nature of some
knowledge base, for data protection related issues, or just to simplify it. Within
the area of Knowledge Representation and Reasoning, recent applications of
forgetting to cognitive robotics [11, 12, 13], resolving conflicts [14, 15, 16, 17, 18],
and ontology abstraction and comparison [19, 20, 21, 22], further witness its
importance.

In this paper, we will focus on forgetting in Answer Set Programming – or
Logic Programming under the Stable Models Semantics [23, 24] – a well estab-
lished rule-based language for knowledge representation and reasoning, charac-
terised by a simple and well-understood non-monotonic declarative semantics,
with known relationships with other logic-based formalisms such as Default
Logic, Autoepistemic Logic, SAT, etc., and strengthened by the existence of ef-
ficient implementations such as CLASP [25] and DLV [26]. Within this context,
we show that it is not always possible to forget some set of atoms from an an-
swer set program while preserving all existing relations between the atoms not
to be forgotten, and we thoroughly investigate the when, what, and how related
to adequately forgetting a set of atoms from an answer set program, and how
to proceed when that is not possible, but we nevertheless need to forget.

1.1. Literature Review on Forgetting on Answer Set Programming

With its early roots in Boolean Algebra [27], forgetting has been exten-
sively studied in the context of classical logic [28, 14, 29, 30, 31, 32, 33, 34]
and, more recently, in the context of logic programming, notably of Answer
Set Programming (ASP) (cf. also the broad survey [10]). The non-monotonic
rule-based nature of ASP called for the development of specific methods and
techniques – just as it happened with other belief change operations such as
revision and update, cf. [35, 36, 37, 38, 39, 40, 41] – resulting in a significant
number of different forgetting operators [15, 16, 42, 43, 44, 45, 46, 18], obeying
different sets of properties deemed desirable, some adapted from the literature
on classical forgetting [47, 43, 46], others specifically introduced for the case of
ASP [16, 42, 43, 44, 45, 18], and often defined for different classes of answer set
programs.
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Examples of such properties include the so-called strengthened consequence
(sC), which requires that the answer sets of the result of forgetting be answer
sets of the original program, ignoring the atoms to be forgotten; the so-called
weakened consequence (wC), which requires that the answer sets of the original
program be preserved while forgetting, ignoring the atoms to be forgotten; the
so-called consequence persistence (CP), the conjoin of the previous two prop-
erties, which requires that the answer sets of the result of forgetting correspond
exactly to those of the original program, ignoring the atoms to be forgotten; the
so-called strong invariance (SI), which requires that it be (strongly) equivalent
to add a program without the atoms to be forgotten before or after forgetting;
and the so-called existence, which requires that the result of forgetting belongs
to the same class of programs admitted by the forgetting operator, so that the
same reasoners can be used and the operator be iterated, among many others
(cf. Sec. 2).

The operators proposed over the years follow rather distinct approaches.
Some operators are purely syntactical, defining forgetting through a suitable
transformation of the original program, such as the early proposals of Zhang
and Foo [15] and, more recently, of Knorr and Alferes [45]. For example, Strong
Forgetting [15] defined the result of forgetting by starting with computing a
reduction corresponding to the well-known weak partial evaluation (WGPPE)
[48], and then simply removing all rules containing the atom to be forgotten.
Other operators characterise the result of forgetting by focusing on the answer
sets of the original program and of the resulting program such as the proposal
of Eiter and Wang [16], where the operators they define focus on considering
only the minimal sets among the answer sets of the initial program ignoring
the atoms to be forgotten to obtain the desired result. A larger set of operators
proposed in the literature focus on the richer characterisation of programs based
on their HT-models, such as the proposals of Wong [42], Wang et al. [43, 46],
Wang et al. [44], and Delgrande and Wang [18]. For example, Semantic Strong
Forgetting [42] defines the result of forgetting through a suitable construction
which, as shown in [49], is characterised by the set of those HT-consequences
of the original program that do not mention the atoms to be forgotten. A
complete picture of the existing forgetting operators and properties they obey
can be found in a recent survey [49].

1.2. Motivation and Contributions

From observing the landscape of existing operators and properties, one can
conclude that there cannot be a one-size-fits-all forgetting operator for ASP, but
rather a family of operators, each obeying a specific set of properties. Further-
more, it is clear that not all properties bear the same relevance. Whereas some
properties can be very important, such as existence, since it guarantees that we
can use the same automated reasoners after forgetting, other properties are less
important, sometimes perhaps even questionable, as discussed in [49].

There is nevertheless one property – strong persistence (SP) [45] – which
seems to best capture the essence of forgetting in the context of ASP. The prop-
erty (SP) essentially requires that all existing relations between the atoms not
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to be forgotten be preserved, captured by requiring that there be a correspon-
dence between the answer sets of a program before and after forgetting a set of
atoms, and that such correspondence be preserved in the presence of additional
rules not containing the atoms to be forgotten. With a slight abuse of using
notation that has not been introduced yet, an operator f is said to obey (SP)
if, for every program P and every set of atoms to be forgotten V , it holds that
AS(f(P, V )∪R) = AS(P ∪R)‖V , for all programs R not containing atoms in V ,
where f(P, V ) denotes the result of forgetting V from P , AS(P ) the answer sets
of P , and AS(P )‖V their restriction to atoms not in V . Notably, this charac-
terization of the property is very much aligned with the conceptual idea of the
more common view on Forgetting in Knowledge Representation and Reasoning
and Answer Set Programming in particular.

Whereas it seems rather undisputed that (SP) is a desirable property, it
is not clear to what extent we can define operators that satisfy it. In [45], the
authors propose an operator that obeys such property, but which is only defined
for a restricted class of programs and can only be applied to forget a single atom
from a program in a very limited range of situations.

In the first part of this paper, in Secs. 3 and 4, we thoroughly investigate
the limits of forgetting under (SP). We begin, in Sec. 3, by checking whether it
is always possible to forget some set of atoms from an answer set program while
obeying (SP). This is perhaps the most fundamental question that remained
open in [49], not being clear whether an operator that achieves it does not exist,
or simply no one had found it yet. It turns out that the answer is negative:
sometimes it is simply not possible to forget some set of atoms from a program,
while maintaining the relevant relations between other atoms, since the atoms
to be forgotten play a pivotal role.

From this negative result, the following research questions become central,
which we subsequently address in Sec. 4.

• When can we not forget some set of atoms from an answer set program
while obeying (SP)? We answer this by characterizing when a specific
set of atoms cannot be forgotten from a specific program. We define a
criterion (Ω) on a program and set of atoms which, when satisfied, implies
that such atoms cannot be forgotten from the program.

• When (and how) can we forget some set of atoms from an answer set
program while obeying (SP)? We answer this by presenting a class of
operators, dubbed FSP, that, provided Ω does not hold, satisfies strong
persistence, among many other properties, and show that Ω is both suffi-
cient and necessary to determine when some set of atoms can be forgotten
from a program.

• What can we forget from a specific answer set program while obeying
(SP)? We answer this by providing a constructive definition of the sets
of atoms that can be forgotten from a given program. While investigating
the answer to this question, we uncover certain classes of programs from
which we can always forget every single atom.

5



Having established and characterised the limits of forgetting under (SP),
in particular that it is not always possible to forget under (SP) (according
to criterion Ω), the second part of this paper is devoted to investigate how to
proceed when that is the case, but we nevertheless must forget. Sometimes we
simply cannot avoid the need to forget. In applications of forgetting for conflict
resolution [14, 15, 16, 17, 18], it seems rather clear that forgetting is indeed
imperative, just as when we simply wish to restore the declarative nature of some
knowledge base by eliminating (temporary) variables introduced to represent
auxiliary concepts. The same argument applies to implementing court orders to
eliminate certain pieces of illegally acquired or maintained information, even if it
still is an open question whether the notion of forgetting required to ensure such
right is the one under investigation in this line of research. In any case, tools that
can help companies and users automate the operation of forgetting should be
able to handle not only situations where we can achieve the required forgetting
without violating (SP), but also situations where such ideal forgetting is not
possible.

Towards developing a theoretical ground on which such universally applica-
ble tools can be based, we address the question of how to forget when Ω is true,
along three different ways.

• We first take a closer look at the class FSP, defined for the case when Ω is
false, and investigate how it behaves in general. One crucial observation
is that it overestimates answer sets, i.e., forgetting preserves all existing
answer sets, but new ones may be added, which indicates a violation of
property (sC).

• Our second approach borrows from the notion of relativized equivalence
[50], a generalization of strong equivalence that considers equivalence only
w.r.t. a given subset of the language, and is characterized by the so-called
V -HT-models, which lead us to consider a specific operator that simply
returns all rules that are relativized equivalent to the original program
w.r.t. the atoms not to be forgotten, which turns out to be a member of a
class of operators whose result is characterized by the set of V -HT-models,
omitting the atoms to be forgotten. Whereas this class never overestimates
answer sets, i.e., it obeys (sC), it may lose some of the original answer
sets, which indicates a violation of property (wC).

• The third approach tries to overcome a weakness of the second, i.e., its
result diverges from FSP even when it is possible to forget, and proposes
a case-based definition that can be seen as a mixture of the previous two.
Whereas it preserves all answer sets, i.e., it obeys both (sC) and (wC),
it no longer satisfies (SI) (strong invariance).

The three alternatives are fully investigated in Sec. 5. We characterize each
of them by showing which subset of the properties previously considered in the
literature they obey, and relate them by considering further additional proper-
ties, which also helps clarify their preferable usage. Perhaps one of the most
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interesting features of this set of alternatives stems from a characterisation of
(SP) according to which a forgetting operator obeys (SP) if and only if it obeys
(sC), (wC) and (SI). Hence, each of the three alternatives exactly corresponds
to the relaxation of one of these three properties that jointly characterize (SP).

Before concluding the paper, we focus on the computational complexity of
the problems considered in this paper, and discuss the related literature. First,
in Sec. 6, we provide a detailed study of the computational complexity of veri-
fying whether the criterion Ω holds and the computational complexity of deter-
mining the correct output for forgetting a set of atoms from a given program
w.r.t. a class of forgetting operators, in the ideal case as well as in the case of the
three alternatives when we cannot forget without changing some consequences.
Subsequently, in Sec. 7, we consider other approaches for forgetting previously
proposed in the literature, discussing how each relates to the problems addressed
in this paper, and to what extent they are not suitable to our purposes.

Throughout the paper, other relevant intermediate results are presented, and
the main concepts are illustrated with examples. The proofs of all results are
in Appendix.

2. Forgetting in ASP

We start by recalling the necessary notions and notation on logic programs
under the answer set semantics and on forgetting for answer set programming.

2.1. Answer Set Programming

We assume a propositional signature A, i.e., a finite set of propositional
atoms, also termed propositional variables synonymously. An (extended) logic
program P over A is a finite set of (extended) rules of the form

a1 ∨ . . . ∨ ak ← b1, ..., bl, not c1, ..., not cm, not not d1, ..., not not dn , (1)

where all a1, . . . , ak, b1, . . . , bl, c1, . . . , cm, and d1, . . . , dn are atoms of A. Such
rules r are also commonly written in a more succinct way as

A← B,notC, not notD , (2)

where we have A = {a1, . . . , ak}, B = {b1, . . . , bl}, C = {c1, . . . , cm}, D =
{d1, . . . , dn}, and we use both forms interchangeably. We write the set of atoms
appearing in P as A(P ) and the class of (extended) logic programs as Ce.1

This class of logic programs, Ce, includes a number of special kinds of rules
r: if n = 0, then we call r disjunctive; if, in addition, k ≤ 1, then r is normal ;
if on top of that m = 0, then we call r Horn; if moreover k = l = 1, then we
call r unary, and fact if instead l = 0. We also admit constraints, which are

1Extended logic programs [51] are actually more expressive, but the form used here suffices.
Also note that double negation is commonly required in the context of forgetting in ASP [49]
and supported by answer set solvers such as clingo (https://potassco.org/).
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(extended) rules where k = 0. The classes of disjunctive, normal, Horn, and
unary programs, Cd, Cn, CH , and Cu, are defined as a finite set of disjunctive,
normal, Horn, and unary rules, respectively. We have Cu ⊂ CH ⊂ Cn ⊂ Cd ⊂ Ce.

Given a program P and a set I of atoms, the reduct P I [52] is defined as

P I = {A← B : r of the form (2) in P such that C ∩ I = ∅ and D ⊆ I}.

This reduct is used to define the answer sets of a program, i.e., its models, and
we recall this notion based on HT-models as defined in the context of the logic
of here-and-there [53], the monotonic logic underpinning ASP [54].

An HT-interpretation is a pair 〈X,Y 〉 s.t. X ⊆ Y ⊆ A. Given a program
P , an HT-interpretation 〈X,Y 〉 is an HT-model of P if Y |= P and X |= PY ,
where |= represents the standard consequence relation for classical logic and
where programs are interpreted as conjunctions of classical implications

b1 ∧ ... ∧ bl ∧ ¬c1 ∧ ... ∧ ¬cm ∧ ¬¬d1 ∧ ... ∧ ¬¬dn → a1 ∨ . . . ∨ ak

corresponding to its rules r of the form (1) where ¬, ∧, and ∨ denote classical
negation, conjunction and disjunction, respectively. We occasionally admit for
the sake of readability that the HT-models of a program P are restricted to
A(P ) even if A(P ) ⊂ A. The set of all HT-models of P is written HT (P ). A
set of atoms Y is an answer set of P if 〈Y, Y 〉 ∈ HT (P ), and there is no X ⊂ Y
such that 〈X,Y 〉 ∈ HT (P ). The set of all answer sets of P is written AS(P ).
Note that, for Cd and its subclasses, all I ∈ AS(P ) are pairwise incomparable.
If P has an answer set, then P is consistent.

Example 1. Consider the following program P :

a← not b b← not c e← d d← a

We can show that 〈b, bde〉 is an HT-model of P because {b, d, e} |= P and {b} |=
P {b,d,e} where P {b,d,e} is as follows:2

b← e← d d← a

It is then easy to see that {b, d, e} is not an answer set of P . Similarly, {b, d}
is not an answer set of P because {b, d} 6|= P . In fact, we can verify that {b} is
the only answer set of P and that P is therefore consistent.

Relations between programs can be established based on notions of equiv-
alence and consequence. We say that two programs P1, P2 are equivalent if
AS(P1) = AS(P2) and strongly equivalent, written P1 ≡ P2, if AS(P1 ∪ R) =
AS(P2 ∪ R) for every R ∈ Ce. It has been shown that, for this test, it suffices
to consider programs R ∈ Cu [50], and it is well-known that P1 ≡ P2 exactly
when HT (P1) = HT (P2) [55]. We also say that P ′ is an HT-consequence of P ,
written P |=HT P

′, whenever HT (P ) ⊆ HT (P ′).

2We follow a common convention and abbreviate sets in HT-interpretations such as {a, b}
with the sequence of its elements, ab.
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Example 2. Consider P1 = {b ←}. Then P1 and P from Example 1 are
equivalent, but not strongly equivalent, e.g., because adding R = {c ←} to both
yields different answer sets, namely {b, c} and {a, c, d, e}, respectively. Also,
neither is an HT-consequence of the other, since 〈∅, bc〉 ∈ HT (P ), but not in
HT (P1), and 〈b, bd〉 ∈ HT (P1), but not in HT (P ).

Occasionally, we want to omit certain elements of the signature from sets
of interpretations and to identify certain sets whenever they coincide on all
elements of a restricted part of the signature. Given a set of atoms V , the V -
exclusion of a set of answer sets (resp. a set of HT-interpretations) M, written
M‖V , is {X\V | X ∈M} (resp. {〈X\V, Y \V 〉 | 〈X,Y 〉 ∈ M}). Also, given two
sets of atoms X,X ′ ⊆ A, we write X ∼V X ′ whenever X\V = X ′\V .

The different classes of logic programs introduced previously can be precisely
characterized in terms of HT-models. These characterizations appear in the
literature, but are spread out over different papers. To ease the reading, we
collect and recall them here in a uniform way, starting with the most general
class, the class of extended programs.

Lemma 1. ([56]) Let M be a set of HT-interpretations. Then, there exists an
extended program P ∈ Ce such that M = HT (P ) iff M satisfies the following
condition:

(E1) 〈X,Y 〉 ∈ M ⇒ 〈Y, Y 〉 ∈ M.

The characterization for the (restricted) class of disjunctive programs re-
quires an additional condition.

Lemma 2. ([57]) Let M be a set of HT-interpretations. Then, there exists a
disjunctive program P ∈ Cd such that M = HT (P ) iff M satisfies the following
conditions:

(D1) 〈X,Y 〉 ∈ M ⇒ 〈Y, Y 〉 ∈ M;

(D2) 〈X,Y 〉 ∈ M, and 〈Y ′, Y ′〉 ∈ M with Y ⊆ Y ′ ⇒ 〈X,Y ′〉 ∈ M.

Normal programs are even further restricted and this is reflected in the
characterization.

Lemma 3. ([58]) Let M be a set of HT-interpretations. Then, there exists a
normal program P ∈ Cn such that M = HT (P ) iff M satisfies the following
conditions:

(N1) 〈X,Y 〉 ∈ M ⇒ 〈Y, Y 〉 ∈ M;

(N2) 〈X,Y 〉 ∈ M, and 〈Y ′, Y ′〉 ∈ M with Y ⊆ Y ′ ⇒ 〈X,Y ′〉 ∈ M;

(N3) 〈X,Y 〉 ∈ M and 〈X ′, Y 〉 ∈ M⇒ 〈X ∩X ′, Y 〉 ∈ M.
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While in the previous cases, each further restriction on the admitted pro-
grams introduces an additional condition, the case of Horn programs further
restricted variants of the conditions used so far. This result is presented in [46],
but it builds on previous work [59].

Lemma 4. ([46]) Let M be a set of HT-interpretations. Then, there exists a
Horn program P ∈ CH such that M = HT (P ) iff M satisfies the following
conditions:

(H1) 〈X,Y 〉 ∈ M, and 〈Y ′, Y ′〉 ∈ M with Y ⊆ Y ′ ⇒ 〈X,Y ′〉 ∈ M;

(H2) 〈X,Y 〉 ∈ M iff X ⊆ Y, 〈X,X〉 ∈ M and 〈Y, Y 〉 ∈ M;

(H3) 〈X,Y 〉 ∈ M and 〈X ′, Y ′〉 ∈ M⇒ 〈X ∩X ′, Y ∩ Y ′〉 ∈ M.

Note that (H2) implies (E1), (D1) and (N1), which is why a property corre-
sponding to the latter is missing in the case of Horn programs. Interestingly, it
can be shown that (H2) implies (H1).

Lemma 5. Let M be a set of HT-interpretations. Then, (H2) implies (H1).

This makes (H1) redundant in the characterization of the class of Horn
programs, as it is implied by (H2), but we leave it here for the sake of clarity
in some of the forthcoming arguments.

Besides the notion of HT-model, we also recall the notion of A-SE-models
[50], a generalization of HT-models for ASP that allow to consider only part of
the signature, but here adapted to V -HT-models that focus on V ⊆ A, the atoms
to be omitted, instead of on A = A\V , the atoms that remain. Given a set of
atoms V , an HT-interpretation 〈X,Y 〉 is called a V -HT-interpretation if either
X = Y or X ⊂ Y \V . A V -HT-interpretation 〈X,Y 〉 is a (relativized) V -HT-
model of P if: (i) Y |= P ; (ii) for all Y ′ ⊂ Y with Y ∼V Y ′, Y ′ 6|= PY ; and (iii)
if X ⊂ Y , then there exists X ′ ⊆ Y such that X = X ′\V and X ′ |= PY . The
set of all V -HT-models of P is written HT V (P ). Programs P1, P2 are relativized
equivalent w.r.t. V ⊆ A, written P1 ≡V P2, if AS(P1 ∪ R) = AS(P2 ∪ R) for
every R ∈ Ce s.t. A(R) ⊆ A\V . Here, again, such R ∈ Cu suffice for verifying the
condition, and we have that P1 ≡V P2 exactly when HT V (P1) = HT V (P2) [50].

Example 3. Consider again program P from Ex. 1 and V = {b}. Then, 〈b, b〉
and 〈a, abde〉 are V -HT-interpretations while 〈e, be〉 is not. We can see that 〈b, b〉
is a V -HT-model of P because (i) {b} |= P , (ii) only ∅ ⊂ {b} and ∅ 6|= P {b}

and since (iii) trivially holds. On the other hand, 〈a, abde〉 is not a V -HT-
model of P , because (iii) does not hold, since neither {a} |= P {a,b,d,e} nor
{a, b} |= P {a,b,d,e}. Yet, 〈e, abde〉 is a V -HT-model of P .

Note that the definitions of V -HT-interpretation and V -HT-model precisely co-
incide with those of HT-interpretation and HT-model for the case where nothing
is omitted/forgotten, i.e., V = ∅. For the detailed justification of the more in-
volved definition of V -HT models we refer to [50].
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2.2. Forgetting

The principal idea of forgetting in ASP is to remove or hide certain atoms
from a given program, while preserving its semantics for the remaining atoms.
As the result, often a representative up to some notion of equivalence between
programs is considered. In this sense, many notions of forgetting for logic pro-
grams are defined semantically, i.e., they introduce a class of operators that
satisfy a certain semantic characterization. Each single operator in such a class
is then a concrete function that, given a program P and a non-empty set of
atoms V to be forgotten, returns a unique program, the result of forgetting
about V from P . Formally, given a class of logic programs C over A, a forget-
ting operator (over C) is a partial function3 f : C × 2A → C such that f(P, V )
is a program over A(P )\V , for each P ∈ C and V ⊆ A. We call f(P, V ) the
result of forgetting about V from P and denote the domain of f by C(f). Unless
stated otherwise, in what follows, we focus on C = Ce, and we leave C implicit.
Furthermore, f is called closed for C′ ⊆ C(f) if, for every P ∈ C′ and V ⊆ A,
we have f(P, V ) ∈ C′. A class F of forgetting operators (over C) is a set of
forgetting operators f such that C(f) ⊆ C.4 Such classes are usually described
by a common definition/condition that each operator in the class has to satisfy
(see [49] for an overview on the many different kinds and forms of defining such
classes).

Most previous work on forgetting in ASP accompanies the definition of
classes of operators with the introduction of a variety of desirable properties.
In the following, we recall these properties, leaving the details, e.g., on which
class of forgetting operators satisfies which properties, to related work in the
literature [49].5 Unless stated otherwise, F is a class of forgetting operators.

(EC) F satisfies Existence for C, i.e., F is closed for a class of programs C if
there exists f ∈ F s.t. f is closed for C.

(wE) F satisfies weak Equivalence if, for each f ∈ F, P, P ′ ∈ C(f) and V ⊆ A,
we have AS(f(P, V )) = AS(f(P ′, V )) whenever AS(P ) = AS(P ′).

(SE) F satisfies Strong Equivalence if, for each f ∈ F, P, P ′ ∈ C(f) and V ⊆ A:
if P ≡ P ′, then f(P, V ) ≡ f(P ′, V ).

(PP) F satisfies Positive Persistence if, for each f ∈ F, P ∈ C(f) and V ⊆ A: if
P |=HT P

′, with P ′ ∈ C(f) and A(P ′) ⊆ A\V , then f(P, V ) |=HT P
′.

(W) F satisfies Weakening if, for each f ∈ F, P ∈ C(f) and V ⊆ A, we have
P |=HT f(P, V ).

3The admission of partial functions is due to the fact that some operators existing in the
literature are not always defined.

4There are classes of operators in the literature defined for class C which include concrete
operators only defined for a subclass C′.

5We omit the property dubbed Negative Persistence (NP) from the list, as it has been
shown to coincide with (W) [49].
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(SI) F satisfies Strong (addition) Invariance if, for each f ∈ F, P ∈ C(f) and
V ⊆ A, we have f(P, V )∪R ≡ f(P ∪R, V ) for all programs R ∈ C(f) with
A(R) ⊆ A\V .

(sC) F satisfies strengthened Consequence if, for each f ∈ F, P ∈ C(f) and
V ⊆ A, we have AS(f(P, V )) ⊆ AS(P )‖V .

(wC) F satisfies weakened Consequence if, for each f ∈ F, P ∈ C(f) and V ⊆ A,
we have AS(P )‖V ⊆ AS(f(P, V )).

(CP) F satisfies Consequence Persistence if, for each f ∈ F, P ∈ C(f) and
V ⊆ A, we have AS(f(P, V )) = AS(P )‖V .

(SP) F satisfies Strong Persistence if, for each f ∈ F, P ∈ C(f) and V ⊆ A, we
have AS(f(P, V ) ∪ R) = AS(P ∪ R)‖V , for all programs R ∈ C(f) with
A(R) ⊆ A\V .

Throughout the paper, whenever we write that a single operator f obeys some
property, we mean that the singleton class composed of that operator, {f}, obeys
such property.

Example 4. Consider program P from Ex. 1.

a← not b b← not c e← d d← a

First, if we want to forget about some atom, then we expect all rules that do not
mention this atom to persist, while rules that mention it to no longer occur. For
example, when forgetting about d from P , the first two rules should be contained
in the result of forgetting, while the latter two should not. At the same time,
implicit dependencies, such as e depending on a via d, should be preserved.
Hence, we expect the following result:

a← not b b← not c e← a

In fact, many existing notions of forgetting in the literature (cf. [49]) provide
precisely this result.

Now, consider forgetting about b from P . Note that P contains an implicit
dependency between a and c, namely, whenever c becomes true, then so does a,
i.e., if we add, e.g., c ← to the program, then a is necessarily true. Different
notions of (classes of) forgetting operators f existing in the literature (see [49])
would return the result of forgetting f(P, {b}) = ∅, but if we want to preserve the
indirect dependency of a on c, then f(P, {b}) must contain the rule a← not not c
to ensure that adding c ← results in a single answer set {a, c, d, e} for both P
and f(P, {b}). In fact, a valid result for f(P, {b}) such that f satisfies (SP),
arguably the central property for forgetting in ASP (see Sec. 3), would be:

a← not not c e← d d← a

12



Finally, if the atom to be forgotten does not appear at the same time in some
rule body and some rule head, usually no dependencies need to be preserved.
Consider forgetting about c from P , then, since c only appears (negated) in the
body of the rule with head b, b becomes unconditionally true, and the expected
result f(P, {c}) would be:

a← not b b← e← d d← a

3. The Limits of Forgetting

Among the desirable properties of classes of forgetting operators recalled in
the previous section, strong persistence (SP) [45] is of particular interest, as
it ensures that forgetting preserves all existing relations between all atoms oc-
curring in the program, but the forgotten. In this sense, a class of operators
satisfying (SP) removes the desired atoms, but has no negative semantic effects
on the remainder. The importance of (SP) is also witnessed by the fact that a
class of operators that satisfies (SP) satisfies all the other previously mentioned
properties with the exception of (W), which has been shown to be incompatible
with the preservation of answer sets while forgetting [49]. Hence, ideally, when
forgetting in ASP, we want to ensure that (SP) is satisfied. In this section, we
investigate in detail whether there are any limits on preserving all the exist-
ing relations between all the remaining atoms occurring in the program, while
forgetting.

3.1. Can We Always Forget?

If we had an operator that satisfies (SP), then answering the question of
whether we can always forget while preserving all the existing relations between
non-forgotten atoms would be straightforwardly positive. However, determining
a forgetting operator that satisfies (SP) is a difficult problem, since, for the
verification whether a certain program P ′ should be the result of forgetting
about a set of atoms V from program P , none of the well-established equivalence
relations can be used, i.e., neither equivalence nor strong equivalence hold in
general between P and P ′, not even relativized equivalence [50], even though it
is close in spirit to the ideas of (SP). Hence, maybe not surprisingly, there is
no known general class of operators that satisfies (SP) and that is closed (for
the considered class of logic programs).

The two known positive results concerning the satisfiability of (SP) are the
existence of several known classes of operators that satisfy (SP) when restricted
to Horn programs [49], and the existence of one specific operator that, in a
very restricted range of situations based on a non-trivial syntactical criterion,
permits forgetting about V from P while satisfying the definition of (SP) [45].
However, the former result is probably of little relevance given the crucial role
played by (default) negation in ASP, while the criterion required in the latter
result is certainly too strong, excluding large classes of cases where forgetting
about V from P is possible.
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All this begs the question of whether there even exists a forgetting operator,
or a class of these, defined over a class of programs C beyond the class of Horn
programs, that satisfies (SP). The following theorem provides a negative answer
to this question.

Theorem 1. There is no forgetting operator over C ⊇ Cn that satisfies (SP).

Proof. Let C be a class of programs with C ⊇ Cn and suppose there exists f over C
that satisfies (SP). Then, for each P ∈ C and V ⊆ A, we haveAS(f(P, V )∪R) =
AS(P ∪R)‖V , for all programs R ∈ C with A(R) ⊆ A\V . Consider P ∈ Cn:

a← p b← q p← not q q ← not p

We construct HT (f(P, {p, q})), the set of HT-models of the result of forgetting
about V = {p, q} from P .

We know that 〈ab, ab〉 must be part of HT (f(P, {p, q})), otherwise it would
not be possible to obtain the answer set {a, b} for the result when adding R =
{a←; b←} to f(P, {p, q}).

At the same time, since {a, b} (modulo V ) is not an answer set of the original
program, 〈X, ab〉 ∈ HT (f(P, {p, q})) for at least one X ⊂ {a, b} to prevent {a, b}
from being an answer set of f(P, {p, q}). Consider the three alternatives:

• 〈∅, ab〉 6∈ HT (f(P, {p, q})), as adding R = {a ← b; b ← a}, whose HT-
models are {〈∅, ∅〉, 〈∅, ab〉, 〈ab, ab〉}, yields one answer set {a, b} for P ∪R
(modulo V ) which the forgetting result has to preserve;

• 〈a, ab〉 6∈ HT (f(P, {p, q})), since adding R = {a ←}, whose HT-models
include 〈a, ab〉, yields one answer set {a, b} for P ∪ R (modulo V ) which
the forgetting result has to preserve;

• 〈b, ab〉 6∈ HT (f(P, {p, q})) symmetrically for R = {b←}.

We derive a contradiction. �

Consequently, it is not always possible to forget a set of atoms from a given
logic program while satisfying the property (SP).

3.2. When Can’t We Forget?

Whereas Thm. 1 shows that in general it is not always possible to forget while
satisfying (SP), its proof provides some hints on why this is the case. Some
atoms play an important role in the program, being pivotal in establishing the
relations between the remaining atoms. Therefore, it is simply not possible to
forget them and expect that the relations between other atoms be preserved.
That is precisely what happens with the pair of atoms p and q in the program

a← p b← q p← not q q ← not p

presented in the proof of Thm. 1. It is simply not possible to forget them both
and expect all the semantic relations between a and b to be kept. No program
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over atoms {a, b} would have the same answer sets as those of the original
program (modulo p and q), when both are extended with an arbitrary set of
rules over {a, b}.

This observation immediately leads to one of the central questions here:
under what circumstances is it not possible to forget about a given set of atoms V
from program P while satisfying (SP)? In particular, given a concrete program,
which sets of atoms play such a pivotal role that they cannot be jointly forgotten
without affecting the semantic relations between the remaining atoms in the
original program?

To deal with these questions that no longer require the satisfaction of certain
properties in general for all programs P and all sets of forgotten atoms V ,
but rather that (SP) holds for a concrete program P and set of atoms V , we
introduce the notion of a forgetting instance.

Definition 1 (Forgetting Instance). Let C be a class of programs over A. A
(forgetting) instance (over C) is a pair 〈P, V 〉 s.t. P ∈ C and V ⊆ A.

Thus, given P from the proof of Thm. 1, 〈P, {p, q}〉 is a forgetting instance over
Ce (or alternatively over Cn).

This allows us to introduce a restriction of property (SP) to operators of
forgetting and such forgetting instances.

Definition 2 (Strong Persistence for Forgetting Instance). A forgetting
operator f over C satisfies (SP)〈P,V 〉, for some forgetting instance 〈P, V 〉 over C,
if AS(f(P, V )∪R) = AS(P ∪R)‖V , for all programs R ∈ C with A(R) ⊆ A\V .

Before we proceed, it is worth noting that the previous definition not only
requires that operator f be defined for the class of programs to which program
P belongs, but it also restricts that programs R belong to such class. Whereas
these conditions affect operators defined only for Cn or Cd, it turns out that
operators restricted to such domain are not desirable in the context of (SP).
The reason is that, in general, even if there is a forgetting operator f that
satisfies (SP)〈P,V 〉 for a normal program P and atoms V , there may be none
over normal or disjunctive programs, as shown by the following example.

Example 5. Consider forgetting about q from P :

p← not q q ← not p

The only correct result that satisfies the condition of (SP) is strongly equivalent
to P ′ = {p ← not not p} with AS(P ′) = {∅, {p}}. Thus, the answer sets are
comparable, i.e., ∅ ⊂ {p}, hence P ’ cannot be strongly equivalent to any normal
or disjunctive program.

Therefore, even if we can forget about some V from a normal program, the
result will in general be an extended program, hence, requiring an operator over
this general class. As a consequence, in what follows, unless otherwise stated,
we will focus on forgetting operators over the entire general class Ce.
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We now proceed with the introduction of a criterion (Ω) which will play
a fundamental role in characterizing the instances for which we cannot expect
forgetting operators to satisfy (SP)〈P,V 〉. This is a rather technically involved
part of the paper, so we beg the reader to bear with us.

First, note that property (SP) in general requires strong equivalence be-
tween the program P and its result of forgetting modulo the set of forgotten
atoms V , i.e., it preserves the answer sets modulo V no matter which program R
over the remaining language is added to both. Since the HT-models of the con-
sidered program P are paramount for determining the answer sets of P together
with changing programs R, it is maybe not surprising that these HT-models are
crucial for the criterion. However, certain HT-models can never give rise to an
answer set over the remaining language.

Example 6. Recall P ∈ Cn used in the proof of Thm. 1:

a← p b← q p← not q q ← not p

Here, HT (P ) contains 15 elements:

〈ap, ap〉 〈bq, abq〉 〈b, abpq〉 〈abp, abpq〉
〈bq, bq〉 〈abq, abq〉 〈ab, abpq〉 〈abq, abpq〉
〈ap, abp〉 〈∅, abpq〉 〈ap, abpq〉 〈abpq, abpq〉
〈abp, abp〉 〈a, abpq〉 〈bq, abpq〉

Note that P has HT-models 〈Y, Y 〉 and 〈Y ′, Y 〉 with Y ′\V = Y \V and Y ′ ⊂ Y ,
namely 〈abpq, abpq〉 and any of 〈ab, abpq〉, 〈abp, abpq〉 and 〈abq, abpq〉 where
V = {p, q}. Then, Y = {a, b, p, q} can never become an answer set of a program
P ∪ R, no matter which R over the remaining language is added to P . This
happens since any program R over {a, b} cannot distinguish these HT-models,
i.e., either all are HT-models of R or none is.6

We formalize the idea that such entire sets of HT-models are not relevant for
the possible answer sets of P ∪ R by determining, for each possible Y over the
remaining atoms, those subsets of the forgotten atoms that are indeed relevant.

Definition 3 (Relevant Forgotten Atoms). Let P be a program over A,
V ⊆ A, and Y ⊆ A\V . We define the set of sets of relevant forgotten atoms
for Y w.r.t. 〈P, V 〉, RelY〈P,V 〉, as follows:

RelY〈P,V 〉 = {A ⊆ V | 〈Y ∪A, Y ∪A〉 ∈ HT (P ) and

@A′ ⊂ A such that 〈Y ∪A′, Y ∪A〉 ∈ HT (P )}.

Example 7. Recall P from Ex. 6 with the atoms to be forgotten V = {p, q}.
We have Rel∅〈P,V 〉 = ∅, Rel{a}〈P,V 〉 = {{p}}, Rel{b}〈P,V 〉 = {{q}}, and Rel

{a,b}
〈P,V 〉 =

{{p}, {q}}. Thus, as expected by Ex. 6, {p, q} /∈ Rel{a,b}〈P,V 〉.

6A similar argument exists for the exclusion of certain HT-models from relativized HT-
models. [50]
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Note that, for each set of atoms A in any RelY〈P,V 〉, those HT-models of the form

〈X,Y ∪A〉 guarantee an answer set Y ∪A of P ∪R, for at least one R over the
remaining atoms.

In accordance with (SP), we are interested in a forgetting result whose
answer sets coincide with those of P , no matter which R we add. This raises
the question of how to deal with cases where RelY〈P,V 〉 contains more than one

element, such as Rel
{a,b}
〈P,V 〉 in Ex. 7. In particular, there may be at least two

sets of HT-models of P, of the form 〈X,Y ∪ A〉 and 〈X,Y ∪ A′〉, with A,A′ ∈
RelY〈P,V 〉, that result in answer sets for different R, but since Y coincides, they
basically collapse into one case over the remaining language. As it turns out,
the problematic cases are exactly those where such sets of HT-models are in
conflict over for which programs R an answer set is obtained.

Before we formalize this in our criterion, we introduce notation that joins
the first components of the HT-models in each such set of HT-models. Namely,
for P a program over A, V ⊆ A, and Y ⊆ A\V , we denote

RY,A
〈P,V 〉 = {X\V | 〈X,Y ∪A〉 ∈ HT (P )}.

A conflict occurs, and thus forgetting while preserving (SP) is not possible,

when there is no least element among these RY,A
〈P,V 〉 (for relevant A) for one Y .

We are now ready to formulate the main concept of this Section, criterion Ω,
which will be used to characterize the limits of forgetting under (SP).

Definition 4 (Criterion Ω). Let P be a program over A and V ⊆ A. An
instance 〈P, V 〉 satisfies criterion Ω if there exists Y ⊆ A\V such that the set of
sets

RY
〈P,V 〉 = {RY,A

〈P,V 〉 | A ∈ Rel
Y
〈P,V 〉}

is non-empty and has no least element.

The following example illustrates how criterion Ω can be checked.

Example 8. Recall P from Example 6 with V = {p, q}. To prove that instance
〈P, {p, q}〉 satisfies Ω, we need to find Y ⊆ A\V = {a, b, p, q}\{p, q} = {a, b}
such that RY

〈P,V 〉 is non-empty and has no least element. For that, we only

need to focus on those sets Y ′ ⊆ {a, b} for which RelY
′

〈P,V 〉 is not empty. For

Y ′ = {b}, RY ′

〈P,V 〉 has only one element and therefore necessarily a least one.

The same holds for Y ′ = {a}.
We are left to inspect Y ′ = {a, b}. We already know from Ex. 7 that R{a,b}〈P,V 〉

has only two elements, R
{a,b},{p}
〈P,V 〉 = {{a, b}, {a}} and R

{a,b},{q}
〈P,V 〉 = {{a, b}, {b}}.

Since these two sets are incomparable, R{a,b}〈P,V 〉 has no least element. Therefore,

taking Y = {a, b}, we conclude that 〈P, {p, q}〉 satisfies Ω.

Our objective now is to show that this criterion can be used for determining
whether we can forget while satisfying (SP). In the particular case of Horn
programs, we can show that the criterion is never satisfied.
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Proposition 1. Let P ∈ CH and V ⊆ A. Then 〈P, V 〉 does not satisfy Ω.

This result aligns with our expectations given that several known classes of
forgetting operators do satisfy (SP) if restricted to Horn programs [49].

In general, Ω is of course satisfiable as we have seen, e.g., in Ex. 8. Hence,
we have to inspect the relation between Ω and (SP)〈P,V 〉 more closely.

Since criterion Ω heavily relies on HT-models, it helps to observe that each
total model of the result of a forgetting operator that satisfies (SP)〈P,V 〉 is
related with at least one HT-model of the original program.

Lemma 6. Let f be a forgetting operator over C that satisfies (SP)〈P,V 〉 for an
instance 〈P, V 〉 over C. If 〈Y, Y 〉 ∈ HT (f(P, V )), then RelY〈P,V 〉 6= ∅.

This relation between the HT-models of the result of forgetting and those
of the original program is in fact stronger since, for all instances 〈P, V 〉, every
forgetting operator that satisfies (SP)〈P,V 〉 produces a result whose HT-models
are a subset of the HT-models of the original program (modulo the forgotten
atoms).

Proposition 2. If a forgetting operator f over C satisfies (SP)〈P,V 〉 for an
instance 〈P, V 〉 over C, then

HT (f(P, V )) ⊆ HT (P )‖V .

We are now ready to state the main result of this Section, namely that Ω is a
sufficient condition to determine that some set of atoms V cannot be forgotten
from a program P while satisfying strong persistence.

Theorem 2. If 〈P, V 〉 satisfies Ω, then no forgetting operator f over C ⊇ Cd
satisfies (SP)〈P,V 〉.

Example 9. Recall P ∈ Cn from Ex. 6. Since 〈P, {p, q}〉 satisfies criterion Ω
(cf. Ex. 8), no forgetting operator f satisfies (SP)〈P,{p,q}〉.

Thm. 2 is explicitly stated for operators defined for the classes of programs
Ce and Cd. This is no mere coincidence. While the result would vacuously hold
for operators defined for CH by Prop. 1, it turns out that Thm. 2 does not hold
for operators that are restricted to normal programs.

Example 10. Consider forgetting about V = {p, q} from program P .

p← b, not q b← p, not q a← b, not q

q ← b, not p b← q, not p a← b, not p

This program P has a large number of HT-models, but many of them can never
give rise to an answer set. More precisely, we can verify that Rel∅〈P,V 〉 = {∅},
Rel
{a}
〈P,V 〉 = ∅, Rel{b}〈P,V 〉 = ∅, and Rel

{a,b}
〈P,V 〉 = {{p}, {q}} with R∅〈P,V 〉 = {{∅}} and
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R{a,b}〈P,V 〉 = {{∅, {a}, {a, b}}, {∅, {b}, {a, b}}}. This corresponds to the following

HT-models:

〈∅, ∅〉 〈∅, abp〉 〈a, abp〉 〈abp, abp〉
〈∅, abq〉 〈b, abq〉 〈abq, abq〉

Since R{a,b}〈P,V 〉 has no least element, Ω is satisfied. Also, applying the same argu-

ment as in the proof of Thm. 1 to construct the HT-models of the result of for-
getting, we obtain that the HT-models should contain precisely three HT-models
(unlike in the proof, 〈∅, ab〉 does not cause a contradiction):

〈∅, ∅〉 〈∅, ab〉 〈ab, ab〉

Consider f over Cn such that HT (f(P, V )) contains exactly the HT-models above.
By Def. 2, f satisfies (SP)〈P,V 〉 if AS(f(P, V )∪R) = AS(P ∪R)‖V , for all pro-
grams R ∈ Cn with A(R) ⊆ A\V . Thus, for Thm. 2 to hold we need to find
R ∈ Cn that violates the previous condition. Taking into account the set of HT-
models of f(P, V ), for every program R that violates the (SP)〈P,V 〉 condition,
HT (R) is required to contain 〈ab, ab〉, 〈a, ab〉, and 〈b, ab〉, but not 〈∅, ab〉. How-
ever, such set of HT-models does not satisfy the condition of here-intersection
for HT-models of normal programs (cf. [59] and (N3) in Lemma 3 in the Ap-
pendix), hence no such R ∈ Cn exists.

An interesting consequence of this observation is that, unlike verifying rela-
tivized and strong equivalence, it does not suffice to consider only unary pro-
grams R for verifying the condition of (SP)〈P,V 〉. This effectively prevents the
applicability of Thm. 2 to operators defined over normal programs. Still, this
is not problematic, since, as already pointed out in Example 5, operators over
Cn (and Cd) are of limited interest in the context of forgetting while preserving
(SP).

Turning back to the reasons why we cannot forget some sets of atoms from
a given program, we can observe – both in the proof of Thm. 1 as well as when
the criterion Ω is satisfied – that they seem to be strongly connected to the
presence of atoms to be forgotten that depend on themselves via an even (and
non-zero) number of negations. This could raise the question of whether it is
possible to forget about sets of atoms under certain restrictions. For example,
we can verify that criterion Ω is not satisfied for forgetting only about p from
the normal program used in the proof of Thm. 1, i.e., we can forget about p in
this case. So it would seem that forgetting about certain sets of atoms should
be a more admissible problem. Unfortunately, this is not the case, since even
if we were to delimit V , in general it is always possible to find a program from
which we cannot forget V while satisfying (SP).

Proposition 3. Let V ⊆ A be some set of atoms. Then, there is P ∈ Ce such
that every forgetting operator f over Ce does not satisfy (SP)〈P,V 〉.
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Example 11. Consider forgetting about p from P :

a← p b← not p p← not not p ,

Even though we forget only about one atom p, the argument in the proof of
Thm. 1 applies just as well, and no program f(P, {p}) exists whose HT-models
match the requirements to satisfy (SP)〈P,{p}〉. Examples for sizes of V greater
than one can then straightforwardly be obtained from this example.

In addition, even if it is possible to forget V ∪ V ′, it may not be possible to
forget V and V ′ in any arbitrary order.

Example 12. Consider again program P from Ex. 11. Forgetting about b from
P first is strongly equivalent to removing the third rule, and subsequently for-
getting about p is strongly equivalent to {a ← not not a}. However, forgetting
about p from P first while satisfying (SP) is simply not possible (as shown in
Ex. 11).

This raises another important question: If a set of atoms V can be forgotten
as a whole, is there also at least one proper subset of V that can be forgotten?
Previous arguments, such as in Example 11, might suggest that there is, but it
turns out not to be the case.

Proposition 4. Let P be a program over A, V ⊆ A, and f a forgetting operator
that satisfies (SP)〈P,V 〉. There may not exist any V ′ with ∅ ⊂ V ′ ⊂ V such that
f satisfies (SP)〈P,V ′〉.

Hence, even if it is possible to forget a set of atoms, it may be impossible to
forget arbitrary proper subsets of it.

4. Forgetting with Strong Persistence

So far we have focused on what cannot be forgotten. We now turn our
attention to what can be forgotten and clarify under which circumstances we
can forget without losing indirect dependencies between atoms that remain.

4.1. When Can We Forget?

While Ω allows us to test when it is not possible to forget without sacrificing
(SP), we do not yet know whether this is a necessary criterion. That being
the case would ensure that whenever we forget about V from P , and Ω is not
satisfied, (SP)〈P,V 〉 could be obeyed. In the following, we investigate this matter
with the aim of being able to determine when we can forget, and, if possible, to
characterise those operators that can obtain the desirable result.

To this end, we start by introducing a new class of forgetting operators that
is defined by the characterization of the HT-models that represent a result of
forgetting about V from P . The definition of this class of operators strongly
relies on the sets of sets RY

〈P,V 〉, which contains RY,A
〈P,V 〉 (potentially several
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for different A ⊆ V ) that indicate for which programs R an answer set can
be obtained for (P ∪ R)‖V . As already mentioned, these indications may not
coincide for different A, so the intuitive idea here is to only consider those for
which there is “consensus”. This translates into computing the intersections
which amounts to determining the least element in each RY

〈P,V 〉 if they exist,

i.e., whenever criterion Ω is not satisfied (see also Ex. 10).

Definition 5 (SP-Forgetting). The class of forgetting operators FSP is de-
fined by the following set:

{f | HT (f(P, V ))={〈X,Y 〉 | Y ⊆ A(P )\V ∧X∈
⋂
RY
〈P,V 〉} for all P ∈ C(f) and V ⊆ A}

Note that some operator f is part of the class if the condition holds for all
programs in the class for which f is defined.

Example 13. Consider the following program P :

a← not p p← not b

Forgetting {p} from P while satisfying (SP) should preserve all dependencies
between a and b. Such dependencies are internalized in the set of HT-models
of P . In this case, all models in HT (P ) are of the form 〈X,Y 〉 with Y = {p},
Y = {a, p}, Y = {b, p}, Y = {a, b} or Y = {a, b, p}. Some of these models
are however not relevant from the point of view of (SP). For example, since
〈b, bp〉 ∈ HT (P ), we have that {b, p} can never be an answer set of (P ∪ R),
for a program R over {a, b}. This is due to the fact that no R over {a, b}
can distinguish the models 〈b, bp〉 and 〈bp, bp〉, i.e., one is a model of R if and
only if the other one is. The same type of argument applies to Y = {a, b, p}
since 〈ab, abp〉 ∈ HT (P ). Therefore, {p} /∈ Rel{b}〈P,V 〉 and {p} /∈ Rel{a,b}〈P,V 〉, which

intuitively means that models of P of the form 〈X, bp〉 and of the form 〈X, abp〉
are not relevant for the existence of models of the form 〈X, b〉 and 〈X, ab〉 in

f(P, {p}), respectively. We obtain that R{b}〈P,V 〉 = ∅, which means that f(P, V )

has no HT-model of the form 〈X, {b}〉. For the other possible models we have

Rel∅〈P,{p}〉 = {{p}}, Rel{a}〈P,{p}〉 = {{a}} and Rel
{a,b}
〈P,{p}〉 = {{a, b}}. In each of

the three cases, the set RY \{p}
〈P,V 〉 has only one element, thus the intersection is

precisely that element. This immediately implies that the forgetting instance
〈P, {p}〉 does not satisfy criterion Ω. The resulting set of HT-models of f(P, V )
for f ∈ FSP, is {〈∅, ∅〉, 〈∅, a〉, 〈a, a〉, 〈a, ab〉, 〈ab, ab〉}. This means that for every
f ∈ FSP, the program f(P, V ) is strongly equivalent to {a← not not b}.

Example 14. Recall program P from Ex. 6 and the observations in Ex. 7 and

8. Namely, Rel∅〈P,V 〉 = ∅, Rel{a}〈P,V 〉 = {{p}}, Rel{b}〈P,V 〉 = {{q}}, and Rel
{a,b}
〈P,V 〉 =

{{p}, {q}}. In the first two cases, the intersection
⋂
RY
〈P,V 〉 coincides with the

only existing element, and in the latter case, we have R
{a,b},{p}
〈P,V 〉 = {{a, b}, {a}}

and R
{a,b},{q}
〈P,V 〉 = {{a, b}, {b}}. Thus, forgetting instance 〈P, {p, q}〉 satisfies
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criterion Ω and
⋂
R{a,b}〈P,V 〉 = {{a, b}}. The resulting set of HT-models of f(P, V )

for f ∈ FSP, is {〈a, a〉, 〈b, b〉, 〈ab, ab〉}. This means that, for every f ∈ FSP, the
program f(P, V ) is strongly equivalent to

a← not b b← not a a← not not a, not not b b← not not a, not not b.

In Sec. 3, we have argued that forgetting operators over Cn and Cd are not
desirable in the context of forgetting while preserving (SP). This is further
strengthened by the fact that FSP does not contain operators defined (only)
over these classes of programs.

Example 15. Let P be the normal program in Example 5. This program has
6 HT-models, namely 〈p, p〉, 〈q, q〉, 〈pq, pq〉, 〈p, pq〉, 〈q, pq〉, 〈∅, pq〉. Therefore, for
every f ∈ FSP, we have that HT (f(P, {q})) = {〈p, p〉, 〈∅, ∅〉}. Then AS(f(P, {q})) =
{∅, {p}}. But no normal nor disjunctive program has comparable answer sets.
Therefore, there is no operator f ∈ FSP such that C(f) is Cn or Cd.

In principle, the previous observation could raise the question whether the
class FSP is indeed well-defined. However, the close connection between the
definition of FSP and criterion Ω is not a mere coincidence. It turns out that
every operator in FSP in fact satisfies (SP) for those instances 〈P, V 〉 that do
not satisfy Ω.

Theorem 3. Every f ∈ FSP satisfies (SP)〈P,V 〉 for every 〈P, V 〉 over C(f) that
does not satisfy Ω.

It immediately follows from Thms. 2 and 3 that Ω is a necessary and sufficient
criterion for determining whether it is possible to forget about V from P and
preserve (SP).

Corollary 1. Every forgetting operator f ∈ FSP satisfies (SP)〈P,V 〉 iff 〈P, V 〉
over C(f) does not satisfy Ω.

Also, whenever it is possible to forget, the class FSP precisely characterises
the result of forgetting.

Proposition 5. Let 〈P, V 〉 be an instance over C that does not satisfy Ω. Then,
for every forgetting operator f satisfying (SP)〈P,V 〉 and every f ′ ∈ FSP with
C ⊆ C(f) and C ⊆ C(f ′), we have that f(P, V ) ≡HT f ′(P, V ).

For the particular case of Horn programs, it is possible to simplify the con-
struction of the result since the set of HT-models of the result of forgetting
coincides with the set of HT-models of the original program, modulo the for-
gotten atoms.

Proposition 6. Let f be in FSP. Then, for every V ⊆ A:

HT (f(P, V )) = HT (P )‖V for P ∈ CH .
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Example 16. Consider the following Horn program P and V = {b}:

a← b b← c

Here, HT (P ) contains 10 elements:

〈∅, ∅〉 〈a, a〉 〈a, ab〉 〈∅, abc〉 〈ab, abc〉
〈∅, a〉 〈∅, ab〉 〈ab, ab〉 〈a, abc〉 〈abc, abc〉

We have Rel∅〈P,V 〉 = {∅}, Rel{a}〈P,V 〉 = {∅}, Rel{c}〈P,V 〉 = ∅, and Rel
{a,c}
〈P,V 〉 = {{b}}.

Thus, according to Def. 5, HT (f(P, V )) for f ∈ FSP contains the following 6
elements:

〈∅, ∅〉 〈∅, a〉 〈a, a〉 〈∅, ac〉 〈a, ac〉 〈ac, ac〉

It is easy to verify that the same result can be obtained using Prop. 6 directly
by simply omitting b from the 10 HT-models of P (some of which collapse into
the same resulting HT-model). Thus, for every f ∈ FSP, the program f(P, V ) is
strongly equivalent to {a← c}.

In the previous example, the forgetting result of a Horn program is again
a Horn program and this raises the question whether this is also the case in
general, i.e., whether FSP is closed for Horn programs. Subsequently, we can
pose the same question for the other classes of programs considered. As it
turns out, we can show that FSP is closed in the general case (i.e. for extended
programs) and for Horn programs, but not for disjunctive nor normal programs.
This is in fact similar to previous classes of forgetting operators defined for the
class of extended programs that are based on manipulating HT-models, namely
HT-forgetting [46] and SM-forgetting [44].

Theorem 4. FSP is closed for extended programs and Horn programs, but nei-
ther for disjunctive programs nor normal programs.

We state the result in the general case here, i.e., independently of whether we
are allowed to forget or not, but these results obviously apply in exactly the
same way if we restrict our attention to the cases where we can forget about
some V from a given program P (also see Ex. 15).

These results actually refer to the property (EC) for different C which raises
the question of how FSP fares w.r.t. the other properties mentioned in the lit-
erature. Here, we restrict our attention to the cases where we can forget, i.e.,
where the considered instance does not satisfy Ω, because that is the primary
intended use case of FSP. Then, most of the properties mentioned in Sec. 2 are
satisfied.

Theorem 5. Restricted to instances 〈P, V 〉 that do not satisfy Ω, FSP satisfies
(wE), (SE), (PP), (SI), (sC), (wC), (CP), and (SP).

The only property which is not satisfied, (W), has been proved orthogonal to
(SP) – in fact, to every property that aims at preserving answer sets [49].
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4.2. How Can We Forget?

We have seen that, given an instance 〈P, V 〉, we can test whether Ω is not
satisfied, i.e., whether we are allowed to forget V from P while preserving (SP),
in which case we can compute the HT-models that characterize a result of
forgetting using the definition of FSP. However, this does not provide an actual
forgetting result, nor guarantee that an operator actually exists. We overcome
this limitation and provide a concrete forgetting operator based on the notion of
countermodels in here-and-there [56], which has been used previously in a similar
manner for computing concrete results of forgetting for classes of forgetting
operators based on HT-models [44, 46].

Intuitively, the idea of HT-countermodels can be summarized as follows.
Given a program P , the HT-interpretations that are not HT-models of P (hence
the name countermodels) can be used to determine rules, that, if conjoined,
result in a program P ′ that is strongly equivalent to P . Here, we utilize this
method to create an actual program, viz. a forgetting result, whose set of HT-
models corresponds to the semantic characterization of any forgetting result for
FSP. For that purpose, we first recall some notation on countermodels from [56]
adjusting it to the syntax of rules we use.

Let P be a program and X ⊆ Y ⊆ A. An HT-interpretation 〈X,Y 〉 is an
HT-countermodel of P if 〈X,Y 〉 6|= P . We also define the following rules:7

rAX,Y = (Y \X)← X,not (A\Y ), not not (Y \X) (3)

rAY,Y = ∅ ← Y, not (A\Y ) (4)

Countermodels and the resulting rules are in fact closely connected [56]. Here,
we recall these results as presented in [46].

Proposition 7 ([46]). Let X ⊂ Y ⊆ A and U ⊆ V ⊆ A.

(i) 〈U, V 〉 is an HT-countermodel of rAX,Y iff U = X and V = Y .

(ii) 〈U, V 〉 is an HT-countermodel of rAY,Y iff V = Y .

This allows us to determine a program for a set of HT-models provided such
program exists. Recall that not all sets of HT-interpretations correspond to
the set of HT-models of some program. A set of HT-interpretations S is HT-
expressible iff 〈X,Y 〉 ∈ S implies 〈Y, Y 〉 ∈ S. In this case, we are able to
determine a corresponding program.

Proposition 8 ([46]). Let M be a set of HT-interpretations which is HT-
expressible and define the program PM as

PM = {rAX,Y | 〈X,Y 〉 /∈M and 〈Y, Y 〉 ∈M} ∪ {rAY,Y | 〈Y, Y 〉 /∈M}.

Then, HT (PM ) = M .

7In the context of forgetting, we also make the signature used for these rules explicit. This
does not affect the previous technical results, but eases the reading.
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Thus, we can determine a program based on the HT-countermodels that has
precisely the same HT-countermodels, and thus the same HT-models.

Example 17. Consider the program P (over {a, b}) consisting of two rules
a ← b and b ← a. Its HT-models are 〈∅, ∅〉, 〈∅, ab〉, and 〈ab, ab〉. Thus, the
HT-countermodels relevant for the construction of PM are 〈a, a〉, 〈b, b〉, 〈a, ab〉,
and 〈b, ab〉. This yields PM containing the following four rules:

r
{a,b}
{a},{a} = ⊥ ← a, not b (5)

r
{a,b}
{b},{b} = ⊥ ← b, not a (6)

r
{a,b}
{a},{ab} = b← a, not not b (7)

r
{a,b}
{b},{ab} = a← b, not not a (8)

We can verify that HT (PM ) = HT (P ) and that PM can in fact be simplified
to P without much effort (the additional double-negated atoms in (7) and (8)
require the existence of rules (6) and (5), respectively).

Note that the formulation in Prop. 8 differs from the original one [56] in
that, whenever 〈Y, Y 〉 /∈ M only rAY,Y itself is considered, whereas in [56] also

all rAX,Y | 〈X,Y 〉 with X ⊂ Y are included.
We are now ready to provide an algorithm, Alg. 1, that computes an actual

forgetting result for FSP, which we denote fSP. It proceeds as follows. After
initializing the resulting program P ′ and fixing its signature A′ = A\V , we
determine for which Y ⊆ A′ we have that RY

〈P,V 〉 is empty. In this case, 〈Y, Y 〉 6∈
HT (f(P, V )) for every f ∈ FSP, hence 〈Y, Y 〉 is an HT-countermodel and we
add rA

′

Y,Y to the forgetting result. Notably, we use A′ to avoid that atoms to

be forgotten appear in the added rule. Alternatively, if RY
〈P,V 〉 is not empty,

we determine which X do not appear in
⋂
RY
〈P,V 〉. For those, by definition,

〈X,Y 〉 6∈ HT (f(P, V )) for every f ∈ FSP, hence 〈X,Y 〉 is an HT-countermodel
and we add rA

′

X,Y to the forgetting result.
We can show that Alg. 1 does terminate and that the HT-models of the

result correspond to the semantic characterization of FSP.

Theorem 6. Alg. 1 terminates and fSP ∈ FSP.

Thus, fSP as described in Alg. 1 is actually an operator of FSP and serves as
a witness for the existence of such operators in the general case, unlike, e.g., the
class FSas which aims at forgetting and satisfying (SP), but only achieves this
in a very restricted setting [45].

Example 18. Consider again program P from Ex. 6 with V = {p, q}. We can
compute fSP(P, V ) and obtain the following program:

⊥ ← not a, not b a← not b, not not a a← b, not not a

a ∨ b← not not a, not not b b← not a, not not b b← a, not not b
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Algorithm 1: Computing fSP(P, V ) for forgetting about V from P

Input : Program P and V ⊆ A
Output: Program P ′ = fSP(P, V )

1 P ′ := ∅;
2 A′ := A\V ;
3 for Y ⊆ A′ do
4 if RY

〈P,V 〉 = ∅ then

5 P ′ := P ′ ∪ {rA′Y,Y };
6 end
7 else
8 for X ⊆ Y s.t. X /∈

⋂
RY
〈P,V 〉 do

9 P ′ := P ′ ∪ {rA′X,Y };
10 end

11 end

12 end

Comparing this result with that obtained in Ex. 14 we observe slight syntactic
differences that can be explained in a similar way as in Ex. 17.

Note that, by Prop. 6, there is an easier way to determine the HT-models
for the characterization of the result of forgetting w.r.t. FSP if the considered
program is Horn. In this case, we can re-use the operator presented for Semantic
Forgetting [46], but restricted to Horn programs, which is simpler and provides
a further instance of an operator in FSP.

4.3. What Can We Forget?

We now approach the problem from a different angle, and determine which
sets of atoms can be forgotten from a specific program.

We begin with the case where the set of atoms to be forgotten is a singleton
and the program normal. As it turns out, we can always forget single atoms
from normal programs without having to test Ω.

Proposition 9. There is a forgetting operator satisfying (SP)〈P,V 〉, for every
P ∈ Cn and every V , such that |V |= 1.

Essentially, this result follows from the fact that if we forget only one atom,
then every RY

〈P,V 〉 contains at most two elements, namely RY,∅
〈P,V 〉 and RY,V

〈P,V 〉.

Then, we can use specific conditions on the HT-models of normal programs to
show that the former is always least.

Example 19. Recall again program P from Ex. 6. We already know that we
cannot forget about V = {p, q} (cf. the proof of Thm. 1). However, by Prop. 9,
we can forget about p or q alone, as well as forget only about a or b. By forgetting
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about q alone from P we obtain the program of Ex. 11. Since this is no longer
a normal program, we cannot use again Prop. 9 to subsequently forget about p,
as illustrated in Ex. 11.

It turns out that such result also holds for the class of disjunctive programs
and the rationale is based on a very similar argument as for normal programs.

Proposition 10. There is a forgetting operator satisfying (SP)〈P,V 〉, for every
P ∈ Cd and every V , such that |V |= 1.

As indicated in Thm. 4, no operator in FSP is closed for normal or disjunctive
programs, hence quite likely the result will not be applicable throughout an
iterative process of forgetting one atom at a time. But for a one-time forgetting
operation, they might be useful.

We now provide a general way to determine which sets of atoms can be
forgotten from a given program.

Theorem 7. Let P be a program. Then the set of sets of atoms

VP = {V ⊆ A(P ) |
⋂
RY
〈P,V 〉 ∈ R

Y
〈P,V 〉 for every RY

〈P,V 〉 6= ∅}

is the set of all sets V of atoms for which it is possible to forget V from P while
satisfying (SP)〈P,V 〉.

Thus, this result provides a general way to obtain all sets of atoms V that can be
forgotten from a given program P while preserving (SP). Notably, all possible
sets contained in VP have to be determined individually as neither sub- nor
supersets are necessarily contained in the result (cf. Prop. 4 for subsets and the
observation in Ex. 19 for supersets).

Example 20. Recall once more program P given in Ex. 6. Clearly, VP contains
{p}, {q} as well as {a} and {b} as indicated in Ex. 19 already. In addition, by
Thm. 7, we can forget about, e.g., {p, q, a} (and symmetrically {p, q, b}, but not
{p, q}. In fact, we can verify that, among all V ⊆ A(P ), V = {p, q} is the only
(non-empty) set of atoms which cannot be forgotten.

5. Beyond Strong Persistence when Forgetting

We have seen that, although (SP) is the central property one wants to ensure
to hold when forgetting atoms from an answer set program, this is not always
possible. In the previous sections, we have drawn precise limits on forgetting
with (SP) and studied the problem within such limits. We now focus on the
problem of forgetting beyond the limits of (SP), that is, what can we do if it
is not possible to forget while satisfying (SP), but we must nevertheless forget.
To this end, we investigate three possible alternatives.

27



5.1. Reusing SP-Forgetting

We first consider FSP itself as a possible solution. This has the obvious
benefit that, whenever we can forget under (SP), i.e. when Ω is not satisfied,
we obtain the desired result. When Ω is satisfied, then there are certain sets
of rules R over the remaining language for which the condition of (SP) does
not hold. Intuitively, this is the case because different sets of HT-models of P ,
which collapse into one set due to the forgotten atoms, are conflicting over which
programs R an answer set can be obtained for (P ∪R)‖V . Using FSP anyway, in
such cases, thus provides a way to resolve these conflicts by only adopting those
R for which there exists “consensus” between these different collapsing sets of
HT-models.

One way of measuring how well this proposed solution works is to look at
the properties that are satisfied when applying FSP in general, and compare to
the ideal case (when forgetting is possible). Regarding existence, we already
showed in general that FSP is closed for extended programs and Horn programs,
but not for disjunctive nor normal programs (Thm. 4). Regarding the other
properties, we have seen (Thm. 5) that, when restricted to those instances that
do not satisfy Ω, FSP satisfies most of the properties of forgetting mentioned in
Sec. 2.

Before we can proceed to establishing which properties are satisfied by FSP

in general, i.e., independently of whether Ω is satisfied or not, we need to es-
tablish some relevant technical results first. Namely, given the pivotal role of
programs R over the remaining language, a closer inspection of these programs
is necessary. First, we can show that two interpretations that only differ on V ,
the atoms to be forgotten, are either both models of R or none is.

Lemma 7. Let V ⊆ A, R a program over A\V , and 〈X,Y 〉, 〈X ′, Y ′〉 HT-
interpretations s.t. X ∼V X ′ and Y ∼V Y ′. Then, 〈X,Y 〉 ∈ HT (R) iff
〈X ′, Y ′〉 ∈ HT (R).

This result is useful as it allows us to establish that HT-models of R from which
we remove the atoms to be forgotten (that are not mentioned in R) are naturally
HT-models of R.

Lemma 8. Let V ⊆ A, R a program over A\V , and X,Y ⊆ A\V . Then,
〈X,Y 〉 ∈ HT (R)‖V iff 〈X,Y 〉 ∈ HT (R).

In addition, Lemma 7 can be used to show that the set of relevant forgotten
atoms for Y w.r.t. 〈P ∪R, V 〉, RelY〈P∪R,V 〉, can be characterized using RelY〈P,V 〉,

i.e., the set of relevant forgotten atoms w.r.t. 〈P, V 〉 only.

Lemma 9. Let P be a program over A, V ⊆ A, R a program over A\V , and
A ⊆ V . Then, A ∈ RelY〈P,V 〉 and 〈Y ∪A, Y ∪A〉 ∈ HT (R) iff A ∈ RelY〈P∪R,V 〉.

This result is important whenever we want to correlate HT-models of program
P and program P ∪R, which is particularly relevant for property (SI).

We can now characterize which properties are satisfied by FSP in general.
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Proposition 11. FSP satisfies (SE), (PP), (SI), and (wC), but does not sat-
isfy (wE), (W), (sC), and (CP).

From the previous proposition, we observe that (W) is no longer the only
property that does not hold. Notably, the fact that FSP does not satisfy (CP),
and in particular (sC), means that there are instances 〈P, V 〉 for which the
result of forgetting about V from P has answer sets that do not correspond to
answer sets in the original program P , which is also why (wE) does not hold.

Example 21. Consider again program P of Ex. 11.

a← p b← not p p← not not p

Clearly, P has six HT-models, 〈ap, ap〉, 〈b, b〉, 〈b, ab〉, 〈ab, ab〉, 〈ap, abp〉, 〈abp, abp〉,
and two answer sets {a, p} and {b}. Intuitively, p yields an exclusive choice

between a and b. If we take V = {p}, then, R∅〈P,V 〉 = ∅, R{a}〈P,V 〉 = {{a}},
R{b}〈P,V 〉 = {{b}}, and R{a,b}〈P,V 〉 = {{b, ab}, {a, ab}}. From this we have that⋂
R∅〈P,V 〉 = ∅,

⋂
R{a}〈P,V 〉 = {a},

⋂
R{b}〈P,V 〉 = {b}, and

⋂
R{a,b}〈P,V 〉 = {ab}. This

means that, for every f ∈ FSP, f(P, V ) has three HT-models, 〈a, a〉, 〈b, b〉, 〈ab, ab〉,
which means that f(P, V ) has three answer sets, the two from P ignoring p, {a}
and {b}, and additionally {a, b}. Intuitively, this happens because using the in-
tersection essentially discards both 〈b, ab〉 and 〈ap, abp〉 (modulo the forgotten
p).

This is, in fact, rather atypical, as so far no class of forgetting operators that
satisfies (wC), but not (sC), and thus not (CP), was known [49]. Since the
violation of (sC) may be seen as sufficient cause to render FSP inadequate when
Ω is satisfied – notably when the introduction of new answer sets as the result
of forgetting cannot be accepted – alternatives need to be investigated.

5.2. Relativized Forgetting

One way to proceed is to explore alternative ways to forgetting in ASP by
borrowing from the notion of relativized equivalence [50]. Relativized equiva-
lence is a generalization of strong equivalence that considers equivalence w.r.t.
a given subset of the language, such that equivalence and strong equivalence are
their special cases (for the empty and the entire language respectively). This
fits naturally within the idea of forgetting in ASP, in particular w.r.t. property
(SP), inasmuch as after forgetting about V from P we only allow the addition
of programs over A\V , so relativized (strong) equivalence should be applied
accordingly.

Based on this idea, we first define a forgetting operator that simply considers
all logical consequences w.r.t. relativized equivalence. This way, the result of
forgetting about V from P amounts to the set of all rules (over A\V ) that can
be added to P while preserving relativized equivalence. Given a program P and
V ⊆ A, we consider the closure of P given V :

Cn(P, V ) = {r | {r} ∈ Ce and P ∪ {r} ≡V P}.
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Then, the result of forgetting about a set of atoms V from program P ∈ Ce is
defined as

fr(P, V ) = {r | r ∈ Cn(P, V ) and A({r}) ∩ V = ∅}.

Clearly, the resulting program does not mention the forgotten atoms, and we
can show that this operator does not belong to FSP.

Example 22. Recall program P from Ex. 21 with V = {p}. Since we are
interested in relativized equivalence, we focus on the V -HT-models of P :

〈b, b〉 〈ap, ap〉 〈b, ab〉 〈ab, ab〉 〈a, abp〉 〈abp, abp〉

It can be verified that fr(P, {p}) is strongly equivalent to the following program:

a← not b ⊥ ← not a, not b

b← not a a ∨ b←

Thus, for these four rules r, we have P ∪ {r} ≡V P , i.e., HT V (P ∪ {r}) =
HT V (P ), and every other rule over {a, b} which also satisfies this condition
does not affect the HT-models of this result (in principle, the definition of fr
requires us to present all the possible rules, but that is evidently not a good idea
due to tautological rules, rules whose HT-models coincide but are syntactically
different, etc.). Notably, this program does not have the answer set {a, b}, which
indicates that this operator does not belong to FSP (cf. the observation in Ex. 21).

It is however unclear whether two rules that individually satisfy the condition
in Cn(P, V ) will also satisfy this condition together. Fortunately, we can show
that fr is well-defined, in the sense that testing relativized equivalence for each
rule individually is the same as testing the entire set of rules as a whole.

Proposition 12. Let P be a program, V ⊆ A and R1, R2 programs over A\V .
Then, P ∪R1 ∪R2 ≡V P iff P ∪R1 ≡V P and P ∪R2 ≡V P .

As a consequence of the above result, we can test whole sets of rules R directly
and include them all in Cn(P, V ) collectively provided the test for relativized
equivalence succeeds. Moreover, fr(P, V ) is in fact the largest set of rules over
A\V that can be safely added to P without changing its set of V -HT-models.

Proposition 13. Let P be a program and V ⊆ A. Then, fr(P, V ) is the largest
set of rules R over the alphabet A\V such that P ∪R ≡V P .

We could now define a (possibly singleton) class of operators that generalizes
the idea of fr in a straightforward manner, and then study this class, but its
definition would not be very concise since, in the worst case, we would have
to check whether each possible rule over the remaining language is relativized
equivalent to the original program. In addition, as discussed in Ex. 22, we would
have to determine a set of rules that suffice to represent the result, unless we
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are ready to present exponentially many rules most of which are semantically
irrelevant in terms of their HT-models.

Instead, inspired by knowledge forgetting [46], we follow a different path.
We define a class of forgetting operators that consider the V -HT-models of P
and omit all occurrences of elements of V from these.

Definition 6 (Relativized Forgetting). The class of forgetting operators FR

is defined by the following set:

{f | HT (f(P, V ))=HT V (P )‖V for all P ∈ C(f) and V ⊆ A}

Similar to SP-Forgetting, this definition is based on a characterization of the
HT-models of the forgetting result for any operator f, program P , and atoms
V to be forgotten. Note that while fr is defined for Ce, operators in FR can be
defined over subclasses of programs. Nevertheless, we can show, in a similar
way as shown in Ex. 15 for the case of FSP, that there are no operators in FR

over Cn or Cd. Namely, for the program considered in this example, we obtain
HT V (P )‖V = {〈p, p〉, 〈∅, ∅〉}. Hence, there are two comparable answer sets, ∅
and {p}, which is not possible for normal or disjunctive programs.

Example 23. Recall program P from Ex. 21 and its V -HT models for V = {p}
from Ex. 22. Then, by Def. 6, we obtain HT (f(P, V )) as follows:

〈b, b〉 〈a, a〉 〈a, ab〉 〈b, ab〉 〈ab, ab〉

It can be verified that the program presented for fr(P, {p}) in Ex. 22 has precisely
these HT-models (over {a, b}), i.e., the result of forgetting about p from P for
every f ∈ FR is strongly equivalent with that for fr.

It turns out that this correspondence is no mere coincidence. In fact, we show
in the following that fr ∈ FR, and in the course of that, we establish a precise
relation between the HT-models and the V -HT-models of a program. This is
an important contribution, since it allows the usage of well-known properties of
HT-models, such as monotonicity, that are not satisfied by V -HT-models (see
[50]).

First, we introduce an alternative characterization of the V -HT-models of a
program P based on its HT-models using the following notion.

Definition 7. Let P be a program and Y, V ⊆ A. Then, Y is relevant for P
w.r.t. V if

(i) 〈Y, Y 〉 ∈ HT (P )

(ii) 〈Y ′, Y 〉 /∈ HT (P ) for every Y ′ ⊂ Y s.t. Y ∼V Y ′.

Rel(P, V ) denotes the set of all sets relevant for P w.r.t. V .

This notion is tightly connected to the set of sets of relevant forgotten atoms
for Y in Def. 3 used in the definition of criterion Ω.
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Proposition 14. Let A ⊆ V ⊆ A and Y ⊆ A\V . Then,

Y ∪A ∈ Rel(P, V ) iff A ∈ RelY〈P,V 〉.

This allows the alternative definition of a V -HT-model in terms of HT-
models.

Proposition 15. Let P be a program and V ⊆ A. Then, a V -HT-interpretation
〈X,Y 〉 is a V -HT-model of P iff the following conditions hold:

(1) Y ∈ Rel(P, V );

(2) If X ⊂ Y , then there exists X ′ ⊂ Y with X = X ′\V such that 〈X ′, Y 〉 ∈
HT (P ).

This result can be used to obtain a precise characterization of the total V -HT-
models of a program P , a result that will prove useful subsequently.

Lemma 10. Let P be a program and V ⊆ A. Then, 〈Y, Y 〉 ∈ HT V (P ) iff
Y ∈ Rel(P, V ).

We can now present an alternative characterization of the set of V -HT-
models of a program in terms of its set of HT-models. This result is particularly
useful, even beyond the scope of forgetting, since it shows how the set of V -HT-
models of a program can be directly obtained from its set of HT-models.

Proposition 16. Let P be a program and V ⊆ A. Then,

HT V (P ) =
⋃

Y ∈Rel(P,V )

({〈X\V, Y 〉 : 〈X,Y 〉 ∈ HT (P ) and X ⊂ Y } ∪ {〈Y, Y 〉}).

Example 24. Consider again program P from Ex. 21 with V = {p}. We have
that HT (P ) contains the following HT-models:

〈b, b〉 〈ap, ap〉 〈b, ab〉 〈ab, ab〉 〈ap, abp〉 〈abp, abp〉

We obtain Rel(P, V ) = {{a, p}, {b}, {a, b}, {abp}} and thus HT V (P ) contains
the following V -HT-models

〈b, b〉 〈ap, ap〉 〈b, ab〉 〈ab, ab〉 〈a, abp〉 〈abp, abp〉

which corresponds precisely to the set listed in Ex. 22.

Recall that the class FR is defined using HT V (P )‖V , the V -HT-models of P
modulo the atoms to be forgotten. We can show that this set corresponds to
the set of HT-models of some program over the remaining language.

Lemma 11. Let P be a program and V ⊆ A. Then, there is a program R over
A\V such that HT (R)‖V = HT V (P )‖V .
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In fact, such program R over A\V must be a subset of the result of forgetting
according to the concrete operator fr.

Lemma 12. Let P be a program, V ⊆ A and R a program over A\V . If
HT (R)‖V = HT V (P )‖V , then R ⊆ fr(P, V ), i.e., P ∪ {r} ≡V P for every
r ∈ R.

Based on that, we can show that fr is indeed a concrete forgetting operator
in the class FR.

Theorem 8. Let P be a program and V ⊆ A. Then,

HT (fr(P, V ))‖V = HT V (P )‖V .

Although the above result implies that fr is a concrete operator in the class
FR, the result of forgetting about V from a program P according to fr contains
all the possible rules (over the remaining atoms) that are V-HT-equivalent to the
given program. Thus, we can show that forgetting according to every operator
in the class FR produces at most as many rules as fr.

Proposition 17. Let f ∈ FR. Then, for every program P ∈ C(f) and V ⊂ A,
we have f(P, V ) ⊆ fr(P, V ).

Therefore, though fr is indeed a concrete operator in the class FR, it is not rec-
ommended for computing results of forgetting according to FR, since the result
will always include, among others, e.g., all possible tautological rules and equiv-
alent rules. So, instead of computing all the possible rules (over the remaining
atoms) that are V-HT-equivalent to the given program, we can compute the
HT-models according to the definition of Relativized Forgetting and adopt the
countermodel construction employed in the previous section to construct a pro-
gram which is strongly equivalent to the desired forgetting result.

We now provide an algorithm, Alg. 2, that computes an actual forgetting
result for FR, which we denote fR. It proceeds as follows. After initializing
the resulting program P ′ and fixing its signature A′ = A\V , we determine for
which Y ⊆ A′ we have that RelY〈P,V 〉 is empty. The fact that the set RelY〈P,V 〉
is empty means, according to Prop. 14, that there is no A ⊆ V such that
Y ∪ A ∈ Rel〈P,V 〉, and, according to Prop. 16, there is no A ⊆ V such that
〈Y ∪A, Y ∪A〉 ∈ HT V (P ), which implies that 〈Y, Y 〉 /∈ HT V (P )‖V , i.e., 〈Y, Y 〉
is a HT-countermodel of f(P, V ) for every f ∈ FR. Hence, we add rA

′

Y,Y to the
forgetting result. Note that, as in Alg. 1, we use A′ to avoid that atoms to
be forgotten appear in the added rule. Now, in case RelY〈P,V 〉 is not empty,

then 〈Y, Y 〉 is an HT-model of f(P, V ) for every f ∈ FR. Therefore, for the
countermodels construction, we need to find those X ⊂ Y such that 〈X,Y 〉 is
an HT-countermodel of f(P, V ) for every f ∈ FR. According to the definition of
the class FR, these X ⊂ Y are such that 〈X,Y 〉 /∈ HT V (P )‖V , and therefore,

for each of such X, we add rA
′

X,Y to the forgetting result.
We can show that Alg. 2 does terminate and that the HT-models of the

result correspond to the semantic characterization of FR.
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Algorithm 2: Computing fR(P, V ) for forgetting about V from P

Input : Program P and V ⊆ A
Output: Program P ′ = fR(P, V )

1 P ′ := ∅;
2 A′ := A\V ;
3 for Y ⊆ A′ do
4 if RelY〈P,V 〉 = ∅ then

5 P ′ := P ′ ∪ {rA′Y,Y };
6 end
7 else
8 for X ⊂ Y s.t. 〈X,Y 〉 /∈ HT V (P )‖V do

9 P ′ := P ′ ∪ {rA′X,Y };
10 end

11 end

12 end

Theorem 9. Alg. 2 terminates and fR ∈ FR.

Example 25. Recall program P from Ex. 21 with V = {p}. We have seen in
Ex. 22 that P has six V -HT-models, that correspond, as shown in Ex. 23, to
the six HT-models of f(P, V ) for every f ∈ FR. The result of forgetting V from
P according to the concrete operator fR, fR(P, V ), is the following set of rules,
each corresponding, according to Alg. 2, to a countermodel of the desired result
of forgetting:

a← not b, not not a ⊥ ← not a, not b

b← not a, not not b a ∨ b← not not a, not not b

We can verify that this set of rules has the six mentioned HT-models, thus
confirming Thm. 9. By comparison, the program fr(P, V ) contains many more
rules than fR(P, V ). First of all, it contains all tautologies, such as a ← a,
b← a, b, b← a, not a etc. Then, according to Prop. 17, it contains all four rules
of fR(P, V ). In addition, fr(P, V ), even in this simple example, contains many
more rules that are not tautologies, such as all four rules mentioned in Ex. 22
and, e.g., a← b, not not a and b← a, not not b. This means that, although both
concrete operators fR and fr are in class FR, fR is by far preferable over fr, since
it provides a concise representation of the intended result of forgetting.

The definition of the concrete operators fSP and fR are rather similar in
spirit, which is not surprising given their common formal basis of HT-models.
However, the two classes FSP and FR of which the latter are instances, have a
(maybe) surprisingly close relation, as a result of Props. 14 and 16.
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Theorem 10. Let P be a program and V ⊆ A. Then, FR can be defined as

{f | HT (f(P, V ))={〈X,Y 〉 | Y ⊆ A\V ∧X∈
⋃
RY
〈P,V 〉} for all P ∈ C(f) and V ⊆ A}.

Thus, this notion of forgetting based on relativized equivalence differs from FSP

by considering the union of the relevant HT-models instead of the intersection,
which explains the differences observed in Ex. 21 and 22.

Of course, whenever RY
〈P,V 〉 contains only one element, union and intersec-

tion coincide, which is always the case for Horn programs.

Proposition 18. Let P ∈ CH and V ⊆ A. Then, for every Y ⊆ A\V , we have
that RY

〈P,V 〉 has at most one element.

Thus, when restricted to CH , FR coincides with FSP.

Proposition 19. Let P ∈ CH and V ⊆ A. Then, for every f ∈ FSP and f ′ ∈ FR

we have that f(P, V ) ≡ f ′(P, V ).

Since this correspondence does not hold in general, we also establish which
properties are satisfied by FR.

Proposition 20. FR satisfies (ECH ), (ECe), (SE), (PP), (SI), and (sC), but
not (ECn), (ECd), (wE), (W), (wC), and (CP).

In terms of the set of properties under consideration, FR and FSP only differ
with respect to (sC) and (wC). This difference, however, is crucial. Since FR

satisfies (sC), it approximates the set of answer sets of P , but, contrary to FSP,
never ends up adding new answer sets to the result of forgetting. However, it’s
not all roses, as will become clear next.

5.3. Merging SP-Forgetting and Relativized Forgetting

We have shown that FR, i.e., Relativized Forgetting, is a better alternative
than FSP if our objective is to approximate the set of answer sets modulo the
forgotten atoms, but not introduce new answer sets. However, FR has a draw-
back: there are cases where it is possible to forget while satisfying (SP), but
the result for any f ∈ FR does not coincide with the desired result (obtainable
with operators from FSP).

Example 26. Consider the following program P and that we want to forget
about p from P :

a← p p← not not p

It is easy to check that 〈P, V 〉 does not satisfy Ω, i.e., it is possible to forget
about V from P while satisfying (SP). The result returned by every operator in
FSP is strongly equivalent to {a← not not a}. However, f(P, V ) for every f ∈ FR

is strongly equivalent to the empty program.
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The difference between FSP and FR, as shown in Thm. 10, lies in the usage
of intersection and union in their respective definitions. The key point is that
whenever RY

〈P,V 〉 has more than one element, even if there is a least one, union
and intersection will not coincide. Taking this idea into account, we define a
class of operators that aims at combining the delineated positive aspects of both
FSP and FR.

Definition 8 (SPM -Forgetting). The class of forgetting operators FM is de-
fined by the following set:

{f | HT (f(P, V ))={〈X,Y 〉 | Y ⊆ A\V and

X∈
⋃
RY
〈P,V 〉, if RY

〈P,V 〉 has no least element, or

X∈
⋂
RY
〈P,V 〉, otherwise} for all P ∈ C(f) and V ⊆ A}.

Whenever RY
〈P,V 〉 has a least element, then FM employs the intersection, whose

result is precisely the least element, similar to FSP and does therefore coincide
with the desired ideal solution in this case, and whenever there is no least
element it uses the union instead, just like FR.

Example 27. Consider the program of Ex. 21. The result of forgetting about
p from that program, for every f ∈ FM, is strongly equivalent with that given in
Ex. 22 for every f ′ ∈ FR. On the other hand, for the program given in Ex. 26,
the result of forgetting about p from that program, for every f ∈ FM, is strongly
equivalent to {a ← not not a}, and the same also holds for every operator in
FSP.

Note that due to the nature of the definition of FM, it does not contain operators
over Cn or Cd either. Furthermore, a concrete operator of the class FM can
be defined using the very same approach as for the two classes of forgetting
operators previously considered.

We also provide an algorithm, Alg. 3, that computes an actual forgetting
result for FM, which we denote fM. Its definition follows the case-based definition
of the class FM. More precisely, after initializing the resulting program P ′ and
fixing its signature A′ = A\V , we determine for each Y ⊆ A′ whether 〈Y, Y 〉
itself gives rise to a countermodel and add the corresponding rule if this the
case. If not, one of two cases of the definition of FM is applied, adding further
rules to the resulting program in a similar fashion as done before in Algs. 2 and
3, respectively.

We can again show that Alg. 3 does terminate and that the HT-models of
the result correspond to the semantic characterization of FM.

Theorem 11. Alg. 3 terminates and fM ∈ FM.

Also, note that the case distinction in its definition is done for each RY
〈P,V 〉

individually, so there are programs where the forgetting result for every f ∈ FM

is neither strongly equivalent to that of any f ∈ FSP nor of any f ∈ FR.
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Algorithm 3: Computing fM(P, V ) for forgetting about V from P

Input : Program P and V ⊆ A
Output: Program P ′ = fM(P, V )

1 P ′ := ∅;
2 A′ := A\V ;
3 for Y ⊆ A′ do
4 if RelY〈P,V 〉 = ∅ then

5 P ′ := P ′ ∪ {rA′Y,Y };
6 end

7 else if RY
〈P,V 〉 has no least element then

8 for X ⊂ Y s.t. 〈X,Y 〉 /∈ HT V (P )‖V do

9 P ′ := P ′ ∪ {rA′X,Y };
10 end

11 end
12 else
13 for X ⊆ Y s.t. X /∈

⋂
RY
〈P,V 〉 do

14 P ′ := P ′ ∪ {rA′X,Y };
15 end

16 end

17 end

Example 28. Consider a program P whose HT-models are the following:

〈∅, a〉 〈a, a〉 〈ap, ap〉 〈b, ab〉 〈ab, ab〉 〈ap, abp〉 〈abp, abp〉

In this case, the set R{a}〈P,V 〉 = {{{a}, {}}, {{a}}} has a least element, {{a}},
whereas R{a,b}〈P,V 〉 = {{{a}, {a, b}}, {{b}, {a, b}}} has no least element. The result

of forgetting {p} from P according to fM, or any other operator in FM, has the
following four HT-models:

〈a, a〉 〈a, ab〉 〈b, ab〉 〈ab, ab〉

The result of forgetting {p} from P according to FR has the following five HT-
models:

〈∅, a〉 〈a, a〉 〈b, ab〉 〈a, ab〉 〈ab, ab〉

Finally, the result of forgetting {p} from P according to FSP has the following
two HT-models:

〈a, a〉 〈ab, ab〉

For this forgetting instance all three classes provide different results of forgetting
that are not strongly equivalent. In fact, even in terms of answer sets, these three
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classes yield different results. The result of forgetting {p} from P according to
FR has no answer sets, according to FM one answer set, {a}, and according to
FSP two answer sets, namely {a} and {a, b}.

Expectedly, if we consider only Horn programs, then this definition of FM

coincides with both its constituents.

Proposition 21. Let P ∈ CH and V ⊆ A. Then, for every f ∈ (FSP ∪ FR) and
f ′ ∈ FM we have that f(P, V ) ≡ f ′(P, V ).

Moreover, unlike FR, we are able to show that FM coincides with FSP when-
ever it is possible to forget.

Proposition 22. Let P be a program and V ⊆ A, such that 〈P, V 〉 does not
satisfy Ω. Then, for every f ∈ FSP and f ′ ∈ FM we have that f(P, V ) ≡ f ′(P, V ).

This is so because in the case of Horn programs, the least element exists for
every RY

〈P,V 〉, so the intersection is always used.
The particular definition of FM ensures that it satisfies a set of properties

that is different from that of its predecessors.

Proposition 23. FM satisfies (ECH ), (ECe), (wE), (SE), (PP), (sC), (wC),
(CP), but not (ECn), (ECd), (W), and (SI).

Contrary to FSP and FR, the class FM satisfies both (wC) and (sC), and conse-
quently (CP). Therefore, the result of forgetting according to FM preserves the
answer sets of P , but, unlike the other two, no longer satisfies (SI).

In fact, the answer sets are no longer preserved if a (non-empty) program
over A\V is added to P . To capture this in a more precise way, we introduce
generalizations of (wC) and (sC), which correspond to the two inclusions of
(SP).

(wSP) F satisfies weakened Strong Persistence if, for each f ∈ F, P ∈ C(f) and
V ⊆ A, we have AS(P ∪ R)‖V ⊆ AS(f(P, V ) ∪ R), for all R ∈ C(f) with
A(R) ⊆ A\V .

(sSP) F satisfies strengthened Strong Persistence if, for each f ∈ F, P ∈ C(f)
and V ⊆ A, we have AS(f(P, V ) ∪ R) ⊆ AS(P ∪ R)‖V , for all R ∈ C(f)
with A(R) ⊆ A\V .

Property (wSP) guarantees that all answer sets of P are preserved when for-
getting, no matter which rules R over A\V are added to P , but, for some such
R, does not prevent that the result of forgetting has more answer sets than P .
Vice versa, (sSP) does not guarantee the preservation of all answer sets of P
for some added R over A\V , but it ensures that all answer sets of the result of
forgetting indeed correspond to answer sets of P , independently of the added
rules R.

We can show that each of the three considered classes of forgetting operators
only satisfies one of the two properties.
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Theorem 12. FSP satisfies (wSP), whereas FR and FM satisfy (sSP).

Since there is no nonempty class of forgetting operators that satisfies (SP)(cf.
Thm. 1), it follows from this result that FSP does not satisfy (sSP), and that
FR and FM do not satisfy (wSP). Thus, even though FR satisfies (wC), i.e.,
(wSP) for an empty R, it does not for arbitrary R’s. Although both FR and
FM satisfy (sSP), there is an inclusion in terms of HT-models.

Lemma 13. Let f ∈ FR, f ′ ∈ FM, P ∈ C(f) ∩ C(f ′), and V ⊆ A\V . Then,

HT (f ′(P, V )) ⊆ HT (f(P, V )).

This means that FM indeed provides a better approximation in terms of
property (SP), as the following result states.

Proposition 24. Let P ∈ Ce be a program, V ⊆ A, f ∈ FR, and f ′ ∈ FM with
C(f) = C(f ′) = Ce. Then, for every R ∈ Ce with A(R) ⊆ A\V ,

AS(f(P, V ) ∪R) ⊆ AS(f ′(P, V ) ∪R).

Note that the result is stated for the general class of programs only: for Horn
programs the classes coincide (recall Prop. 21), and for normal and disjunctive
programs no operators exist in the considered classes of forgetting operators.

Clearly, a class F satisfies (SP) iff it satisfies (wSP) and (sSP). Since no
F can in general satisfy (SP), we basically obtain two kinds of relaxations on
the conditions of (SP). But we can do even better: following results from [49],
we know that F satisfies (SP) iff it satisfies (wC), (sC), and (SI). From the
results in Props. 11, 20, and 23, we obtain that each of the three discussed classes
corresponds to a unique relaxation of the conditions of (SP): class FSP satisfies
(wC) and (SI), class FR satisfies (sC) and (SI), and class FM satisfies (wC) and
(sC). This implies that our study gives a complete account on which forgetting
operators to use when (SP) cannot be satisfied, but only approximated.

Arguably, FM is also more flexible in situations where we have to forget
several atoms for which FSP and FR do not provide the optimal overall choice.

Example 29. Consider the following program P from which we want to forget
about c and p.

d← c c← not not c a← p b← not p p← not not p

Clearly, FSP allows us to correctly capture the result of forgetting about c, in the
sense that d← not not d is part of the result of forgetting, but, at the same time,
will introduce new answer sets in which both a and b are true. On the other hand,
FR will avoid the latter problem, but will simply cancel all rules mentioning d
and c. Here, FM certainly provides the best alternative as it avoids both problems
and provides the desired result.

39



The choice between the three classes greatly depends on the application at
hand. To help making this decision, we now identify, for each of the three
classes, a set of conditions in favor of its choice over the other two.

The class FSP should be chosen whenever:

– (SP) should hold for those instances that do not satisfy Ω;

– Rules that do not mention atoms to be forgotten should be preserved;

– All answer sets should be preserved; and

– We do not mind the appearance of new answer sets.

The class FR should be chosen whenever:

– Rules that do not mention atoms to be forgotten should be preserved;

– No new answer sets should appear;

– We do not mind that some answer sets may disappear; and

– We do not mind that (SP) does not hold even if Ω does not hold.

The class FM should be chosen whenever:

– (SP) should hold for those instances that do not satisfy Ω;

– Answer sets should be preserved precisely (modulo the forgotten atoms);
and

– We do not mind to change rules that do not mention atoms to be forgotten.

These conditions directly stem from the properties each of the classes of
forgetting operators satisfies, and can be seen as a guideline for a more informed
choice between the three alternatives.

6. Complexity

In this section, we study the computational complexity of several important
decision problems, most notably the question of whether a certain program is
the forgetting result of one of the classes we have introduced here, as well as
determining whether Ω holds, which allows us to decide whether forgetting is
possible and preserve (SP).

We assume familiarity with standard complexity concepts, such as NP.
Given a complexity class C, a C oracle decides a given sub-problem from C
in one computation step. The class ΣP

k contains the problems that can be
decided in polynomial time by a non-deterministic Turing machine with unre-
stricted access to a ΣP

k−1 oracle. ΠP
k is the complementary class of ΣP

k . Thus,

ΣP
1 = NP, and ΠP

1 = coNP. We also recall that a language is in complexity
class DP

i iff it is the intersection of a language in ΣP
i and a language in ΠP

i .
Instead of DP

1 we use the more common name DP.
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We start by considering the decision problems related to relativized equiva-
lence, building on the following already known result which will be useful due
to the established correspondence between HT-and V -HT-models in Prop. 16.

Proposition 25 ([50],Theorem 6.12.). Given a program P , an HT-interpretation
〈X,Y 〉, and V ⊆ A, deciding whether 〈X,Y 〉 ∈ HT V (P ) is DP-complete.

Our first result is in the spirit of model-checking.

Proposition 26. Given program P , V ⊆ A, and HT-interpretation 〈X,Y 〉,
deciding whether 〈X,Y 〉 ∈ HT V (P )‖V is ΣP

2 -complete. Hardness holds already
for disjunctive programs.

Membership follows from guessing an interpretation Y ′ ∼V Y and checking
(X,Y ′) ∈ HT V (P ) (cf. Prop. 25), while the hardness result can be adapted
from the ΣP

2 -hardness of ASP consistency (cf. [60]). By means of this, we
can determine the complexity of deciding whether a given program is strongly
equivalent to the result of forgetting obtained by every f ∈ FR.

Theorem 13. Given programs P , Q, and V ⊆ A, deciding whether P ≡
f(Q,V ) (for f ∈ FR) is ΠP

3 -complete. Hardness holds already for disjunctive
programs.

Essentially, for the complementary problem, we guess an HT-interpretation
〈X,Y 〉 and check that either (X,Y ) ∈ HT (P ) or (X,Y ) ∈ HT V (P )‖V , but not
both. The hardness result is then obtained by a reduction from (3,∀)-QSAT.

The next result provides the complexity of determining whether some X
occurs in the intersection of RY

〈P,V 〉 used in the definition of FSP, FM and Ω.

Proposition 27. Given program P , V ⊆ A, and HT-interpretation 〈X,Y 〉 with
Y ⊆ A\V , deciding whether X ∈

⋂
RY
〈P,V 〉 is in DP

2 .

Basically, we have to perform a ΣP
2 - and a ΠP

2 -test. The former decides whether
RY
〈P,V 〉 6= ∅, while the latter determines that for allA ⊆ V , either 〈Y ∪A, Y ∪A〉 /∈
HT V (P ) or 〈X,Y ∪A〉 ∈ HT V (P ).

This Lemma allows us to obtain an identical result to Thm. 13 for FSP.

Theorem 14. Given programs P , Q, and V ⊆ A, deciding whether P ≡
f(Q,V ) (for f ∈ FSP) is ΠP

3 -complete. Hardness holds already for disjunctive
programs.

The basic proof idea is very similar to the one sketched for Thm. 13, but sub-
situting the test (X,Y ) ∈ HT V (P )‖V with (X,Y ) ∈ HT (f(P, V )) for f ∈ FSP.

Since the definition of FM is based on cases, deciding whether its condition
holds is computationally more expensive than the previous two (in Lemmas 26
and 27).
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Proposition 28. Given program P , V ⊆ A, and HT-interpretation 〈X,Y 〉 with
Y ⊆ A\V , deciding whether X∈

⋃
RY
〈P,V 〉 if RY

〈P,V 〉 has no least element, and X∈⋂
RY
〈P,V 〉 otherwise, is in ΣP

3 and in ΠP
3 .

Fortunately, though, since this test is both in ΣP
3 and in ΠP

3 , in the next
result, we can basically solve the complementary problem of guessing an HT-
interpretation 〈X,Y 〉 and check that either (X,Y ) ∈ HT (P ) or (X,Y ) ∈
HT (f(P, V )) for f ∈ FM, but not both, in one step.

Theorem 15. Given programs P , Q, and V ⊆ A, deciding whether P ≡
f(Q,V ) (for f ∈ FM) is ΠP

3 -complete. Hardness holds already for disjunctive
programs.

Thus, determining whether P ≡ f(Q,V ) for f of every of the three considered
classes of forgetting operators is always ΠP

3 -complete. This shows that the
choice of which of the three classes of forgetting operators to use in a concrete
situation is not influenced by their computational complexity.

Finally, we also provide the complexity result for criterion Ω.

Theorem 16. Let P be a program over A and V ⊆ A. Deciding whether 〈P, V 〉
satisfies criterion Ω is ΣP

3 -complete. Hardness holds already for disjunctive
programs.

Thus, determining whether Ω holds is not on a lower level in the polynomial
hierarchy than determining whether a given program is strongly equivalent to
the result of forgetting for every of the three considered classes. Checking Ω is
still of major importance, be it for determining whether we can forget without
losses in case not forgetting is an option, or for helping making a decision on
which class of operators to be used according to the indications given at the end
of the previous section.

7. Related Work

In this section, we discuss other approaches for forgetting in ASP previously
considered in the literature and discuss their relation to the material presented
so far, occasionally reusing notation and results introduced/compiled in [49].

To begin with, there are further classes of forgetting operators that, like FSP,
FR, and FM, are defined through a characterization of the set of HT-models of
the result of forgetting based on the HT-models of the original program.

Namely, Wang et al. introduced HT-forgetting [43, 46] and the correspond-
ing class FHT of forgetting operators, which is defined for extended programs,
characterizing the set of HT-models of the result of forgetting as being composed
of the HT-models of the original program, modulo any occurrence of the atoms
to be forgotten. This class was shown to be closed for the most general class
(Ce) and Horn programs (CH), but not for disjunctive (Cd) or normal programs
(Cn. Although FHT satisfies (SI), it does not satisfy (CP). In fact, FHT does
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not even satisfy either of (sC) and (wC). This immediately implies that it does
not satisfy neither (sSP) nor (wSP), the two new properties we introduced to
further clarify the proximity to a class satisfying (SP). Therefore, though the
semantic definition of FHT is quite similar to FR in principle, the fact that the
latter utilizes V -HT-models instead of HT-models (and thus, e.g., omits HT-
models that can never result in an answer set, no matter which program R we
add over the remaining language) makes a huge difference. This is also reflected
by the properties that are satisfied by FR and not by FHT, namely (sC) and
(sSP), i.e., FR never ends up introducing new answer sets to the result of for-
getting. Arguably, to some extent, this may be due to the fact that FHT drew
inspiration from forgetting in (monotonic) modal logic S5 [47].

Starting from the observation that HT-forgetting does not satisfy (CP),
Wang et al. introduced SM-Forgetting [44] and the class FSM of forgetting op-
erators was defined with the aim of preserving the answer sets of the original
program (modulo the forgotten atoms). Like HT-Forgetting, this class is de-
fined for extended programs through a characterization of the HT-models of the
result of forgetting. Namely, maximal subsets of the HT-models of the original
program are taken, modulo any occurrence of the atoms to be forgotten, such
that the set of their answer sets coincides with the set of answer sets of the
original program, modulo the forgotten atoms. It is therefore no surprise that
FSM satisfies (CP). Moreover, like FHT, this class is shown to be closed for Ce
and CH , but not for Cd nor Cn. However, FSM does not satisfy (SI). Further
inspection shows that, although FSM satisfies (sC) and (wC) (a consequence of
satisfying (CP)), it does not satisfy any of (sSP) and (wSP).

Example 30. For (sSP), consider program P :

a← p ⊥ ← not a ⊥ ← not p

with HT (P ) = {〈ap, ap〉, 〈a, ap〉, 〈∅, ap〉}. Then, for every f ∈ FSM, we have that
HT (f(P, {p})) = {〈a, a〉, 〈∅, a〉}. Clearly, AS(f(P, {p})) = ∅ = AS(P )‖{p}, but
if we add R = {a←} to both P and f(P, {p}), we obtain with AS(f(P, {p})∪R) =
{{a}}, whereas AS(P ∪R)‖{p} = ∅.

To show that FSM does not satisfy (wSP), consider the program P of Ex. 11,
whose HT-models are given in Ex. 21. In this case, for every f ∈ FSM, we have
that HT (f(P, {p})) = {〈a, a〉, 〈b, b〉, 〈ab, ab〉, 〈a, ab〉, 〈b, ab〉}. Though AS(f(P, {p})) =
{{a}, {b}} = AS(P )‖{p}, if we add R = {a←} to both P and f(P, {p}), we ob-
tain AS(f(P, {p}) ∪R) = {{a}}, whereas AS(P ∪R)‖{p} = {{a}, {a, b}}.

Therefore, contrarily to the three classes here defined, FSP, FR and FM, the class
FSM does not satisfy any of the inclusions of (SP), i.e., forgetting operators
in FSM may end up removing or adding answer sets to the result of forgetting
depending on the chosen program R added to the result of forgetting. Hence,
though FSM is in principle close to FM in terms of satisfied properties (both
satisfy (sC) and (wC) and not (SI)), it does not achieve the preservation of
answer sets while forgetting in general, even if, unlike FHT, it does indeed focus
on preserving answer sets. The results in terms of computational complexity
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mirror this: the decision problem equivalent to Thms. 13, 14, and 15 is ΠP
1 -

complete for FHT and ΠP
2 -complete for FSM. Hence, forgetting and preserving (or

approximating the preservation of) all semantic dependencies between the atoms
not to be forgotten is a complicated problem, and preserving more dependencies
increases the computational complexity.

Wong defined two further classes of forgetting operators that build on HT-
models, more precisely on HT-consequence, namely Semantic Strong Forgetting
(FS) and Semantic Weak Forgetting (FW ) [42], which are defined for disjunctive
programs.

In the case of FS , the basic idea is to take the set of rules HT-entailed by the
original program excluding those that mention atoms to be forgotten. This class
is closed for disjunctive programs but not for normal ones, and it was shown
that FS does not satisfy (sC), (wC), nor (SI), which immediately implies that
it also does not satisfy (sSP) nor (wSP). In some way, FS can be seen as
an approximation of FHT defined only for disjunctive programs (which is why
(SI) does not hold for FS). Independently, Delgrande and Wang introduced
SE-Forgetting (FSE) [18], which is defined for disjunctive programs building on
an inference system [61] that preserves strong equivalence. Although the un-
derlying definitions differ, SE-Forgetting in fact coincides with Semantic Strong
Forgetting. More recently, this approach based on consequence has also been
generalized to a wider setting of logics by Delgrande [62], who investigated for-
getting as an abstract belief change operator, independent of any specific formal
system and syntax.

In the case of FW , we also take the set of rules HT-entailed by the original
program, but instead of removing all the rules that mention atoms to be forgot-
ten, some rules are kept, just omitting the forgotten atoms themselves. While
the approach satisfies (SI) and (sC), which would eventually imply proximity
to FR, it was also shown that operators in this class, contrarily to most classes of
operators in the literature, do not give the expected results even for very simple
Horn programs.

With the aim of preserving both the answer sets of the original program, and
also those of the original program augmented by any set of rules over the signa-
ture without the atoms to be forgotten, Knorr and Alferes [45] introduced Strong
AS-Forgetting. Although the defined class FSas indeed satisfies (SP)〈P,V 〉 for
those forgetting instances for which it is defined, this class can only be used in a
very restricted setting. This is witnessed by the fact that the only known oper-
ator in FSas, dubbed fSas, is only defined for a non-standard class of programs
(permitting double negation but no disjunctions), and can only be applied to
forget about single atoms p if a sufficient (but not necessary) criterion, called
p-forgettable (see [45]), holds, which is considerably stronger than Ω, hence un-
necessarily excluding many possible cases. Moreover, this operator cannot in
general be iterated, since the result of forgetting an atom p from a p-forgettable
program may well end up being a program that is not q-forgettable for some
other atom q to be forgotten. For the sake of completeness, we formally relate
such operator and the class FSP.
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Corollary 2. Let fSas be the operator defined in [45] for FSas and P a program
for which fSas is defined. For every f ∈ FSP, if a single atom p is p-forgettable
from P , then HT (f(P, {p})) = HT (fSas(P, {p})).

Eiter and Wang [16] proposed Semantic Forgetting, Fsem, with the basic
idea of characterizing the result of forgetting just by its answer sets. These are
obtained by considering only the minimal sets among the answer sets of the
initial program ignoring the atoms to be forgotten. Three concrete algorithms
are presented, two based on semantic considerations and one syntactic. This
class Fsem is closed for all classes of programs for which it is defined (up to
disjunctive), but only satisfies (sC) and (wE) among the properties presented
in Sec. 2. This is ultimately not surprising, since answer sets do not contain all
the information present in a program, which is why many properties related to
strong equivalence cannot be satisfied.

A further approach by Zhang and Foo [15] introduced two syntactic operators
for normal logic programs, termed Strong and Weak Forgetting. Both operators
start with computing a reduction corresponding to the well-known weak partial
evaluation (WGPPE) [48]. Then, in Strong Forgetting, all rules containing
the atom to be forgotten are simply removed, while in Weak Forgetting, first,
negative occurrences of the atom to be forgotten are omitted, and only then
rules (still) containing the atom to be forgotten are omitted. Both operators
are closed for Cn. Although these operators satisfy (SI), they do not satisfy
(CP), nor any of the inclusions (sC) and (wC), which implies that they also
do not satisfy (sSP) and (wSP), and due to their syntactic nature, are rather
orthogonal to the preservation of answer sets (or even dependencies between
atoms to be forgotten).

Finally, also with the aim of preserving Strong Persistence, although with
an alternative approach, Aguado et al. [63, 64] propose a solution based on the
extension of the syntax of programs by a new connective, called fork. This has
the benefit that preserving Strong Persistence becomes always possible. Such
solution, however, assumes that one is willing to trade the elimination of atoms
by the addition of a new syntactic construct.

We end this section with an interesting connection with variable elimination
in propositional logic. First, we formally recall a well-known result, namely that
when we have choice rules of the form a ← not not a for every atom a in the
signature, the answer sets of a program coincide with the classical models of
the program. Recall that a classical model of a program is a set I ⊆ A such
that I |= P . We denote by Mod(P ) the set of classical models of program P .
We define the completion of a program P over A as the program P ∗ = P ∪PA,
where PA = {a← not not a | a ∈ A}.

Proposition 29. Let P be a program over A. Then,

Mod(P ) = AS(P ∗)

Example 31. Let P = {a ← not b; b ← not a} be a program over A = {a, b},
and its completion P ∗ = {a← not b; b← not a; a← not not a; b← not not b}.
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In this case, P has three classical models {a}, {b} and {a, b}, which coincide
with the answer sets of P ∗. Note that the two choice rules added to P make
{a, b} an answer set of P ∗, whereas this set is not an answer set of P .

Interestingly, we can always forget a set of atoms from the completion of
program while satisfying (SP).

Proposition 30. Let P be a program over A. Then, for every V ⊆ A, we have
that 〈P ∗, V 〉 does not satisfy Ω.

Since the models of a program coincide with the answer sets of its completion,
a question that naturally arises is whether the result of forgetting according to
the class FSP coincides with classical forgetting, also known as variable elimina-
tion. In order to be able to draw such connection, we briefly recall the semantical
characterization of variable elimination. Given a program P over A and V ⊆ A,
classical variable elimination of V from P , denoted by fCL(P, V ), is semanti-
cally characterized (over the signature A\V ) as Mod(fCL(P, V )) = Mod(P )‖V .
We can now present the connection between forgetting in ASP and variable
elimination.

Proposition 31. Let P be a program over A and V ⊆ A. Then, for every
f ∈ FSP, we have that the following conditions hold

- HT (f(P ∗, V )) = {〈T, T 〉 | T ∈Mod(fCL(P, V ))}

- AS(f(P ∗, V )) = Mod(fCL(P, V )).

This result shows that the result of forgetting a set of variables from the comple-
tion of any program can be completely characterized using the semantic char-
acterization of variable elimination applied to the original program.

Example 32. Recall program P from Ex. 21 with V = {p}. This program has
four classical models, namely {a, p}, {b}, {a, b}, and {a, b, p}. The completion
P ∗ of P is composed of the following rules:

a← p b← not p p← not not p a← not not a b← not not b

Whereas the instance 〈P, {p}〉 satisfies Ω, the same does not hold for the com-
pletion of P , i.e., 〈P ∗, {p}〉 does not satisfy Ω. It is therefore possible to forget
p from P ∗ and satisfy (SP). The resulting program is strongly equivalent to

a, b← a← not not a b← not not b

and therefore has the HT-models

〈a, a〉 〈b, b〉 〈ab, ab〉

each corresponding to a classical model of P modulo p. The corresponding an-
swer sets of P ∗ are {a}, {b}, and {a, b}.

A result similar to Prop. 31 can be shown for the classes FR and FM, which
further strengthens the idea that these three classes of operators are indeed
closely related.
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8. Conclusions

We have studied forgetting in ASP, focusing on what is perhaps its most
crucial property – strong persistence (SP) – which captures the essence of for-
getting in ASP by ensuring that all semantic relations between the atoms not
forgotten are preserved.

We began by answering an important open question, showing that it is not
always possible to forget a set of atoms while obeying (SP).

Departing from this impossibility result, we conducted a thorough study of
the limits of forgetting in ASP, including a necessary and sufficient criterion (Ω)
to determine whether a particular set of atoms can be forgotten from a program
while obeying (SP). Whereas at a technical level, criterion Ω is closely tied to
certain conditions on the HT-models of the program at hand, it seems that what
cannot be forgotten from a program are atoms used in rules that are somehow
equivalent to choice rules [65], and those atoms are pivotal in the sense that
they play an active role in determining the truth of other atoms in some answer
sets i.e., there are rules whose bodies mention these atoms and they are true at
least in some answer sets. Further investigating this conjecture is an interesting
line of future work.

We have also introduced a new class of operators that allows us to show how
to forget a set of atoms from a given program while preserving (SP), whenever
that is possible. We also provided a general condition to determine all sets of
atoms that can be forgotten from a given program, as well as special cases in
which a set of atoms can always be forgotten, namely singleton sets in the case
of normal and disjunctive programs.

The second part of this paper was devoted to investigating the problem
of forgetting in ASP when we must forget, even if satisfying the fundamental
desirable property (SP) is not possible. Three alternatives were pursued which,
despite stemming from different starting points – one reusing a known class of
forgetting operators, one exploring the concept of relativized equivalence, and
one trying to get the best of the previous two – turn out to each correspond to
the relaxation of one of three properties – (wC), (sC) and (SI) – that together
characterize (SP). We characterized the three classes by showing which of the
usually considered properties each obeys, established links between them, and
showed that none of the other operators and classes of operators mentioned in
the literature satisfy the properties satisfied by these three alternatives.

We also established relevant novel results concerning a correspondence be-
tween V -HT-models and HT-models and a full complexity result for checking
whether the criterion (Ω) that indicates whether it is possible to forget while
satisfying (SP) holds.

The computational complexity of the proposed operators turns out to be
high, which is not surprising given, for example, the fact that in classical logic
forgetting can only be expressed as a second-order axiom. Nevertheless, on the
one hand, forgetting is an operation not expected to be done as regularly as for
example model computation or query answering, while, on the other hand, at
least for those classes that satisfy (SI), FSP and FR, we can perform forgetting
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in a modular way focusing only on the relevant part of the program. Whether
this can be extended also to FM remains an interesting open problem for future
research.

Other avenues for future research include investigating different forms of
forgetting which may be required in practice, such as those that preserve some
aggregated meta-level information about the forgotten atoms, or even going
beyond maintaining all relationships between non-forgotten atoms which may
be required by certain legislation. Also, we may investigate the relation of
Ω to projections of answer sets [57] in particular related to modules [66, 67],
study concrete operators of forgetting in the line of [68], and investigate the
limits of forgetting for semantics other than ASP, such as [46] based on the
FLP-semantics [69], or [70, 45] based on the well-founded semantics [71].
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Appendix

This appendix contains the proofs for all results in the paper (with the
exception of Thm. 1 whose proof appears in the main body).

Proofs for Sec. 2

Lemma 5. Let M be a set of HT-interpretations. Then, (H2) implies (H1).

Proof. Suppose that 〈X,Y 〉 ∈ M, 〈Y ′, Y ′〉 ∈ M with Y ⊆ Y ′, and that (H2)
holds. Then, 〈X,X〉 ∈ M follows by (H2) from 〈X,Y 〉 ∈ M. Also, from
X ⊆ Y ⊆ Y ′, 〈X,X〉 ∈ M, and 〈Y ′, Y ′〉 ∈ M, we have 〈X,Y ′〉 ∈ M by (H2).
�

Proofs for Sec. 3

Proposition 1. Let P ∈ CH and V ⊆ A. Then 〈P, V 〉 does not satisfy Ω.

Proof. We need to show that for every Y ⊆ A\V , either RY
〈P,V 〉 is empty or

it has a least element. Let Y ⊆ A\V such that RY
〈P,V 〉 is not empty. We

prove that RY
〈P,V 〉 has a least element. First, since RY

〈P,V 〉 is not empty, there

exists A ∈ RelY〈P,V 〉. We now prove that RY,A
〈P,V 〉 is a least element of RY

〈P,V 〉.

For that, let X ∈ RY,A
〈P,V 〉 and A′ ∈ RelY〈P,V 〉. We prove that X ∈ RY,A′

〈P,V 〉,

thus showing that RY,A
〈P,V 〉 is a least element of RY

〈P,V 〉. Since X ∈ RY,A
〈P,V 〉 we

have that 〈X ∪ A′′, Y ∪ A〉 ∈ HT (P ), for some A′′ ⊆ A. Since A′ ∈ Rel〈P,V 〉
we have that 〈Y ∪ A′, Y ∪ A〉 ∈ HT (P ). Using condition (H3) of Lemma 4,
we can conclude that 〈(X ∪A′′) ∩ (Y ∪A′), (Y ∪A) ∩ (Y ∪A′)〉 ∈ HT (P ), i.e.,
〈X∪(A′′∩A′), Y ∪(A′′∩A′)〉 ∈ HT (P ). Since Y ∪(A′′∩A′) ⊆ Y ∪A′ we can use
condition (H1) of Lemma 4 to conclude that 〈X ∪ (A′′ ∩A′), Y ∪A′〉 ∈ HT (P ).

This then implies that X ∈ RY,A′

〈P,V 〉. �

Lemma 6. Let f be a forgetting operator over C that satisfies (SP)〈P,V 〉 for an
instance 〈P, V 〉 over C. If 〈Y, Y 〉 ∈ HT (f(P, V )), then RelY〈P,V 〉 6= ∅.

Proof. We show the contrapositive, i.e., ifRelY〈P,V 〉 = ∅, then 〈Y, Y 〉 6∈ HT (f(P, V )).

Suppose that RelY〈P,V 〉 = ∅. By Def. 3, there are two cases to consider.

(i) There is no A ⊆ V such that 〈Y ∪ A, Y ∪ A〉 ∈ HT (P ). Thus, no
matter which program R over A\V we consider, Y ∪ A is not an answer set
of P ∪ R for any A ⊆ V . Therefore, by Def. 2, Y is not an answer set of
f(P, V ) ∪ R for any such R. Since this holds in particular for the set of facts
R = {a ← | a ∈ Y } and 〈Y, Y 〉 is its only HT-model of the form 〈X,Y 〉, we
conclude that 〈Y, Y 〉 6∈ HT (f(P, V )).
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(ii) For each A ⊆ V such that 〈Y ∪A, Y ∪A〉 ∈ HT (P ), there is A′ ⊂ A such
that 〈Y ∪A′, Y ∪A〉 ∈ HT (P ). Consider someR overA\V with 〈Y, Y 〉 ∈ HT (R),
such as the above set R of facts. We have 〈Y ∪ A′′, Y ∪ A〉 ∈ HT (R) for every
A ⊆ V and A′′ ⊆ A. Therefore, for each A ⊆ V such that 〈Y ∪ A, Y ∪ A〉 ∈
HT (P ), we have that both 〈Y ∪A, Y ∪A〉 and 〈Y ∪A′, Y ∪A〉 are HT-models of
P ∪R. Thus, Y ∪A is not an answer set of P ∪R for any A ⊆ V and, following
the same argument as in (i), we conclude that 〈Y, Y 〉 6∈ HT (f(P, V )). �

Proposition 2. If a forgetting operator f over C satisfies (SP)〈P,V 〉 for an
instance 〈P, V 〉 over C, then

HT (f(P, V )) ⊆ HT (P )‖V .

Proof. Let f be a forgetting operator over some C that satisfies (SP)〈P,V 〉 for
an instance 〈P, V 〉 over C. We consider two cases.

First, let 〈Y, Y 〉 ∈ HT (f(P, V )). Let R be a program over A(P )\V , such as
the set of facts R = {a← | a ∈ Y }, whose only HT-model of the form 〈X,Y 〉 is
〈Y, Y 〉. Then Y ∈ AS(f(P, V )∪R). Since f satisfies (SP)〈P,V 〉, we have that Y ∈
AS(P ∪R)‖V . Then, there exists A ⊆ V such that 〈Y ∪A, Y ∪A〉 ∈ HT (P ∪R).
In particular, 〈Y ∪A, Y ∪A〉 ∈ HT (P ), and hence 〈Y, Y 〉 ∈ HT (P )‖V .

Now let 〈X,Y 〉 ∈ HT (f(P, V )) with X ⊂ Y . We then have that 〈Y, Y 〉 ∈
HT (f(P, V )), and, as we proved above, 〈Y, Y 〉 ∈ HT (P )‖V . Let R be a program
over A(P )\V whose only HT-models of the form 〈X ′, Y 〉 are 〈X,Y 〉 and 〈Y, Y 〉,
such as the unary program R = {a ← | a ∈ X} ∪ {b ← c | b, c ∈ Y \X}.
Then, Y /∈ AS(f(P, V ) ∪ R). Since f satisfies (SP)〈P,V 〉, we have that Y /∈
AS(P ∪ R)‖V . Since R is a program over A(P )\V , the only HT-models of R
of the form 〈X ′, Y ∪ A〉 with A ⊆ V are of the form (a) 〈X ∪ A′, Y ∪ A〉 and
(b) 〈Y ∪ A′, Y ∪ A〉 with A′ ⊆ A. In addition, as 〈Y, Y 〉 ∈ HT (P )‖V , we have
〈Y ∪A′, Y ∪A〉 ∈ HT (P ) for some A′ ⊆ A ⊆ V . Hence, 〈Y, Y 〉 ∈ HT (P ∪R)‖V .
Since Y /∈ AS(P ∪ R)‖V , HT (P ) contains at least one HT-model of the form
(a) or (b) with A′ ⊂ A in the latter case. Now, since 〈Y, Y 〉 ∈ HT (f(P, V )),
we can use Lemma 6 to conclude that there is A ∈ RelY〈P,V 〉, i.e., there is

A ⊆ V such that 〈Y ∪ A, Y ∪ A〉 ∈ HT (P ) and there is no A′ ⊂ A such that
〈Y ∪A′, Y ∪A〉 ∈ HT (P ). Thus, for such A, an HT-model of the form (a) occurs
in HT (P ). Therefore, 〈X,Y 〉 ∈ HT (P )‖V . �

Theorem 2. If 〈P, V 〉 satisfies Ω, then no forgetting operator f over C ⊇ Cd
satisfies (SP)〈P,V 〉.

Proof. We show the contrapositive, i.e., if there exists a forgetting operator f
that satisfies (SP)〈P,V 〉, then 〈P, V 〉 does not satisfy Ω.

Consider f that satisfies (SP)〈P,V 〉. To show that 〈P, V 〉 does not satisfy Ω,
we need to show that there is no Y ⊆ A\V such that the set of sets RY

〈P,V 〉 =

{RY,A
〈P,V 〉 | A ∈ RelY〈P,V 〉} is non-empty and has no least element. Take some

Y ⊆ A\V . We have to consider the following three cases:
(i) RelY〈P,V 〉 is empty. Then RY

〈P,V 〉 is empty as well.
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(ii) RelY〈P,V 〉 contains exactly one element A. Then, RY,A
〈P,V 〉 is least in RY

〈P,V 〉.

(iii) There is more than one element in RelY〈P,V 〉. We proceed as follows.
We first show that,

if 〈X,Y 〉 ∈ HT (f(P, V )), then X ∈
⋂
RY
〈P,V 〉. (9)

Assume that 〈X,Y 〉 ∈ HT (f(P, V )). Consider a program R over A\V whose
HT-models over A\V of the form 〈X ′, Y 〉 are only 〈Y, Y 〉 and 〈X,Y 〉, such as
the unary program R = {a ← | a ∈ X} ∪ {b ← c | b, c ∈ Y \X}. Then,
Y /∈ AS(f(P, V ) ∪ R). Thus, Y 6∈ AS(f(P, V ) ∪ R). By Def. 2, we have Y 6∈
AS(P ∪R)‖V , i.e., Y ∪A 6∈ AS(P ∪R), for any A ⊆ V . In particular, Y ∪A 6∈
AS(P ∪ R), for every A ∈ RelY〈P,V 〉. Since R is a program over A(P )\V ,

the only HT-models of R of the form 〈X ′, Y ∪ A〉 with A ⊆ V are of the
form (a) 〈X ∪ A′, Y ∪ A〉 and (b) 〈Y ∪ A′, Y ∪ A〉 with A′ ⊆ A. For each
A ∈ RelY〈P,V 〉we have, by Def. 3, that 〈Y ∪ A, Y ∪ A〉 ∈ HT (P ). This, together

with Y ∪ A 6∈ AS(P ∪ R), implies 〈X ∪ A′, Y ∪ A〉 ∈ HT (P ) for some A′ ⊆ A.

Thus, X ∈ RY,A
〈P,V 〉, for each A ∈ RelY〈P,V 〉, and we can therefore conclude that

X ∈
⋂
RY
〈P,V 〉.

Now suppose that RY
〈P,V 〉 has no least element, i.e., no element of RY

〈P,V 〉

coincides with
⋂
RY
〈P,V 〉. Then, for each A ∈ RelY〈P,V 〉, there exists XA ∈ RY,A

〈P,V 〉
s.t. XA /∈

⋂
RY
〈P,V 〉. Take a program R over A\V whose HT-models of the form

〈X ′, Y 〉 are exactly 〈Y, Y 〉 and 〈XA, Y 〉 for each A ∈ RelY〈P,V 〉. Note that by
Lemma 2 there is a disjunctive program with exactly that set of HT-models.
We have Y /∈ AS(P ∪R)‖V . Since each 〈XA, Y 〉 cannot belong to HT (f(P, V )),
by (9), we have that Y ∈ AS(f(P, V ) ∪ R). This contradicts the assumption
that f satisfies (SP)〈P,V 〉, which finishes the proof. �

Proposition 3. Let V ⊆ A be some set of atoms. Then, there is P ∈ Ce such
that every forgetting operator f over Ce does not satisfy (SP)〈P,V 〉.

Proof. First consider the case where V has only the element p. Take a, b ∈ A
both distinct and distinct from p, and consider the program

a← p b← not p p← not not p

The proof for this case where |V |= 1 follows precisely the argument in the proof
of Thm. 1. For every V such that |V |> 1, we can consider the above program
for some p ∈ V , together with a rule pi ← pi for each of the remaining pi ∈ V .
The proof argument applies in the very same manner. �

Proposition 4. Let P be a program over A, V ⊆ A, and f a forgetting operator
that satisfies (SP)〈P,V 〉. There may not exist any V ′ with ∅ ⊂ V ′ ⊂ V such that
f satisfies (SP)〈P,V ′〉.
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Proof. Consider the HT-models 〈∅, ap〉, 〈ap, ap〉, 〈∅, aq〉, 〈aq, aq〉, 〈pq, apq〉, and
〈apq, apq〉. By Lemma 1 there is a program P whose HT-models are exactly
these. Take V = {p, q}. We can easily check that 〈P, V 〉 does not satisfy Ω.
Therefore, according to Thm. 3, every f ∈ FSP satisfies (SP)〈P,V 〉

8. Neverthe-
less, it is also easy to check that both 〈P, {p}〉 and 〈P, {q}〉 satisfy Ω. Therefore,
according to Thm. 2, there is no forgetting operator that satisfies (SP)〈P,{p}〉
nor (SP)〈P,{q}〉. �

Proofs of Sec. 4

Theorem 3. Every f ∈ FSP satisfies (SP)〈P,V 〉 for every 〈P, V 〉 over C(f) that
does not satisfy Ω.

Proof. Let f ∈ FSP and let 〈P, V 〉 be an instance such that 〈P, V 〉 does not
satisfy Ω. We have to show that AS(f(P, V ) ∪ R) = AS(P ∪ R)‖V , for all
programs R ∈ C(f) with A(R) ⊆ A\V .

“⊆”: Suppose that Y ∈ AS(f(P, V ) ∪ R). Then, 〈Y, Y 〉 ∈ HT (f(P, V ) ∪ R)
and there is no X ⊂ Y such that 〈X,Y 〉 ∈ HT (f(P, V ) ∪ R). By Def. 5, we
can conclude that there is no X ⊂ Y with X ∈

⋂
RY
〈P,V 〉 and 〈X,Y 〉 ∈ HT (R).

Since 〈Y, Y 〉 ∈ HT (f(P, V ) ∪ R), we can conclude that RY
〈P,V 〉 is non-empty,

and given that we are assuming that 〈P, V 〉 does not satisfy Ω, RY
〈P,V 〉 has

a least element, which is precisely
⋂
RY
〈P,V 〉. Let A ∈ RelY〈P,V 〉 be such that

RY,A
〈P,V 〉 =

⋂
RY
〈P,V 〉. Then, since 〈Y, Y 〉 ∈ HT (R) and A(R) ⊆ A\V , we have

that 〈Y ∪ A, Y ∪ A〉 ∈ HT (R). Therefore, 〈Y ∪ A, Y ∪ A〉 ∈ HT (P ∪ R).

Since A ∈ RelY〈P,V 〉 such that RY,A
〈P,V 〉 =

⋂
RY
〈P,V 〉 and there is no X ⊂ Y with

X ∈
⋂
RY
〈P,V 〉 such that 〈X,Y 〉 ∈ HT (R), we can conclude that there is no

X ⊂ Y ∪A such that 〈X,Y ∪A〉 ∈ HT (P ∪R). Therefore, Y ∪A ∈ AS(P ∪R),
and so Y ∈ AS(P ∪R)‖V .

“⊇”: Suppose Y ∈ AS(P ∪ R)‖V . Then there exists A ⊆ V such that
〈Y ∪ A, Y ∪ A〉 ∈ HT (P ∪ R) and there is no X ⊂ Y ∪ A such that 〈X,Y ∪
A〉 ∈ HT (P ∪ R). Therefore, RY

〈P,V 〉 is non-empty and A ∈ RelY〈P,V 〉. In

fact, RY,A
〈P,V 〉 = {Y }, so there is no X ′ ∈

⋂
RY
〈P,V 〉 with X ′ ⊂ Y such that

〈X ′, Y 〉 ∈ HT (R). Therefore, there is no 〈X ′, Y 〉 ∈ HT (f(P, V ) ∪ R) such
that X ′ ⊂ Y . In order to conclude that Y ∈ AS(f(P, V ) ∪ R) we thus just
need to prove that 〈Y, Y 〉 ∈ HT (f(P, V ) ∪ R). Since 〈Y ∪ A, Y ∪ A〉 ∈ HT (R)

and A(R) ⊆ A\V , we have that 〈Y, Y 〉 ∈ HT (R). Since Y ∈ RY,A
〈P,V 〉 for all

A ∈ RelY〈P,V 〉, we clearly have that Y ∈
⋂
RY
〈P,V 〉 and therefore, by Def. 5,

〈Y, Y 〉 ∈ HT (f(P, V )). We can then conclude that 〈Y, Y 〉 ∈ HT (f(P, V ) ∪ R).
Hence, Y ∈ AS(f(P, V ) ∪R). �

8We safely use Theorem 3, which is only proved afterwards, since its proof does not depend
on the current result.
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Corollary 1. Every forgetting operator f ∈ FSP satisfies (SP)〈P,V 〉 iff 〈P, V 〉
over C(f) does not satisfy Ω.

Proof. Let f ∈ FSP. First, suppose that f satisfies (SP)〈P,V 〉. Then, by Thm. 2,
〈P, V 〉 does not satisfy Ω. Now suppose that 〈P, V 〉 does not satisfy Ω. Then,
since f ∈ FSP, we have, by Thm. 3, that f satisfies (SP)〈P,V 〉. �

Proposition 5. Let 〈P, V 〉 be an instance over C that does not satisfy Ω.
Then, for every forgetting operator f satisfying (SP)〈P,V 〉 and every f ′ ∈ FSP

with C ⊆ C(f) and C ⊆ C(f ′), we have that f(P, V ) ≡ f ′(P, V ).

Proof. Let f and f ′ be forgetting operators such that f satisfies (SP)〈P,V 〉 and
f ′ ∈ FSP. Since both f(P, V ) and f ′(P, V ) are programs over A\V , all we need
to prove is that AS(f(P, V )∪R) = AS(f ′(P, V )∪R), for every program R over
A\V . Since f ′ ∈ FSP, we have, by Thm. 3, that f ′ satisfies (SP)〈P,V 〉. Since
both f and f ′ satisfy (SP)〈P,V 〉, we have that AS(f(P, V )∪R) = AS(P ∪R)‖V =
AS(f ′(P, V ) ∪R), by Def. 2, for every program R over A\V . We can therefore
conclude that f(P, V ) ≡ f ′(P, V ). �

Proposition 6. Let f be in FSP. Then, for every V ⊆ A:

HT (f(P, V )) = HT (P )‖V for P ∈ CH .

Proof. “⊆”: Suppose that 〈X,Y 〉 ∈ HT (f(P, V )). Then Y ⊆ A(P )\V and X ∈⋂
RY
〈P,V 〉, i.e., there is at least one A ∈ RelY〈P,V 〉 such that X ∈ RY,A

〈P,V 〉. Hence,

there is 〈X ′, Y ∪A〉 ∈ HT (P ) with X = X ′\V , and thus 〈X,Y 〉 ∈ HT (P )‖V .
“⊇”: Now, suppose that 〈X,Y 〉 ∈ HT (P )‖V . Then, there exists A′ ⊆ A ⊆ V

such that 〈X ∪A′, Y ∪A〉 ∈ HT (P ). Note that, by (H2) of Lemma 4, RelY〈P,V 〉
cannot be empty. Thus, consider some A′′ ∈ RelY〈P,V 〉. Then 〈Y ∪A′′, Y ∪A′′〉 ∈
HT (P ). Since P ∈ CH , we can use (H3) of Lemma 4 to conclude that 〈(X∪A′)∩
(Y ∪A′′), (Y ∪A)∩(Y ∪A′′)〉 ∈ HT (P ), i.e., 〈X∪(A′∩A′′), Y ∪(A∩A′′)〉 ∈ HT (P ).
Since Y ∪ (A ∩ A′′) ⊆ Y ∪ A′′, and using (H1) of Lemma 4, we can conclude

that 〈X ∪ (A′ ∩ A′′), Y ∪ A′′〉 ∈ HT (P ). Consequently X ∈ RY,A′′

〈P,V 〉. Hence

X ∈
⋂
RY
〈P,V 〉, and therefore 〈X,Y 〉 ∈ HT (f(P, V )). �

Theorem 4. FSP is closed for extended programs and Horn programs, but
neither for disjunctive programs nor normal programs.

Proof. First, we consider extended programs. Let f ∈ FSP and 〈X,Y 〉 ∈
HT (f(P, V )) for every P and every V ⊆ A. By Lemma 1, we need to show
that 〈Y, Y 〉 ∈ HT (f(P, V )). If 〈X,Y 〉 ∈ HT (f(P, V )), then X ∈

⋂
RY
〈P,V 〉 by

Def. 5. Thus, X ∈ RY,A
〈P,V 〉 for every A ∈ RelY , and, for each such A, we

have 〈X ∪ V ′, Y ∪ A〉 ∈ HT (P ) for some V ′ ⊆ A. By Lemma 1, we have
〈Y ∪ A, Y ∪ A〉 ∈ HT (P ) for each such A, and thus Y ∈

⋂
RY
〈P,V 〉. Hence,

〈Y, Y 〉 ∈ HT (f(P, V )) by Def. 5.
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Now consider Horn programs. Let f ∈ FSP. Using Lemmas 4 and 5, we only
need to prove that conditions (H2) and (H3) hold for HT (f(P, V )) for every
Horn program P and every V ⊆ A. First, consider condition (H2).

If: take 〈X,Y 〉 ∈ HT (f(P, V )). We show that 〈X,X〉 ∈ HT (f(P, V ))
and 〈Y, Y 〉 ∈ HT (f(P, V )) (X ⊆ Y holds by definition of HT-models). Since
〈X,Y 〉 ∈ HT (f(P, V )), we have X ∈

⋂
RY
〈P,V 〉 by Def. 5. Then, 〈X ∪ A′, Y ∪

A′′〉 ∈ HT (P ) for some A′ ⊆ A′′ ⊆ V . Using condition (H2) for HT (P ) we have
that 〈X∪A′, X∪A′〉 ∈ HT (P ) and 〈Y ∪A′′, Y ∪A′′〉 ∈ HT (P ). Then, for every
A′′′ ∈ RelX〈P,V 〉 we have 〈X ∪ A′′′, X ∪ A′′′〉 ∈ HT (P ). Hence, X ∈

⋂
RX
〈P,V 〉,

and therefore 〈X,X〉 ∈ HT (f(P, V )) by Def. 5. In the same way, for every
A′′′ ∈ RelY〈P,V 〉, we have 〈Y ∪ A′′′, Y ∪ A′′′〉 ∈ HT (P ). Hence, Y ∈

⋂
RY
〈P,V 〉,

and therefore, by Def. 5, 〈Y, Y 〉 ∈ HT (f(P, V )).
Only-if: assume that 〈X,X〉 ∈ HT (f(P, V )) and 〈Y, Y 〉 ∈ HT (f(P, V ))

with X ⊆ Y . We aim to prove that 〈X,Y 〉 ∈ HT (f(P, V )). Since 〈X,X〉 ∈
HT (f(P, V )) and 〈Y, Y 〉 ∈ HT (f(P, V )) we have that X ∈

⋂
RX
〈P,V 〉 and Y ∈⋂

RY
〈P,V 〉 by Def. 5. Then, there is A′ ⊆ V such that 〈X ∪A′, X ∪A′〉 ∈ HT (P )

and A′′ ⊆ V such that 〈Y ∪A′′, Y ∪A′′〉 ∈ HT (P ). Also, for every A′′ ∈ RelY〈P,V 〉
we have 〈Y ∪ A′′, Y ∪ A′′〉 ∈ HT (P ). Since X ⊆ Y and using condition (H3)
we have that 〈X ∪ (A′ ∩A′′), X ∪ (A′ ∩A′′)〉 ∈ HT (P ) for every A′′ ∈ RelY〈P,V 〉.

Since X ∪ (A′ ∩ A′′) ⊆ Y ∪ A′′ we can use condition (H2) to conclude that
〈X ∪ (A′ ∩ A′′), Y ∪ A′′)〉 ∈ HT (P ) for every A′′ ∈ RelY〈P,V 〉, therefore X ∈⋂
RY
〈P,V 〉. Hence, 〈X,Y 〉 ∈ HT (f(P, V )).

For condition (H3), take 〈X,Y 〉 ∈ HT (f(P, V )) and 〈X ′, Y ′〉 ∈ HT (f(P, V )).
We aim to prove that 〈X ∩ X ′, Y ∩ Y ′〉 ∈ HT (f(P, V )). Since 〈X,Y 〉 ∈
HT (f(P, V )) and 〈H,T 〉 ∈ HT (f(P, V )), by Def. 5, we have that X ∈

⋂
RY
〈P,V 〉

and X ′ ∈
⋂
RY ′

〈P,V 〉. Then, there are A,A′, A′′, A′′′ ⊆ V such that 〈X ∪ A, Y ∪
A′〉 ∈ HT (P ) and 〈X ′ ∪ A′′, Y ′ ∪ A′′′〉 ∈ HT (P ). Using condition (H3) for
HT (P ) we have that 〈(X ∩ X ′) ∪ (A ∩ A′′), (Y ∩ Y ′) ∪ (A′ ∩ A′′′)〉 ∈ HT (P ).
Then, by (H2), 〈(X ∩X ′)∪ (A∩A′′), (X ∩X ′)∪ (A∩A′′)〉 ∈ HT (P ). Moreover,
for every A∗ ∈ RelY ∩Y ′〈P,V 〉 , we have 〈(Y ∩Y ′)∪A∗, (Y ∩Y ′)∪A∗〉 ∈ HT (P ). Then,

by (H3), 〈(X ∩X ′) ∪ (A ∩ A′′ ∩ A∗), (X ∩X ′) ∪ (A ∩ A′′ ∩ A∗)〉 ∈ HT (P ), for
every A∗ ∈ RelY ∩Y ′〈P,V 〉 , since (X ∩X ′) ⊆ (Y ∩ Y ′). Therefore, by (H2), it follows

that 〈(X∩X ′)∪(A∩A′′∩A∗), (Y ∩Y ′)∪A∗〉 ∈ HT (P ) for every A∗ ∈ RelY ∩Y ′〈P,V 〉 .

Thus, (X ∩X ′) ∈
⋂
RY ∩Y ′
〈P,V 〉 , and, hence, 〈X ∩X ′, Y ∩ Y ′〉 ∈ HT (f(P, V )).

Finally, the negative results for (ECd) and (ECn) follow from the forgetting
instance given in Example 5. �

Theorem 5. Restricted to instances 〈P, V 〉 that do not satisfy Ω, FSP satisfies
(wE), (SE), (PP), (SI), (sC), (wC), (CP), and (SP).

Proof. By Thm. 3, every f ∈ FSP satisfies (SP)〈P,V 〉 for every 〈P, V 〉 that does
not satisfy Ω. Hence, FSP satisfies (SP) under this restriction. Then, by Prop. 1
of [49], FSP also satisfies (wE), (SE), (PP), (SI), (sC), (wC), (CP). �
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Theorem 6. Alg. 1 terminates and fSP ∈ FSP.

Proof. Termination follows straightforwardly from the fact that we consider a
finite signature A, and thus Y and X in lines 3 and 8 are finite, and in each
possible case of augmentation of P ′ only one rule is added.

Regarding correctness, i.e., fSP ∈ FSP, let M = f(P, V ) for f ∈ FSP, P ∈ C(f)
and V ⊆ A(P ). Note that the rules added in lines 5 and 9 are precisely those
rules in the definition of PM that, by Prop. 8, correspond to the countermodels of
the HT-models of the characterization of the forgetting result for SP-Forgetting
(cf. Def. 5). Then, by Prop. 8, we have that HT (PM ) = M . �

Proposition 9. There is a forgetting operator satisfying (SP)〈P,V 〉, for every
P ∈ Cn and every V , such that |V |= 1.

Proof. Let P ∈ Cn and assume that |V |= 1. By Cor. 1, all we need to prove is
that 〈P, V 〉 does not satisfy Ω. Since |V |= 1, for every Y ⊆ A\V , the set RY

〈P,V 〉

has at most two elements: RY,∅
〈P,V 〉 and RY,V

〈P,V 〉. IfRY
〈P,V 〉 has at most one element,

then either the set is empty or it has a least element, and therefore in this case
〈P, V 〉 does not satisfy Ω. Now suppose that RY

〈P,V 〉 has two elements, i.e., both

RY,∅
〈P,V 〉 and RY,V

〈P,V 〉 belong to RY
〈P,V 〉. Then both 〈Y, Y 〉 and 〈Y ∪ V, Y ∪ V 〉

are HT-models of P . We now prove that in this case RY,∅
〈P,V 〉 ⊆ RY,V

〈P,V 〉, i.e.,

RY
〈P,V 〉 has a least element. Let X ∈ RY,∅

〈P,V 〉. Then 〈X,Y 〉 ∈ HT (P ). Since

〈X,Y 〉 ∈ HT (P ) and 〈Y ∪ V, Y ∪ V 〉 ∈ HT (P ), by (N2) of Lemma 3, we have

that 〈X,Y ∪ V 〉 ∈ HT (P ), and therefore X\V = X ∈ RY,V
〈P,V 〉. �

Proposition 10. There is a forgetting operator satisfying (SP)〈P,V 〉, for every
P ∈ Cd and every V , such that |V |= 1.

Proof. Let P ∈ Cd and assume that |V |= 1. By Cor. 1, all we need to prove is
that 〈P, V 〉 does not satisfy Ω. Since |V |= 1, for every Y ⊆ A\V , the set RY

〈P,V 〉

has at most two elements: RY,∅
〈P,V 〉 and RY,V

〈P,V 〉. IfRY
〈P,V 〉 has at most one element,

then either the set is empty or it has a least element, and therefore in this case
〈P, V 〉 does not satisfy Ω. Now suppose that RY

〈P,V 〉 has two elements, i.e., both

RY,∅
〈P,V 〉 and RY,V

〈P,V 〉 belong to RY
〈P,V 〉. Then, both 〈Y, Y 〉 and 〈Y ∪ V, Y ∪ V 〉

are HT-models of P . We now prove that in this case RY,∅
〈P,V 〉 ⊆ RY,V

〈P,V 〉, i.e.,

RY
〈P,V 〉 has a least element. Let X ∈ RY,∅

〈P,V 〉, i.e., 〈X,Y 〉 ∈ HT (P ). Since

〈X,Y 〉 ∈ HT (P ) and 〈Y ∪ V, Y ∪ V 〉 ∈ HT (P ), by (D2) of Lemma 2, we have

that 〈X,Y ∪ V 〉 ∈ HT (P ), and therefore X\V = X ∈ RY,V
〈P,V 〉. �

Theorem 7. Let P be a program. Then the set of sets of atoms

VP = {V ⊆ A(P ) |
⋂
RY
〈P,V 〉 ∈ R

Y
〈P,V 〉 for every RY

〈P,V 〉 6= ∅}

is the set of all sets V of atoms for which it is possible to forget V from P while
satisfying (SP)〈P,V 〉.
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Proof. Let P be a program. Using Cor. 1, we need to check that VP is exactly
the set of all V ⊆ A(P ) such that the instance 〈P, V 〉 does not satisfies criterion
Ω.

Let V ∈ VP . By definition of VP , we have that for every Y ⊆ A(P )\V either
RY
〈P,V 〉 = ∅ or

⋂
RY
〈P,V 〉 ∈ R

Y
〈P,V 〉. Since clearly

⋂
RY
〈P,V 〉 is the least element

of RY
〈P,V 〉, 〈P, V 〉 cannot satisfy Ω.

Now let V /∈ VP . Then, by definition of VP , there exists Y ⊆ A(P )\V
such that RY

〈P,V 〉 6= ∅ and
⋂
RY
〈P,V 〉 /∈ R

Y
〈P,V 〉. Suppose that RY

〈P,V 〉 has a least

element, call it L. Then L ⊆ R, for every R ∈ RY
〈P,V 〉. Therefore L ⊆

⋂
RY
〈P,V 〉.

Since L ∈ RY
〈P,V 〉 we have that

⋂
RY
〈P,V 〉 ⊆ L. Thus L =

⋂
RY
〈P,V 〉, which

contradicts the fact that
⋂
RY
〈P,V 〉 /∈ R

Y
〈P,V 〉. Therefore, RY

〈P,V 〉 has no least

element, and we can conclude that 〈P, V 〉 satisfies criterion Ω. �

Proofs for Sec. 5

Lemma 7. Let V ⊆ A, R a program over A\V , and 〈X,Y 〉, 〈X ′, Y ′〉 HT-
interpretations s.t. X ∼V X ′ and Y ∼V Y ′. Then, 〈X,Y 〉 ∈ HT (R) iff
〈X ′, Y ′〉 ∈ HT (R).

Proof. Suppose 〈X,Y 〉 ∈ HT (R). Then we have that Y |= R and X |= RY .
Since R does not contain atoms from V and Y ∼V Y ′, it is well-known from
classical logic that also Y ′ |= R. Also, it follows immediately from the definition
of program reduct that RY = RY ′ . Finally, since R does not contain atoms from
V , neither does RY ′ . Moreover, since X ∼V X ′, we have that X ′ |= RY = RY ′ .
Therefore, 〈X ′, Y ′〉 ∈ HT (R). The converse direction follows easily using the
same argument. �

Lemma 8. Let V ⊆ A, R a program over A\V , and X,Y ⊆ A\V . Then,
〈X,Y 〉 ∈ HT (R)‖V iff 〈X,Y 〉 ∈ HT (R).

Proof. If: Suppose that 〈X,Y 〉 ∈ HT (R)‖V . Then, there exists 〈X ′, Y ′〉 ∈
HT (R) such that X ′\V = X and Y ′\V = Y . Since X,Y ⊆ A\V , we have that
X\V = X and Y \V = Y . Therefore, X ∼V X ′ and Y ∼V Y ′, and we can use
Lemma 7 to conclude that 〈X,Y 〉 ∈ HT (R).

Only-if: Suppose that 〈X,Y 〉 ∈ HT (R). Since X ⊆ Y ⊆ A\V , we have that
X\V = X and Y \V = Y . Therefore, 〈X,Y 〉 = 〈X\V, Y \V 〉 ∈ HT (R)‖V . �

Lemma 9. Let P be a program over A, V ⊆ A, R a program over A\V , and
A ⊆ V . Then, A ∈ RelY〈P,V 〉 and 〈Y ∪A, Y ∪A〉 ∈ HT (R) iff A ∈ RelY〈P∪R,V 〉.
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Proof. If: Consider A ∈ RelY〈P,V 〉 and 〈Y ∪ A, Y ∪ A〉 ∈ HT (R). By Def. 6,

〈Y ∪ A, Y ∪ A〉 ∈ HT (P ) and @A′ ⊂ A such that 〈Y ∪ A′, Y ∪ A〉 ∈ HT (P ).
Then, 〈Y ∪ A, Y ∪ A〉 ∈ HT (P ∪ R). Suppose there is A′′ ⊂ A such that
〈Y ∪A′′, Y ∪A〉 ∈ HT (P ∪R). Then, in particular, 〈Y ∪A′′, Y ∪A〉 ∈ HT (P ).
We derive a contradiction and conclude A ∈ RelY〈P∪R,V 〉 by Def. 6.

Only-if: Consider A ∈ RelY〈P∪R,V 〉. By Def. 6, 〈Y ∪A, Y ∪A〉 ∈ HT (P ∪R)

and @A′ ⊂ A such that 〈Y ∪A′, Y ∪A〉 ∈ HT (P ∪R). Then, 〈Y ∪A, Y ∪A〉 ∈
HT (P ) and 〈Y ∪ A, Y ∪ A〉 ∈ HT (R). Suppose there is A′′ ⊂ A such that
〈Y ∪ A′′, Y ∪ A〉 ∈ HT (P ). Given 〈Y ∪ A, Y ∪ A〉 ∈ HT (R), we can conclude
〈Y ∪A′′, Y ∪A〉 ∈ HT (R) by Lemma 7, and thus 〈Y ∪A′′, Y ∪A〉 ∈ HT (P ∪R).
We derive a contradiction and conclude A ∈ RelY〈P,V 〉 by Def. 6. �

Proposition 11. FSP satisfies (SE), (PP), (SI), and (wC), but does not
satisfy (wE), (W), (sC), and (CP).

Proof. FSP satisfies (SE), since the coinciding sets of HT-models of two strongly
equivalent programs P and P ′ yield precisely the same set of HT-models when
forgetting about some V from P and P ′ using some f ∈ FSP with P, P ′ ∈ C(f).

Regarding (PP), let f ∈ FSP, P ∈ C(f), and V ⊆ A. We prove the result
by contraposition. Suppose f(P, V ) 6|=HT P

′, for P ′ ∈ C(f) with A(P ′) ⊆ A\V .
Then, there is 〈X,Y 〉 ∈ HT (f(P, V )) such that 〈X,Y 〉 /∈ HT (P ′). By definition
of FSP, for all A∗ ∈ RelY〈P,V 〉 there is A′ ⊆ A∗ such that 〈X ∪ A′, Y ∪ A∗〉 ∈
HT (P ), and at least one such A∗ exists. Since 〈X,Y 〉 /∈ HT (P ′) and A(P ′) ⊆
A\V , we have, by Lemma 7, that 〈X ∪A′, Y ∪A∗〉 /∈ HT (P ′) for each such A′

and A∗. Therefore, P 6|=HT P
′.

For (SI), let f ∈ FSP, P ∈ C(f), and V ⊆ A. For each R ∈ C(f) with
A(R) ⊆ A\V , we prove f(P, V )∪R ≡ f(P ∪R, V ) by showing HT (f(P, V )∪R) =
HT (f(P ∪R, V )).

“⊆”: Let 〈X,Y 〉 ∈ HT (f(P, V ) ∪ R). Then, 〈X,Y 〉 ∈ HT (f(P, V )) and
〈X,Y 〉 ∈ HT (R). Therefore, RelY〈P,V 〉 6= ∅ and for all A∗ ∈ RelY〈P,V 〉 there is

A′ ⊆ A∗ such that 〈X ∪A′, Y ∪A∗〉 ∈ HT (P ), and at least one such A∗ exists.
Since A(R) ⊆ A\V , we have, by Lemma 7, that 〈X ∪ A′, Y ∪ A∗〉 ∈ HT (R).
Therefore, 〈X∪A′, Y ∪A∗〉 ∈ HT (P ∪R) for each such A′ and A∗. In particular,
〈X ∪ A′, Y ∪ A∗〉 ∈ HT (R) and 〈Y ∪ A∗, Y ∪ A∗〉 ∈ HT (R) by Lemma 1.
Then, by Lemma 9, A∗ ∈ RelY〈P∪R,V 〉 for all such A∗. By Def. 5, we obtain

〈X,Y 〉 = 〈(X ∪A′)\V, Y 〉 ∈ HT (f(P ∪R, V )).
“⊇”: Let 〈X,Y 〉 ∈ HT (f(P ∪ R, V )). Then, by definition of FSP, for all

A∗ ∈ RelY〈P∪R,V 〉 there is A′ ⊆ A∗ such that 〈X ∪ A′, Y ∪ A∗〉 ∈ HT (P ∪ R),

and at least one such A∗ exists. This implies that 〈X ∪ A′, Y ∪ A∗〉 ∈ HT (P )
and 〈X ∪ A′, Y ∪ A∗〉 ∈ HT (R). By Lemma 7, we have that 〈X,Y 〉 ∈ HT (R).
Also, by Lemma 9, we can conclude that A∗ ∈ RelY〈P,V 〉 for all A∗ ∈ RelY〈P∪R,V 〉.

Now, since 〈X∪A′, Y ∪A∗〉 ∈ HT (P ) and A∗ ∈ RelY〈P,V 〉, we have, by definition

of FSP, that 〈X,Y 〉 = 〈(X ∪ A′)\V, Y 〉 ∈ HT (f(P, V )). Since 〈X,Y 〉 ∈ HT (R),
we can conclude that 〈X,Y 〉 ∈ HT (f(P, V ) ∪R).

57



Regarding (wC), let f ∈ FSP, P ∈ C(f), V ⊆ A a set of atoms to be
forgotten, and S an answer set of P . Then, 〈S, S〉 is an HT-model of P and
there is no X ⊂ S such that 〈X,S〉 is also an HT-model of P . Therefore,

R
S\V,S∩V
〈P,V 〉 = {S\V } is the least element of RS\V

〈P,V 〉. This means that
⋂
RS\V
〈P,V 〉 =

{S\V }. Hence, 〈S\V, S\V 〉 ∈ HT (f(P, V )) and there is no X ⊂ S\V such that
〈X,S\V 〉 ∈ HT (f(P, V )), i.e., S\V is an answer set of f(P, V ).

For (W), consider P = {a ← not b; b ← not c}. We can verify that, for
every f ∈ FSP, f(P, {b}) is strongly equivalent to {a← not not c}, which is not a
consequence of P , hence (W) is not satisfied.

For (sC) and (CP), consider P = {a ← p; b ← not p; p ← not not p}. Now,
for every f ∈ FSP, HT (f(P, {p})) contains precisely three HT-models, namely
〈a, a〉, 〈b, b〉, and 〈ab, ab〉, which means that f(P, {p}) has the three answer sets
{{a}, {b}, {a, b}}. Since the answer sets of P modulo {p} are {{a}, {b}}, we
know that (sC) is not satisfied, nor (CP) by Prop. 1 of [49].

For (wE), consider P ′ = {a ← p; b ← not a; p ← not not p}, which has the
same answer sets as P in the counterexample for (sC) (and (CP)), but, for
every f ∈ FSP, the answer sets of f(P ′, {p}) are {{a}, {b}}, whereas those of
f(P, {p}) are {{a}, {b}, {a, b}}. Therefore, (wE) is not satisfied. �

Proposition 12. Let P be a program, V ⊆ A and R1, R2 programs over A\V .
Then, P ∪R1 ∪R2 ≡V P iff P ∪R1 ≡V P and P ∪R2 ≡V P .

Proof. We start with an observation. Recall that, by definition, P ≡V Q iff for
all programs R over A\V , AS(P ∪R) = AS(Q ∪R). From this, it follows that
P ≡V Q implies P ∪R ≡V Q ∪R, for every R over A\V .

Only-if: Assume that P ∪ R1 ≡V P and P ∪ R2 ≡V P . From the above
observation we get that P ∪R1 ∪R2 ≡V P ∪R2. By transitivity of ≡V and the
assumption that P ∪R2 ≡V P , we obtain P ∪R1 ∪R2 ≡V P .

If: Assume that P ∪R1∪R2 ≡V P . Then, again using the above observation,
we have that P∪R1∪R2∪R1 ≡V P∪R1. Clearly, P∪R1∪R2∪R1 = P∪R1∪R2.
Then, by transitivity, we can conclude that P ∪ R1 ≡V P . The proof that
P ∪R2 ≡V P can be done in a similar way. �

Proposition 13. Let P be a program and V ⊆ A. Then, fr(P, V ) is the largest
set of rules R over the alphabet A\V such that P ∪R ≡V P .

Proof. Assume that there is R ⊃ fr(P, V ) such that P ∪R ≡V P . Let r ∈ R such
that r /∈ fr(P, V ). Using Prop. 12, we have that P ∪R ≡V P iff P ∪R\{r} ≡V P
and P ∪ {r} ≡V P . But then, P ∪ {r} ≡V P contradicts r /∈ fr(P, V ). �

Proposition 14. Let A ⊆ V ⊆ A and Y ⊆ A\V . Then,

Y ∪A ∈ Rel(P, V ) iff A ∈ RelY〈P,V 〉.
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Proof. Just by inspecting the definitions of Rel(P, V ) and RelY〈P,V 〉, it is im-

mediate that the conditions for Y ∪ A ∈ Rel(P, V ) are equivalent to those for
A ∈ RelY〈P,V 〉. �

Proposition 15. Let P be a program and V ⊆ A. Then, a V -HT-interpretation
〈X,Y 〉 is a V -HT-model of P iff the following conditions hold:

(1) Y ∈ Rel(P, V );

(2) If X ⊂ Y , then there exists X ′ ⊂ Y with X = X ′\V such that 〈X ′, Y 〉 ∈
HT (P ).

Proof. If: Let 〈X,Y 〉 ∈ HT V (P ). Then, (i) and (ii) of the definition of V -HT-
model immediately imply (i) and (ii) of Def. 7, resp., i.e., Y ∈ Rel(P, V ), and
therefore (1) is satisfied. Also, (i) and (iii) of the definition of V -HT-model
together with the definition of V -HT-interpretations imply (2).

Only-if: Now, let 〈X,Y 〉 be a V -HT-interpretation satisfying conditions (1)
and (2). Clearly, (1) implies (i) and (ii) of Def. 7, and thus (i) and (ii) of
the definition of V -HT-model. Moreover, (2) implies (iii) of the definition of
V -HT-model. Therefore, 〈X,Y 〉 is a V -HT-model of P . �

Lemma 10. Let P be a program and V ⊆ A. Then, 〈Y, Y 〉 ∈ HT V (P ) iff
Y ∈ Rel(P, V ).

Proof. If: Suppose that Y ∈ Rel(P, V ). Then, (1) of Prop. 15 is satisfied.
Moreover, (2) of Prop. 15 is trivially satisfied since X = Y . Therefore, 〈Y, Y 〉 ∈
HT V (P ).

Only-if: Now suppose that 〈Y, Y 〉 ∈ HT V (P ). Then, by (1) of Prop. 15,
Y ∈ Rel(P, V ). �

Proposition 16. Let P be a program and V ⊆ A. Then,

HT V (P ) =
⋃

Y ∈Rel(P,V )

({〈X\V, Y 〉 : 〈X,Y 〉 ∈ HT (P ) and X ⊂ Y } ∪ {〈Y, Y 〉})

Proof. Let Φ =
⋃

Y ∈Rel(P,V ){〈Y, Y 〉} ∪ {〈X\V, Y 〉 : 〈X,Y 〉 ∈ HT (P ) and X ⊂
Y }. We show that HT V (P ) = Φ.

“⊆”: Suppose that 〈Y, Y 〉 ∈ HT V (P ). By Lemma 10, we have that Y ∈
Rel(P, V ). Therefore, 〈Y, Y 〉 ∈ Φ. Now let 〈X,Y 〉 ∈ HT V (P ) s.t. X ⊂ Y . By
(1) of Prop. 15, we have that Y ∈ Rel(P, V ). By (2) of Prop. 15, there exists
〈X ′, Y 〉 ∈ HT (P ) s.t. X = X ′\V . But then clearly 〈X,Y 〉 = 〈X ′\V, Y 〉 ∈ Φ.

“⊇”: Suppose that 〈Y, Y 〉 ∈ Φ. Then, Y ∈ Rel(P, V ), and we can conclude,
by Lemma 10, that 〈Y, Y 〉 ∈ HT V (P ). Now let 〈X,Y 〉 ∈ Φ with X ⊂ Y . First
note that 〈X,Y 〉 is a V -HT-interpretation since, by definition of Φ, X = X ′\V
for some X ′ ⊂ Y , and therefore X ⊂ Y \V . Since Y ∈ Rel(P, V ), condition (1)
of Prop. 15 is satisfied. By definition of Φ, there exists 〈X ′, Y 〉 ∈ HT (P ) such
that X = X ′\V . This implies that (2) of Prop. 15 is also satisfied. Therefore,
by Prop. 15, 〈X,Y 〉 ∈ HT V (P ). �
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Lemma 11. Let P be a program and V ⊆ A. Then, there is a program R over
A\V such that HT (R)‖V = HT V (P )‖V .

Proof. We prove that if 〈X,Y 〉 ∈ HT V (P )‖V , then also 〈Y, Y 〉 ∈ HT V (P )‖V .
In this case, since HT V (P )‖V is a set of HT-interpretations over A\V , Prop. 4
of [46] allows us to conclude that there is a program R over the alphabet A\V
whose set of HT-models over A\V is precisely HT V (P )‖V , which, together with
Lemma 8, implies that HT (R)‖V = HT V (P )‖V .

So, suppose that 〈X,Y 〉 ∈ HT V (P )‖V . Then, there exists 〈X ′, Y ′〉 ∈
HT V (P ) such that X ′\V = X and Y ′\V = Y . By Prop. 16, we have that
Y ′ ∈ Rel(P, V ). Therefore, by Lemma 10, we have that 〈Y ′, Y ′〉 ∈ HT V (P ),
which implies that 〈Y, Y 〉 = 〈Y ′\V, Y ′\V 〉 ∈ HT V (P )‖V . �

Lemma 12. Let P be a program, V ⊆ A and R a program over A\V . If
HT (R)‖V = HT V (P )‖V , then R ⊆ fr(P, V ), i.e., P ∪ {r} ≡V P for every
r ∈ R.

Proof. Suppose HT (R)‖V = HT V (P )‖V . Then, using Prop. 12, we just need
to prove that P ∪R ≡V P , i.e., HT V (P ∪R) = HT V (P ).

“⊆”: We start by proving that Rel(P ∪R, V ) ⊆ Rel(P, V ). Let Y ∈ Rel(P ∪
R, V ). Then 〈Y, Y 〉 ∈ HT (P ∪R) by Def. 7, and in particular 〈Y, Y 〉 ∈ HT (P )
and 〈Y, Y 〉 ∈ HT (R). Since R does not contain atoms from V , we can conclude,
from Lemma 7, that 〈Y \V, Y \V 〉 ∈ HT (R). Assume that Y /∈ Rel(P, V ),
i.e., there is some Y ′ ⊂ Y with Y ∼V Y ′ such that 〈Y ′, Y 〉 ∈ HT (P ). Since
R does not contain atoms from V , 〈Y \V, Y \V 〉 ∈ HT (R) and Y ∼V Y ′, we
have, again by Lemma 7, that 〈Y ′, Y 〉 ∈ HT (P ∪ R). Since this contradicts
Y ∈ Rel(P ∪R, V ), we can conclude that in fact Y ∈ Rel(P, V ).

Now assume that 〈Y, Y 〉 ∈ HT V (P ∪R). Then, by Lemma 10, we have that
Y ∈ Rel(P ∪ R, V ), and, as we proved above, Y ∈ Rel(P, V ). Therefore, again
by Lemma 10, we have 〈Y, Y 〉 ∈ HT V (P ). Now let 〈X,Y 〉 ∈ HT V (P ∪R) with
X ⊂ Y . By Prop. 16, we have that Y ∈ Rel(P ∪ R, V ). Then, as we proved
above, Y ∈ Rel(P, V ). Also, by Prop. 16, there is X ′ ⊂ Y with X ′\V = X such
that 〈X ′, Y 〉 ∈ HT (P ∪ R). Then 〈X ′, Y 〉 ∈ HT (P ), and since Y ∈ Rel(P, V ),
we have, by Prop. 16, that 〈X,Y 〉 = 〈X ′\V, Y 〉 ∈ HT V (P ).

“⊇”: We start by proving that Rel(P, V ) ⊆ Rel(P ∪ R, V ). Let Y ∈
Rel(P, V ). Then, by Lemma 10, 〈Y, Y 〉 ∈ HT V (P ), and we immediately have
that 〈Y \V, Y \V 〉 ∈ HT V (P )‖V . Since we are assuming that HT (R)‖V =
HT V (P )‖V , we can conclude, by Lemma 8, that 〈Y \V, Y \V 〉 ∈ HT (R). Since
R does not contain atoms from V we have, by Lemma 7, that 〈Y, Y 〉 ∈ HT (R).
Therefore, 〈Y, Y 〉 ∈ HT (P ∪R). Assume that Y /∈ Rel(P ∪R, V ), i.e., there is
Y ′ ⊂ Y with Y ′ ∼V Y such that 〈Y ′, Y 〉 ∈ HT (P ∪ R). Then, in particular,
〈Y ′, Y 〉 ∈ HT (P ). Since this contradicts the fact that Y ∈ Rel(P, V ), we can
conclude that Y ∈ Rel(P ∪R, V ).

Now suppose that 〈Y, Y 〉 ∈ HT V (P ). Then, Y ∈ Rel(P, V ), and, as we
proved above, Y ∈ Rel(P ∪ R, V ). Therefore, 〈Y, Y 〉 ∈ HT V (P ∪ R) by
Lemma 10. Now suppose that 〈X,Y 〉 ∈ HT V (P ) with X ⊂ Y . Then, by
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Prop. 16, we have Y ∈ Rel(P, V ). Since we proved above that Rel(P, V ) ⊆
Rel(P ∪ R, V ), we can conclude Y ∈ Rel(P ∪ R, V ). Since 〈X,Y 〉 ∈ HT V (P ),
and X = X\V by definition of V -HT-interpretations, and since we are assum-
ing that HT (R)‖V = HT V (P )‖V , we can conclude that 〈X,Y \V 〉 ∈ HT (R)‖V .
Using Lemma 7 we can conclude that 〈X,Y \V 〉 ∈ HT (R). Since 〈X,Y 〉 ∈
HT V (P ), by Prop. 16, there is X ′ ⊆ Y with X ′\V = X such that 〈X ′, Y 〉 ∈
HT (P ). Since R does not contain atoms from V and X ∼V X ′, we can use
Lemma 7 to conclude that 〈X ′, Y 〉 ∈ HT (R). Therefore, 〈X ′, Y 〉 ∈ HT (P ∪
R). Since Y ∈ Rel(P ∪ R, V ), we can conclude, by Prop. 16, that 〈X,Y 〉 =
〈X ′\V, Y 〉 ∈ HT V (P ∪R). �

Theorem 8. Let P be a program and V ⊆ A. Then,

HT (fr(P, V ))‖V = HT V (P )‖V .

Proof. “⊆”: First suppose that 〈X,Y 〉 ∈ HT (fr(P, V ))‖V . Lemma 11 guaran-
tees the existence of a program R over A\V such that HT (R)‖V = HT V (P )‖V .
Since, by Lemma 12, we have that R ⊆ fr(P, V ), we clearly have that 〈X,Y 〉 ∈
HT (R)‖V . Then, since HT (R)‖V = HT V (P )‖V , we can conclude that 〈X,Y 〉 ∈
HT V (P )‖V .

“⊇”: Now let 〈X,Y 〉 ∈ HT V (P )‖V . Then, there is 〈X ′, Y ′〉 ∈ HT V (P ) such
that X ′\V = X and Y ′\V = Y . Using Prop. 16, we have that Y ′ ∈ Rel(P, V ).
We now consider two cases:

First suppose that X = Y . First, since Y ′ ∈ Rel(P, V ), we have, by
Lemma 10, that 〈Y ′, Y ′〉 ∈ HT V (P ). Recall that, by Prop. 13, we have that
HT V (P ∪ fr(P, V )) = HT V (P ). Therefore, 〈Y ′, Y ′〉 ∈ HT V (P ∪ fr(P, V )).
Using Prop. 16, we have that 〈Y ′, Y ′〉 ∈ HT (P ∪ fr(P, V )). In particular,
〈Y ′, Y ′〉 ∈ HT (fr(P, V )). Therefore, 〈Y, Y 〉 = 〈Y ′\V, Y ′\V 〉 ∈ HT (fr(P, V ))‖V .

Now suppose that X ⊂ Y . By definition of V-HT-interpretation, we have
that either X ′ = Y ′ or X ′ ⊂ Y ′\V . The former is not possible since it contra-
dicts the assumption that X ⊂ Y . We can then conclude that X ′ ⊂ Y ′\V , which
implies that X ′ = X ′\V = X. Therefore 〈X,Y ′〉 ∈ HT V (P ). Using Prop. 13,
we can conclude that 〈X,Y ′〉 ∈ HT V (P ∪ fr(P, V )). Therefore, by Prop. 16,
there exists X ′′ ⊂ Y ′ with X ′′\V = X such that 〈X ′′, Y ′〉 ∈ HT (P ∪ fr(P, V )).
In particular, 〈X ′′, Y ′〉 ∈ HT (fr(P, V )). We can then conclude that 〈X,Y 〉 =
〈X ′′\V, Y ′\V 〉 ∈ HT (fr(P, V ))‖V . �

Proposition 17. Let f ∈ FR. Then, for every program P ∈ C(f) and V ⊂ A,
we have f(P, V ) ⊆ fr(P, V ).

Proof. Let f ∈ FR. Then, for every program P ∈ C(f) and V ⊂ A, we have,
by definition of FR, that HT (f(P, V )) = HT V (P )‖V . But then, since f(P, V )

is a program over A\V , it follows immediately from Lemma 12 that f(P, V ) ⊆
fr(P, V ). �

Theorem 9. Alg. 2 terminates and fR ∈ FR.
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Proof. Termination follows straightforwardly from the fact that we consider a
finite signature A, and thus Y and X in lines 3 and 8 are finite, and in each
possible case of augmentation of P ′ only one rule is added.

Regarding correctness, i.e., fR ∈ FR, let M = f(P, V ) for f ∈ FR, P ∈ C(f)
and VA(P ). Note that the rules added in lines 5 and 9 are precisely those rules
in the definition of PM that, by Prop. 8, correspond to the countermodels of
the HT-models of the characterization of the forgetting result for SP-Forgetting
(cf. Def. 6). Then, by Prop. 8, we have that HT (PM ) = M . �

Theorem 10. Let P be a program and V ⊆ A. Then, FR can be given by the
set

{f | HT (f(P, V ))={〈X,Y 〉 | Y ⊆ A\V ∧X∈
⋃
RY
〈P,V 〉} for all P ∈ C(f) and V ⊆ A}.

Proof. We need to show the following, for each P ∈ C(f) and V ⊆ A:

HT V (P )‖V = {〈X,Y 〉 | Y ⊆ A\V ∧X∈
⋃
RY
〈P,V 〉}.

“⊆”: Suppose first that 〈X,Y 〉 ∈ HT V (P )‖V . Clearly, Y ⊆ A\V . Also,

there is 〈X ′, Y ′〉 ∈ HT V (P ) such that Y = Y ′\V and X = X ′\V . By
Prop. 16, we can conclude that Y ′ ∈ Rel(P, V ). Using Prop. 14 we have that
A = Y ′\Y ∈ RelY〈P,V 〉. We now consider two cases:

First, let X ′ = Y ′. Since Y ′ ∈ Rel(P, V ) we have that 〈Y ′, Y ′〉 ∈ HT (P ).

Since Y ′ = Y ∪ A, we can conclude that X = X ′\V ∈ RY,A
〈P,V 〉. Therefore, since

A ∈ RelY〈P,V 〉, we can conclude that X∈
⋃
RY
〈P,V 〉.

Second, let X ′ ⊂ Y ′. In this case, by definition of V -HT-model, we have
that X ′ ⊂ Y ′\V , and therefore X = X ′\V = X ′. By Prop. 16, there ex-

ists 〈X ′′, Y ′〉 ∈ HT (P ) such that X ′′\V = X. Hence, X = X ′′\V ∈ RY,A
〈P,V 〉.

Therefore, since A ∈ RelY〈P,V 〉, we can conclude that X∈
⋃
RY
〈P,V 〉.

“⊇”: Conversely, consider 〈X,Y 〉 such that Y ⊆ A\V and X ∈
⋃
RY
〈P,V 〉.

First, it follows from X ∈
⋃
RY
〈P,V 〉 that there exists some A ⊆ V such that

〈X ′, Y ∪ A〉 ∈ HT (P ) with X ′\V = X and A ∈ RelY〈P,V 〉. By Prop. 14 we can

conclude that (Y ∪A) ∈ Rel(P, V ). We now consider two cases:
First, let X = Y . Then, since (Y ∪ A) ∈ Rel(P, V ), we have by Prop. 16 that
〈Y ∪A, Y ∪A〉 ∈ HT V (P ). Therefore, 〈Y, Y 〉 ∈ HT V (P )‖V .

Second, let X ⊂ Y . Since (Y ∪ A) ∈ Rel(P, V ) and 〈X ′, Y ∪ A〉 ∈ HT (P ),
we have by Prop. 16 that 〈X ′\V, Y ∪ A〉 ∈ HT V (P ). Therefore, 〈X,Y 〉 ∈
HT V (P )‖V . �

Proposition 18. Let P ∈ CH and V ⊆ A. Then, for every Y ⊆ A\V , we have
that RY

〈P,V 〉 has at most one element.

Proof. Suppose there are at least two different elements in RY
〈P,V 〉. Then, there

are A,A′ ∈ RelY〈P,V 〉 such that RY,A
〈P,V 〉 and RY,A′

〈P,V 〉 are distinct, i.e., there is
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X ∈ RY,A
〈P,V 〉 such that X /∈ RY,A′

〈P,V 〉, or there is X ∈ RY,A′

〈P,V 〉 such that X /∈ RY,A
〈P,V 〉.

Without loss of generality, assume there is X ∈ RY,A
〈P,V 〉 such that X /∈ RY,A′

〈P,V 〉.

Then, there is A′′ ⊆ A such that 〈X ∪ A′′, Y ∪ A〉 ∈ HT (P ). Since P ∈ CH ,
we can use condition (H2) of Lemma 4 to conclude that 〈X ∪ A′′, X ∪ A′′〉 ∈
HT (P ) and 〈Y ∪ A, Y ∪ A〉 ∈ HT (P ). Since A′ ∈ RelY〈P,V 〉 we have that

〈Y ∪ A′, Y ∪ A′〉 ∈ HT (P ). Using again condition (H2) of Lemma 4, we can

conclude that 〈X ∪ A′′, Y ∪ A′〉 ∈ HT (P ), which contradicts X /∈ RY,A′

〈P,V 〉. We

can therefore conclude that RY
〈P,V 〉 has at most one element. �

Proposition 19. Let P ∈ CH and V ⊆ A. Then, for every f ∈ FSP and f ′ ∈ FR

we have that f(P, V ) ≡ f ′(P, V ).

Proof. Since we are assuming that P is a Horn program, we can use Prop. 18 to
conclude that RY

〈P,V 〉 has at most one element, for every Y ⊆ A\V . Since in this

case
⋂
RY
〈P,V 〉 =

⋃
RY
〈P,V 〉, the result follows immediately from the definition of

FSP and the alternative characterization of FR given in Thm. 10. �

Proposition 20. FR satisfies (ECH ), (ECe), (SE), (PP), (SI), and (sC), but
not (ECn), (ECd), (wE), (W), (wC), and (CP).

Proof. The fact that FR satisfies (ECH ) follows from Prop. 19 and the fact that
FSP satisfies (ECH ) by Thm. 4.

The fact that FR satisfies (ECe) naturally follows from the fact that, for
every f ∈ FR, P ∈ Ce, and V ⊆ A, 〈X,Y 〉 ∈ HT (f(P, V )) implies, by definition
of FR, that 〈Y, Y 〉 ∈ HT (f(P, V )), which suffices by Lemma 1.

For (SE), just note that the definition of FR is completely semantic, in the
sense that every f ∈ FR returns the same set of HT-models for identical sets of
HT-models.

For (PP), let f ∈ FR, P ∈ C(f), and V ⊆ A. We prove the result by
contraposition. Suppose f(P, V ) 6|=HT P ′, for P ′ ∈ C(f) with A(P ′) ⊆ A\V .
Then, there is 〈X,Y 〉 ∈ HT (f(P, V )) such that 〈X,Y 〉 /∈ HT (P ′). From the
former we have, by Thm. 10, that X ∈

⋃
RY
〈P,V 〉. Therefore, there is A∗ ∈

RelY〈P,V 〉 such that X ∈ RY,A∗

〈P,V 〉, i.e., there is A′ ⊆ A∗ such that 〈X∪A′, Y ∪A∗〉 ∈
HT (P ). Since 〈X,Y 〉 /∈ HT (P ′) and A(P ′) ⊆ A\V , we have, by Lemma 7, that
〈X ∪A′, Y ∪A∗〉 /∈ HT (P ′). Therefore, P 6|=HT P

′.
For (SI), let f ∈ FR, P ∈ C(f), and V ⊆ A. For each R ∈ C(f) with

A(R) ⊆ A\V , we show f(P, V ) ∪ R ≡ f(P ∪ R, V ), i.e., HT (f(P, V ) ∪ R) =
HT (f(P ∪R, V )).

“⊆”: First let 〈X,Y 〉 ∈ HT (f(P, V ) ∪R). Then, 〈X,Y 〉 ∈ HT (f(P, V )) and
〈X,Y 〉 ∈ HT (R). From the former we have, by Thm. 10, that there is A∗ ∈
RelY〈P,V 〉 and A′ ⊆ A∗ such that 〈X ∪ A′, Y ∪ A∗〉 ∈ HT (P ). From the latter,

and since A(R) ⊆ A\V , we have, by Lemma 7, that 〈X ∪A′, Y ∪A∗〉 ∈ HT (R).
Therefore, 〈X ∪A′, Y ∪A∗〉 ∈ HT (P ∪R). Also, 〈Y ∪A∗, Y ∪A∗〉 ∈ HT (R) by
Lemma 1, and, thus, A∗ ∈ RelY〈P∪R,V 〉 by Lemma 9. Since 〈X ∪ A′, Y ∪ A∗〉 ∈
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HT (P ∪ R), we have that X = (X ∪ A′)\V ∈ RY,A∗

〈P∪R,V 〉, thus implying that

X ∈
⋃
RY
〈P∪R,V 〉. By Thm. 10, we finally have that 〈X,Y 〉 ∈ HT (f(P ∪R, V )).

“⊇”: For the reverse inclusion, let 〈X,Y 〉 ∈ HT (f(P ∪ R, V )). Then, by
Thm. 10, we have X ∈

⋃
RY
〈P∪R,V 〉, i.e., there is A∗ ∈ RelY〈P∪R,V 〉 and A′ ⊆ A∗

such that 〈X ∪A′, Y ∪A∗〉 ∈ HT (P ∪R). Then, 〈X ∪A′, Y ∪A∗〉 ∈ HT (P ) and
〈X ∪A′, Y ∪A∗〉 ∈ HT (R). By Lemma 7, we have that 〈X,Y 〉 ∈ HT (R). Also,
by Lemma 9, A∗ ∈ RelY〈P,V 〉. Now, since 〈X ∪ A′, Y ∪ A∗〉 ∈ HT (P ) and A∗ ∈
RelY〈P,V 〉, we have, by Thm. 10, that 〈X,Y 〉 = 〈(X ∪ A′)\V, Y 〉 ∈ HT (f(P, V )).

Since 〈X,Y 〉 ∈ HT (R), we can conclude that 〈X,Y 〉 ∈ HT (f(P, V ) ∪R).
For (sC), let f ∈ FR, P ∈ C(f), and V ⊆ A. Now, let Y ∈ AS(f(P, V )).

Then, we have that 〈Y, Y 〉 ∈ HT (f(P, V )), which, by Thm. 10, implies that
RelY〈P,V 〉 6= ∅, i.e., there is A∗ ∈ RelY〈P,V 〉. Then, 〈Y ∪ A∗, Y ∪ A∗〉 ∈ HT (P ).

Suppose there is X ′ ⊂ Y ∪A∗ such that 〈X ′, Y ∪A∗〉 ∈ HT (P ). Thus, X ′\V ∈
RY,A∗

〈P,V 〉. Since A∗ ∈ RelY〈P,V 〉, we have that X ′\V ⊂ Y . By Thm. 10, we have

that 〈X ′\V, Y 〉 ∈ HT (f(P, V )), which, together with X ′\V ⊂ Y , contradicts
Y ∈ AS(f(P, V )). Hence, there is no X ′ ⊂ Y ∪ A∗ such that 〈X ′, Y ∪ A∗〉 ∈
HT (P ), thus Y ∪A∗ ∈ AS(P ), and therefore Y ∈ AS(P )‖V .

For the negative results for (ECn) and (ECd), consider the normal (and thus
also disjunctive) program P = {a ← not p; p ← not a}, and V = {p}. We have
that HT V (P ) = {〈p, p〉, 〈a, a〉}. Thus, for every f ∈ FR, we have, by definition
of FR, that HT (f(P, V )) = {〈∅, ∅〉, 〈a, a〉}. Then, Lemma 3 and Lemma 2
guarantee that f(P, V ) cannot be a normal nor a disjunctive program.

For the negative result for (wE), let A = {a, b, p}, V = {p}, and P1, P2

programs such that HT (P1) = {〈abp, abp〉, 〈a, ab〉, 〈ab, ab〉} and HT (P2) =
{〈abp, abp〉}. Lemma 1 guarantees that such programs exist. In this case,
since AS(P1) = AS(P2) = {{a, b, p}}, P1 and P2 are weakly equivalent. By
Thm. 10, we have, for every f ∈ FR, that HT (f(P1, V )) = {〈a, ab〉, 〈ab, ab〉},
and HT (f(P2, V )) = {〈ab, ab〉}. Thus, {a, b} /∈ AS(f(P1, V )), but {a, b} ∈
AS(f(P2, V )), i.e., f(P1, V ) and f(P2, V ) are not weakly equivalent.

For the negative result for (W), let A = {a, p}, V = {p}, and P a program
such that HT (P ) = {〈ap, ap〉, 〈a, ap〉}. Lemma 1 guarantees that such program

exists. In this case, Rel∅〈P,V 〉 = ∅ and Rel
{a}
〈P,V 〉 = ∅. By Thm. 10 we have, for

every f ∈ FR, that HT (f(P, V )) = ∅. Thus, HT (P ) 6⊆ HT (f(P, V )).
To prove the negative result for (wC), consider A = {a, b, p} and V =

{p}. Let P be a program such that HT (P ) = {〈abp, abp〉, 〈b, ab〉, 〈ab, ab〉}.
Lemma 1 guarantees that such programs exists. In this case, we have that
{a, b} ∈ AS(P )‖V since {a, b, p} ∈ AS(P ). By Thm. 10 we have that 〈b, ab〉 ∈
HT (f(P, V )). But this means that {a, b} /∈ AS(f(P, V )). Therefore, AS(P )‖V 6⊆
AS(f(P, V )).

The negative result for (CP) follows directly from the fact that (wC) is not
satisfied, and by Prop. 1 in [49]. �

Theorem 11. Alg. 3 terminates and fM ∈ FM.
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Proof. Termination follows straightforwardly from the fact that we consider a
finite signature A, and thus Y and X in lines 3, 8, and 13 are finite, and in each
possible case of augmentation of P ′ only one rule is added.

Regarding correctness, i.e., fM ∈ FM, let M = f(P, V ) for f ∈ FM, P ∈ C(f)
and VA(P ). Note that the rules added in lines 5, 9, and 14 are precisely those
rules in the definition of PM that, by Prop. 8, correspond to the countermodels of
the HT-models of the characterization of the forgetting result for SP-Forgetting
(cf. Def. 8). Then, by Prop. 8, we have that HT (PM ) = M . �

Proposition 21. Let P ∈ CH and V ⊆ A. Then, for every f ∈ (FSP ∪ FR) and
f ′ ∈ FM we have that f(P, V ) ≡ f ′(P, V ).

Proof. Since we are assuming that P is a Horn program, we can use Prop. 18 to
conclude that RY

〈P,V 〉 has at most one element, for every Y ⊆ A\V . Since in this

case
⋂
RY
〈P,V 〉 =

⋃
RY
〈P,V 〉, the result follows immediately from the definitions

of FSP and FM, together with the alternative characterization of FR given in
Thm. 10. �

Proposition 22. Let P be a program and V ⊆ A, such that 〈P, V 〉 does not
satisfy Ω. Then, for every f ∈ FSP and f ′ ∈ FM we have that f(P, V ) ≡ f ′(P, V ).

Proof. Since 〈P, V 〉 does not satisfy Ω then, for every Y ⊆ A\V , RY
〈P,V 〉 is

either empty or has a least element. The result then follows immediately from
the definition of FM. �

Proposition 23. FM satisfies (ECH ), (ECe), (wE), (SE), (PP), (sC), (wC),
(CP), but not (ECn), (ECd), (W), and (SI).

Proof. The fact that FM satisfies (ECH ) follows from Prop.19 and the fact that
FSP satisfies (ECH ) by Thm. 4.

The fact that FM satisfies (ECe) naturally follows from the fact that, for
every f ∈ FM, 〈X,Y 〉 ∈ HT (f(P, V )) implies, by construction, that 〈Y, Y 〉 ∈
HT (f(P, V )), which suffices by Lemma 1.

FM satisfies (SE) since the coinciding sets of HT-models of two strongly
equivalent programs P and P ′ yield precisely the same set of HT-models when
forgetting about some V from P and P ′.

Regarding (PP), let f ∈ FM, P ∈ C(f), and V ⊆ A. For each P ′ ∈ C(f) with
A(P ′) ⊆ A\V , we prove the result by contraposition. Suppose f(P, V ) 6|=HT

P ′. Then, there is 〈X,Y 〉 ∈ HT (f(P, V )) such that 〈X,Y 〉 /∈ HT (P ′). By
definition of FM, we have two cases: a) RY

〈P,V 〉 has a least element: in this

case, X ∈
⋂
RY
〈P,V 〉 = RY,A∗

〈P,V 〉, for some A∗ ∈ RelY〈P,V 〉. b) RY
〈P,V 〉 has no

least element: in this case, X ∈
⋃
RY
〈P,V 〉, which means that there is some

A∗ ∈ RelY〈P,V 〉 such that X ∈ RY,A∗

〈P,V 〉. For both cases, there is A ⊆ A∗ such that

〈X ∪A, Y ∪A∗〉 ∈ HT (P ). Since 〈X,Y 〉 /∈ HT (P ′) and A(P ′) ⊆ A\V , we have,
by Lemma 7, that 〈X ∪A, Y ∪A∗〉 /∈ HT (P ′). Therefore, P 6|=HT P

′.
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For (sC), let f ∈ FM, P ∈ C(f), V ⊆ A, and Y ∈ AS(f(P, V )). Then,
〈Y, Y 〉 ∈ HT (f(P, V )) and there is no X ⊂ Y such that 〈X,Y 〉 ∈ HT (f(P, V )).
By definition of FM, we have that RY

〈P,V 〉 has only the element {Y }, which is

necessarily the least element of RY
〈P,V 〉. Therefore, there is some A ∈ RelY〈P,V 〉

such that RY,A
〈P,V 〉 = {Y }, i.e., 〈Y ∪A, Y ∪A〉 ∈ HT (P ) and there is no X ⊂ Y ∪A

such that 〈X,Y ∪A〉 ∈ HT (P ). This implies that Y ∪A ∈ AS(P ), and therefore
Y ∈ AS(P )‖V .

For (wC), let f ∈ FM, P ∈ C(f), V ⊆ A, and Y ∈ AS(P )‖V . Then,
Y ∪ A ∈ AS(P ), for some A ⊆ V . Suppose A /∈ RelY〈P,V 〉. Then, there is

A′ ⊂ A such that 〈Y ∪A′, Y ∪A〉 ∈ HT (P ), which contradicts Y ∪A ∈ AS(P ).

Therefore, A ∈ RelY〈P,V 〉. This means that RY,A
〈P,V 〉 = {Y }, and thus RY,A

〈P,V 〉
is the least element of RY

〈P,V 〉. In this case,
⋂
RY
〈P,V 〉 = {Y }. By definition

of FM, we have that 〈Y, Y 〉 ∈ HT (f(P, V )) and there is no X ⊂ Y such that
〈X,Y 〉 ∈ HT (f(P, V )), which means that Y ∈ AS(f(P, V )).

By Prop. 1 of [49], we know that (sC) and (wC) together imply (CP).
Therefore, we can conclude that FM satisfies (CP). Then, since by Prop. 1 of
[49] (CP) implies (wE), we know that FM satisfies (wE).

For the negative results for (ECn) and (ECd), consider the normal (and there-
fore also disjunctive) program P = {a ← not p; p ← not a}, and V = {p}. The
set of HT-models of P isHT (P ) = {〈p, p〉, 〈a, a〉, 〈ap, ap〉, 〈a, ap〉, 〈p, ap〉, 〈∅, ap〉}.
In this case we have Rel

{a}
〈P,V 〉 = {∅} and Rel∅〈P,V 〉 = {{p}}. Note that {p} /∈

Rel
{a}
〈P,V 〉 due to the HT-model 〈a, ap〉 ∈ HT (P ). We then have that R{a}〈P,V 〉 =

{{a}} and R∅〈P,V 〉 = {∅}. Since each of these sets has a least element, we

have, by definition of FM, that HT (f(P, V )) = {〈∅, ∅〉, 〈a, a〉}, for every f ∈ FM.
Then, Lemma 3 and Lemma 2 guarantee that f(P, V ) cannot be a normal nor
a disjunctive program.

For the negative result for (W), let A = {a, p}, V = {p}, and P a program
such that HT (P ) = {〈ap, ap〉, 〈a, ap〉}. Lemma 1 guarantees that such program

exists. In this case, Rel∅〈P,V 〉 = ∅ and Rel
{a}
〈P,V 〉 = ∅. Therefore, R∅〈P,V 〉 = ∅

and R{a}〈P,V 〉 = ∅. By definition of FM, we have that HT (f(P, V )) = ∅, for every

f ∈ FM. Thus, HT (P ) 6⊆ HT (f(P, V )).
The negative result for (SI) follows from the fact, shown in Prop. 1 of [49],

that properties (CP) and (SI) together are equivalent to property (SP). By
Thm. 1, there is no class of forgetting operators over Ce that satisfies (SP). In
particular, FM does not satisfy (SP). Therefore, since FM satisfies (CP), we can
conclude that it cannot satisfy (SI). �

Theorem 12. FSP satisfies (wSP), whereas FR and FM satisfy (sSP).

Proof. First we prove that FSP satisfies (wSP).
Let f ∈ FSP, P ∈ C(f) and V ⊆ A. We aim to prove that AS(P ∪ R)‖V ⊆

AS(f(P, V ) ∪R), for R ∈ C(f) such that A(R) ⊆ A\V . Let Y ∈ AS(P ∪R)‖V .
Then, there is A∗ ⊆ V such that Y ∪A∗ ∈ AS(P ∪R). Therefore, 〈Y ∪A∗, Y ∪

66



A∗〉 ∈ HT (P∪R) and there is noX ⊂ Y ∪A∗ such that 〈X,Y ∪A∗〉 ∈ HT (P∪R).
We then have that 〈Y ∪A∗, Y ∪A∗〉 ∈ HT (P ) and 〈Y ∪A∗, Y ∪A∗〉 ∈ HT (R)
as well as A∗ ∈ RelY〈P∪R,V 〉. Then, by Lemma 9, A∗ ∈ RelY〈P,V 〉, and we have

that RY
〈P,V 〉 is non-empty and therefore Y ∈

⋂
RY
〈P,V 〉. By definition of FSP,

we have that 〈Y, Y 〉 ∈ HT (f(P, V )). Since 〈Y ∪ A∗, Y ∪ A∗〉 ∈ HT (R) and
A(R) ⊆ A\V , we have, by Lemma 7, that 〈Y, Y 〉 ∈ HT (R). Therefore, 〈Y, Y 〉 ∈
HT (f(P, V ) ∪R).

Suppose there is X∗ ⊂ Y such that 〈X∗, Y 〉 ∈ HT (f(P, V ) ∪ R). In par-
ticular, 〈X∗, Y 〉 ∈ HT (f(P, V )) and 〈X∗, Y 〉 ∈ HT (R). By definition of FSP,

X∗ ∈
⋂
RY
〈P,V 〉. In particular X∗ ∈ RY,A∗

〈P,V 〉. This means that there is A′ ⊆ A∗

such that 〈X∗ ∪ A′, Y ∪ A∗〉 ∈ HT (P ). Since 〈X∗, Y 〉 ∈ HT (R), and using
again Lemma 7, we can conclude that 〈X∗ ∪ A′, Y ∪ A∗〉 ∈ HT (R). There-
fore, 〈X∗ ∪ A′, Y ∪ A∗〉 ∈ HT (P ∪ R). The fact that X∗ ∪ A′ ⊂ Y ∪ A∗
then contradicts Y ∪ A∗ ∈ AS(P ∪ R). Hence, there is no X∗ ⊂ Y such that
〈X∗, Y 〉 ∈ HT (f(P, V ) ∪R), thus Y ∈ AS(f(P, V ) ∪R).

We now prove that FR satisfies (sSP).
Let f ∈ FR, P ∈ C(f) and V ⊆ A. We aim to prove that AS(f(P, V ) ∪R) ⊆

AS(P ∪R)‖V , for R ∈ C(f) such that A(R) ⊆ A\V . Let Y ∈ AS(f(P, V ) ∪R).
Therefore, 〈Y, Y 〉 ∈ HT (f(P, V )∪R) and there is no X ⊂ Y such that 〈X,Y 〉 ∈
HT (f(P, V )∪R). We then have that 〈Y, Y 〉 ∈ HT (f(P, V )) and 〈Y, Y 〉 ∈ HT (R).
The former implies that RelY〈P,V 〉 6= ∅, i.e., there is some A∗ ∈ RelY〈P,V 〉. Then,

〈Y ∪A∗, Y ∪A∗〉 ∈ HT (P ). Since 〈Y, Y 〉 ∈ HT (R), we have, by Lemma 7, that
〈Y ∪A∗, Y ∪A∗〉 ∈ HT (R). Therefore, 〈Y ∪A∗, Y ∪A∗〉 ∈ HT (P ∪R).

Suppose there is X∗ ⊂ Y ∪A∗ such that 〈X∗, Y ∪A∗〉 ∈ HT (P ∪R). Then,
〈X∗, Y ∪ A∗〉 ∈ HT (P ) and 〈X∗, Y ∪ A∗〉 ∈ HT (R). From 〈X∗, Y ∪ A∗〉 ∈
HT (P ) and A∗ ∈ RelY〈P,V 〉 we can conclude that X∗\V ∈ RY,A∗

〈P,V 〉. Therefore,

X∗\V ∈
⋃
RY
〈P,V 〉. By Thm. 10, we have that 〈X∗\V, Y 〉 ∈ HT (f(P, V )). Since

〈X∗, Y ∪ A∗〉 ∈ HT (R), we have, by Lemma 7, that 〈X∗\V, Y 〉 ∈ HT (R).
Therefore, 〈X∗\V, Y 〉 ∈ HT (f(P, V ) ∪ R). Moreover, since A∗ ∈ RelY〈P,V 〉,

we must have that (X∗\V ) ⊂ Y , which contradicts Y ∈ AS(f(P, V ) ∪ R).
Hence, there is no X∗ ⊂ Y ∪ A∗ such that 〈X∗, Y ∪ A∗〉 ∈ HT (P ∪ R), thus
Y ∪A∗ ∈ AS(P ∪R) and therefore Y ∈ AS(P ∪R)‖V .

Finally, we prove that FM satisfies (sSP).
Let f ∈ FM, P ∈ Cf and V ⊆ A. We aim to prove that AS(f(P, V ) ∪ R) ⊆

AS(P ∪R)‖V , for R ∈ C(f) such that A(R) ⊆ A\V . Let Y ∈ AS(f(P, V ) ∪R).
Therefore, 〈Y, Y 〉 ∈ HT (f(P, V )∪R) and there is no X ⊂ Y such that 〈X,Y 〉 ∈
HT (f(P, V )∪R). We then have that 〈Y, Y 〉 ∈ HT (f(P, V )) and 〈Y, Y 〉 ∈ HT (R).
The former then implies that RelY〈P,V 〉 6= ∅. We then have two possible cases:

a) RY
〈P,V 〉 has a least element: we choose some A∗ ∈ RelY〈P,V 〉 such that

RY,A∗

〈P,V 〉 is the least element of RY
〈P,V 〉;

b) RY
〈P,V 〉 has no least element: we choose some A∗ from RelY〈P,V 〉.

For both cases, we show that Y ∪ A∗ ∈ AS(P ∪ R) holds, from which
Y ∈ AS(P ∪ R)‖V directly follows. First, since A∗ ∈ RelY〈P,V 〉 we have that

67



〈Y ∪A∗, Y ∪A∗〉 ∈ HT (P ). Since 〈Y, Y 〉 ∈ HT (R), we have, by Lemma 7, that
〈Y ∪A∗, Y ∪A∗〉 ∈ HT (R). Therefore, 〈Y ∪A∗, Y ∪A∗〉 ∈ HT (P ∪R).

Suppose there is X∗ ⊂ Y ∪A∗ such that 〈X∗, Y ∪A∗〉 ∈ HT (P ∪R). Then,
〈X∗, Y ∪A∗〉 ∈ HT (P ) and 〈X∗, Y ∪A∗〉 ∈ HT (R). From 〈X∗, Y ∪A∗〉 ∈ HT (P )

and A∗ ∈ RelY〈P,V 〉 we can conclude that X∗\V ∈ RY,A∗

〈P,V 〉. We again consider

the two possible cases:

a) RY
〈P,V 〉 has a least element: since we are assuming that RY,A∗

〈P,V 〉 is the

least element of RY
〈P,V 〉, we have that RY,A∗

〈P,V 〉 =
⋂
RY
〈P,V 〉. Therefore, X∗\V ∈⋂

RY
〈P,V 〉. By definition of FM, we have that 〈X∗\V, Y 〉 ∈ HT (f(P, V ));

b) RY
〈P,V 〉 has no least element: then, since X∗\V ∈

⋃
RY
〈P,V 〉, we have, by

definition of FM, that 〈X∗\V, Y 〉 ∈ HT (f(P, V )).
In both cases, we conclude that 〈X∗\V, Y 〉 ∈ HT (f(P, V )). Since 〈X∗, Y ∪

A∗〉 ∈ HT (R), we have, by Lemma 7, that 〈X∗\V, Y 〉 ∈ HT (R). Therefore,
〈X∗\V, Y 〉 ∈ HT (f(P, V ) ∪ R). Since A∗ ∈ RelY〈P,V 〉, we have (X∗\V ) ⊂ Y ,

which contradicts Y ∈ AS(f(P, V ) ∪ R). Hence, there is no X∗ ⊂ Y ∪ A∗ such
that 〈X∗, Y ∪A∗〉 ∈ HT (P ∪R), thus Y ∪A∗ ∈ AS(P ∪R). �

Lemma 13. Let f ∈ FR, f ′ ∈ FM, P ∈ C(f) ∩ C(f ′), and V ⊆ A\V . Then,

HT (f ′(P, V )) ⊆ HT (f(P, V )).

Proof. Let 〈X,Y 〉 ∈ HT (f ′(P, V )). By definition of FM, we have two cases: a)
RY
〈P,V 〉 has no least element, in which case X∈

⋃
RY
〈P,V 〉, or b)RY

〈P,V 〉 has a least

element, in which case X∈
⋂
RY
〈P,V 〉. In both cases, since

⋂
RY
〈P,V 〉 ⊆

⋃
RY
〈P,V 〉,

we have that X ∈
⋃
RY
〈P,V 〉. Then, using the alternative characterization of FR

given in Thm. 10 we can conclude that 〈X,Y 〉 ∈ HT (f(P, V )). �

Proposition 24. Let P ∈ Ce be a program, V ⊆ A, f ∈ FR, and f ′ ∈ FM with
C(f) = C(f ′) = Ce. Then, for every R ∈ Ce with A(R) ⊆ A\V ,

AS(f(P, V ) ∪R) ⊆ AS(f ′(P, V ) ∪R).

Proof. Let R ∈ Ce with A(R) ⊆ A\V , and Y ∈ AS(f(P, V )∪R). Then, 〈Y, Y 〉 ∈
HT (f(P, V ) ∪ R) and there is no X ⊂ Y such that 〈X,Y 〉 ∈ HT (f(P, V ) ∪ R).
We then have that 〈Y, Y 〉 ∈ HT (f(P, V )) and 〈Y, Y 〉 ∈ HT (R). From the former
we can conclude that RelY〈P,V 〉 6= ∅, and, therefore, 〈Y, Y 〉 ∈ HT (f ′(P, V ) ∪R).

Suppose there exists X ⊂ Y such that 〈X,Y 〉 ∈ HT (f ′(P, V ) ∪ R). Then,
〈X,Y 〉 ∈ HT (f ′(P, V )) and 〈X,Y 〉 ∈ HT (R). From the former, and using
Lemma 13, we can conclude that 〈X,Y 〉 ∈ HT (f(P, V )). Since 〈X,Y 〉 ∈ HT (R),
we have that 〈X,Y 〉 ∈ HT (f(P, V )∪R), which contradicts Y ∈ AS(f(P, V )∪R).
We can therefore conclude that Y ∈ AS(f ′(P, V ) ∪R). �
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Proofs for Sec. 6

Proposition 26. Given program P , V ⊆ A, and HT-interpretation 〈X,Y 〉,
deciding whether 〈X,Y 〉 ∈ HT V (P )‖V is ΣP

2 -complete. Hardness holds already
for disjunctive programs.

Proof. Membership in ΣP
2 is argued as follows: we guess interpretation Y ′ ∼V Y

and check (X,Y ′) ∈ HT V (P ). Since the latter check is in DP (cf. Proposi-
tion 25), two NP-oracle calls suffice; ΣP

2 -membership thus follows.
The hardness result follows quite easily from the ΣP

2 -hardness of ASP con-
sistency, cf. [60]. We recall the construction (in a slightly adapted way) here,
since we will reuse it in some of the forthcoming results. The reduction maps
(2,∃)-QBFs Φ = ∃X∀Y φ with φ =

∨n
i=1(li,1 ∧ li,2 ∧ li,3) – with negative atoms

written as a – to programs

T [X,Y, φ] = {x ∨ x←;⊥ ← x, x | x ∈ X} ∪
{y ∨ y ←; y ← w; y ← w;w ← y, y | y ∈ Y } ∪
{w ← li,1, li,2, li,3 | 1 ≤ i ≤ n} ∪
{⊥ ← not w};

It is shown in [60] that T [X,Y, φ] has an answer set iff Φ is true. Recall that M
is answer set of a program P iff 〈M,M〉 is HT-model of P and for each M ′ ⊂M ,
it holds that M 6|= PM . Now let V denote all atoms occurring in T [X,Y, φ].
We observe that 〈M,M〉 is a V -HT model of T [X,Y, φ] iff M is an answer set
of T [X,Y, φ]. Consequently, 〈∅, ∅〉 ∈ HT V (P )‖V iff T [X,Y, φ] has at least one
answer set. This show ΣP

2 -hardness. �

Proposition 27. Given program P , V ⊆ A, and HT-interpretation 〈X,Y 〉
with Y ⊆ A\V , deciding whether X ∈

⋂
RY
〈P,V 〉 is in DP

2 .

Proof. We have to prove that the problem can be decided via conjoining a ΣP
2 -

and a ΠP
2 -test. The ΣP

2 -test is used to decide whether RY
〈P,V 〉 6= ∅. For this, we

guess A ⊆ V and check that 〈Y ∪ A, Y ∪ A〉 ∈ HT V (P ). The ΠP
2 -test checks

that for all A ⊆ V , either 〈Y ∪A, Y ∪A〉 /∈ HT V (P ) or 〈X,Y ∪A〉 ∈ HT V (P ).
Recalling that V -HT-model checking is in DP (cf. Proposition 25), the claimed
membership is seen to hold. �

Proposition 28. Given program P , V ⊆ A, and HT-interpretation 〈X,Y 〉 with
Y ⊆ A\V , deciding whether X∈

⋃
RY
〈P,V 〉 if RY

〈P,V 〉 has no least element, and X∈⋂
RY
〈P,V 〉 otherwise, is in ΣP

3 and in ΠP
3 .

Proof. ΣP
3 -membership: The condition holds iff there exists (X,Y ′) ∈ HT V (P )

with Y ′ ∼V Y , such that (i) RY
〈P,V 〉 has no least element or (ii) Y ′ ∩V provides

the least element of RY
〈P,V 〉. Test (i) holds iff there exist X,X ′, Z, Z ′ with

Z 6= Z ′, Y ∼V Z ∼V Z ′, and X 6= X ′, such that 〈X,Z〉 ∈ HT V (P ), 〈X ′, Z ′〉 ∈
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HT V (P ), 〈X ′, Z〉 /∈ HT V (P ), 〈X,Z ′〉 /∈ HT V (P ), and for each Z ′′ ∼V Y either
〈X,Z ′′〉 ∈ HT V (P ) or 〈X ′, Z ′′〉 ∈ HT V (P ). Test (ii) can be decided by checking
whether for all X ′′, Y ′′ with Y ′′ ∼V Y it holds that 〈Y ′′, Y ′′〉 /∈ HT V (P ),
〈X ′′, Y ′〉 /∈ HT V (P ), or 〈X ′′, Y ′′〉 ∈ HT V (P ). For giving a nondeterministic
procedure combining the above tests, we thus need to guess Y ′, X,X ′, Z, Z ′

such that for all X ′′, Y ′′, Z ′′ certain properties hold. Among these properties,
V -HT-model checking is the most costly and in DP. All together this yields a
ΣP

3 -procedure.
ΠP

3 -membership: we show ΣP
3 for the complementary problem which holds

if (i) (X,Z) /∈ HT V (P ) for each Z ∼V Y or (ii) the least element of RY
〈P,V 〉

does not contain X. Note that (ii) can be decided by guessing Y ′ ∼V Y and
checking that (Y ′, Y ′) ∈ HT V (P ), (X,Y ′) /∈ HT V (P ), and whether for all X ′

and Y ′′ with Y ′′ ∼V Y , it holds that 〈Y ′′, Y ′′〉 /∈ HT V (P ), 〈X ′, Y ′〉 /∈ HT V (P ),
or 〈X ′, Y ′′〉 ∈ HT V (P ). Since V -HT-model checking is in DP, (i) is a ΠP

2 -
test which is followed by ΣP

3 -procedure for (ii). Together, this yields a ΣP
3 -

procedure. �

Theorem 13. Given programs P , Q, and V ⊆ A, deciding whether P ≡ f(Q,V )
(for f ∈ FR) is ΠP

3 -complete. Hardness holds already for disjunctive programs.

Proof. We give ΣP
3 -membership for the complementary problem: Guess HT-

interpretation 〈X,Y 〉 and check that either (X,Y ) ∈ HT (P ) or (X,Y ) ∈
HT V (P )‖V , but not both. By Lemma 26, deciding (X,Y ) ∈ HT V (P )‖V is
in ΣP

2 ; moreover, deciding (X,Y ) ∈ HT (P ) is tractable.
For ΠP

3 -hardness, we reduce from (3,∀)-QSAT. In what follows, we fre-
quently use U = {u | u ∈ U}. Let Φ = ∀Z∃X∀Y φ with φ =

∨n
i=1(li,1∧ li,2∧ li,3)

(again, negative literals written as a). We set V = X ∪X ∪ Y ∪ Y ∪ {w} and
define

P = {z ∨ z ←;⊥ ← z, z | z ∈ Z} ∪
{⊥ ← v | v ∈ V }

Finally, let Q = T [Z ∪X,Y, φ] with T [·] as in the proof of Lemma 26. We claim
that Φ is true iff P ≡ f(Q,V ), i.e. HT (P ) = HT V (Q)‖V .

To this end, let us compute HT (P ) and HT V (Q)‖V . We have

HT (P ) = {〈I ∪ (Z\I), I ∪ (Z\I)〉 | I ⊆ Z}.

For Q, we first give the HT-models. To do so, we define for I ⊆ Z, J ⊆ Z, the
abbreviations [IJ ] = I ∪ (Z\I) ∪ J ∪ (X\I) and [IJ ]+ = [IJ ] ∪ Y ∪ Y ∪ {w}.
We have

HT (Q) = {〈[IJ ]+, [IJ ]+〉 | I ⊆ Z, J ⊆ X} ∪
{〈[IJ ] ∪K ∪ (Y \K), [IJ ]+〉 |
I ⊆ Z, J ⊆ X,K ⊆ Y, I ∪ J ∪K 6|= φ}.
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Recall that V = X ∪X ∪ Y ∪ Y ∪ {w}. We thus have

HT V (Q) = {〈[IJ ]+, [IJ ]+〉 | I ⊆ Z, J ⊆ X,
s.t. ∀K ⊆ Y, I ∪ J ∪K |= φ}.

Finally, the projection to V yields

HT V (Q)‖V = {〈I ∪ (Z\I), I ∪ (Z\I)〉 | I ⊆ Z,
s.t. ∃J ⊆ X∀K ⊆ Y, I ∪ J ∪K |= φ}.

It is now rather easy to see that HT (P ) = HT V (Q)‖V iff Φ is true. �

Theorem 14. Given programs P , Q, and V ⊆ A, deciding whether P ≡ f(Q,V )
(for f ∈ FSP) is ΠP

3 -complete. Hardness holds already for disjunctive programs.

Proof. The proof is similar to the one of Theorem 13. We give ΣP
3 -membership

for the complementary problem: Guess HT-interpretation 〈X,Y 〉 and check that
either (X,Y ) ∈ HT (P ) or (X,Y ) ∈ HT (f(P, V )) but not both. For deciding
(X,Y ) ∈ HT (f(P, V )) we need to check that Y ⊆ A\V and X ∈

⋂
RY
〈P,V 〉.

By Lemma 27, the latter is in DP
2 (which requires two calls to a ΣP

2 -oracle);
moreover, deciding (X,Y ) ∈ HT (P ) is tractable.

For ΠP
3 -hardness, we reduce from (3,∀)-QSAT. We let Φ = ∀Z∃X∀Y φ with

φ =
∨n

i=1(li,1 ∧ li,2 ∧ li,3), V = X ∪X ∪ Y ∪ Y ∪ {w}, and programs P and Q
as in the proof of Theorem 13. We claim that Φ is true iff P ≡ f(Q,V ), i.e.
HT (P ) = {〈X,Y 〉 | Y ⊆ A\V ∧X∈

⋂
RY
〈Q,V 〉}.

Recall that

HT (P ) = {〈I ∪ (Z\I), I ∪ (Z\I)〉 | I ⊆ Z}.

and

HT V (Q) = {〈[IJ ]+, [IJ ]+〉 | I ⊆ Z, J ⊆ X,
s.t. ∀K ⊆ Y, I ∪ J ∪K |= φ}.

with [IJ ]+ = I ∪ (Z\I) ∪ J ∪ (X\I) ∪ Y ∪ Y ∪ {w}.
Since, we have no non-total V -HT-models, we observe that X ∈

⋂
RY
〈Q,V 〉

implies X = Y . For our setting here, 〈I ∪ (Z\I), I ∪ (Z\I)〉 are thus the only
candidates for being contained in {〈X,Y 〉 | Y ⊆ A\V ∧X ∈

⋂
RY
〈Q,V 〉} and it

holds that 〈I ∪ (Z\I), I ∪ (Z\I)〉 ∈ {〈X,Y 〉 | Y ⊆ A\V ∧ X ∈
⋂
RY
〈Q,V 〉} iff

∃J ⊆ X∀K ⊆ Y, I ∪ J ∪K |= φ. From this observation, we get that HT (P ) =
{〈X,Y 〉 | Y ⊆ A\V ∧X∈

⋂
RY
〈Q,V 〉} iff Φ is true. �

Theorem 15. Given programs P , Q, and V ⊆ A, deciding whether P ≡ f(Q,V )
(for f ∈ FM) is ΠP

3 -complete. Hardness holds already for disjunctive programs.
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Proof. We give ΣP
3 -membership for the complementary problem: Guess HT-

interpretation 〈X,Y 〉 and check that (i) (X,Y ) ∈ HT (P ) and (X,Y ) /∈ HT (f(P, V ))
or (ii) (X,Y ) /∈ HT (P ) and (X,Y ) ∈ HT (f(P, V )). (X,Y ) /∈ HT (f(P, V )) holds
if Y 6⊆ A\V or the condition of Lemma 28 does not hold. The latter can be
done via a ΣP

3 -test (due to the ΠP
3 -membership result of Lemma 28). Simi-

larly, (X,Y ) ∈ HT (f(P, V )) holds if Y ⊆ A\V and the condition of Lemma 28
holds. The latter can be done via a ΣP

3 -test, as well (cf. Lemma 28). Since both
ΣP

3 -tests are embedded solely in a guess, we stay within ΣP
3 .

Hardness follows essentially by the same arguments as in Theorem 14, since
HT V (Q) only contains total HT-interpretations; thus the difference between
the operators becomes immaterial in the reduction from QSAT. �

Theorem 16. Let P be a program over A and V ⊆ A. Deciding whether 〈P, V 〉
satisfies criterion Ω is ΣP

3 -complete. Hardness holds already for disjunctive
programs.

Proof. Membership: We guess an interpretation Y and check that RY
〈P,V 〉 =

{RY,A
〈P,V 〉 | A ∈ RelY〈P,V 〉} is (i) non-empty and (ii) has no least element. For

(i) it suffices to guess Z such that Y ∼V Z, and check 〈Z,Z〉 ∈ HT V (P ); this

ensures that A = Z\Y ∈ RelY〈P,V 〉 and thus RY,A
〈P,V 〉 ∈ R

Y
〈P,V 〉. For (ii), we

further guess Y ′, Y ′′, X ′, X ′′ with Y ∼V Y ′ ∼V Y ′′, Y ′ 6= Y ′′, X ′ 6= X ′′ and
check that (a) 〈X ′, Y ′〉 ∈ HT V (P ), 〈X ′′, Y ′′〉 ∈ HT V (P ), 〈X ′′, Y ′〉 /∈ HT V (P ),
〈X ′, Y ′′〉 /∈ HT V (P ); and (b) for each Z ∼V Y either 〈X ′, Z〉 ∈ HT V (P ) or
〈X ′′, Z〉 ∈ HT V (P ). The rationale behind (a) is to identify A′ = Y ′\Y and

A′′ = Y ′′\Y such that X ′ ∈ RY,A′

〈P,V 〉\R
Y,A′′

〈P,V 〉 and X ′′ ∈ RY,A′′

〈P,V 〉\R
Y,A′

〈P,V 〉. Thus,

RY
〈P,V 〉 would have a least element, only if it contains a set RY,A which neither

has X ′ nor X ′′ as an element. Consequently, we can ensure that RY
〈P,V 〉 has no

least element if for each A ∈ RelY〈P,V 〉, R
Y,A
〈P,V 〉 contains either X ′ or X ′′; this

check is performed by (b). Since V -HT-model checking is in DP, this yields in
overall a ΣP

3 -procedure.
Hardness. We reduce from (3,∃)-QSAT and let Φ = ∃X∀Y ∃Zφ with φ =∧n

i=1(li,1 ∨ li,2 ∨ li,3) (negative literals written as a). W.l.o.g. we assume that
X, Y , Z are all non-empty. We set V = X ∪X ∪ Y ∪ Y ∪ {w}, and construct a

program PΦ over atoms A = X ∪X ∪Y ∪Y ∪Y ′ ∪Y ′ ∪Z ∪Z such that (PΦ, V )
satisfies criterion Ω iff Φ is true.

Before constructing PΦ, we give its intended HT-models. To this end, we
use the folloing abbreviations, for I ⊆ X, J ⊆ Y :

• [IJ ] = I ∪ (X\I) ∪ J ∪ (Y \J)

• [IJ ]+ = [IJ ] ∪ Y ′ ∪ Y ′ ∪ Z ∪ Z.

72



We have

HT (PΦ) = {〈[IJ ], [IJ ]+〉, 〈[IJ ]+, [IJ ]+〉 | I ⊆ X, J ⊆ Y } ∪
{〈[IJ ] ∪ J ′ ∪ (Y

′\J ′) ∪K ∪ (Z\K), [IJ ]+〉 |
I ⊆ X, J ⊆ Y,K ⊆ Z, s.t. I ∪ J ∪K |= φ}

We show that (PΦ, V ) satisfies Ω iff Φ is true.

Only-if: assume there is a set M ⊆ A\V satisfying the conditions for Ω. Then

M is of the form I ∪ (X\I)∪Y ′∪Y ′ for some I ⊆ X. Moreover, RM
(PΦ,V ) cannot

contain the set {[IJ ]\V,M} (i.e. the set stemming solely from the φ-independent
tuples from HT (PΦ)), since then it would have a least element. But then, by
the definition of the HT-models of PΦ, we know that for each J ⊆ Y there

exists an HT-model of PΦ of the form 〈[IJ ]∪ J ′ ∪ (Y
′\J ′)∪K ∪ (Z\K), [IJ ]+〉,

witnessing that for each J ⊆ Y there exists a K ⊆ Z, such that I ∪ J ∪K |= φ.
It follows that Φ is true.

if: assume Φ is true and let I ⊆ X be a model of ∀Y ∃Zφ. We show that

M = I ∪ (X ′\I)∪Y ′ ∪Y ′ satisfies the conditions for Ω. Since Φ is true there is,
for each J ⊆ Y , at least one K ⊆ Z making φ true. From this we obtain that

RM
(PΦ,V ) is of the form {[IJ ]\V, I ∪ (X\I) ∪ J ′ ∪ (Y

′\J ′),M | J ⊆ Y } which is

clearly non-empty (recall that Y 6= ∅) and does not have a least element.

We finally give the required polynomial-time construction of PΦ, given Φ. PΦ

contains the following rules:

{a ∨ a←; ⊥ ← a, a | a ∈ X ∪ Y }
{⊥ ← not a; ⊥ ← not a | a ∈ Y ′ ∪ Z}
{a ∨ a← b; a ∨ a← b | a, b ∈ Y ′ ∪ Z}

{a← b, b
′
; a← b, b′; a← b, b

′
; a← b, b′ | a ∈ Y ′ ∪ Z, b ∈ Y }

{a← li,1, li,2, li,3; a← li,1, li,2, li,3 | a ∈ Y ′ ∪ Z, 1 ≤ i ≤ n}

It can be checked that HT (PΦ) behaves as intended. �

Proofs for Sec. 7

Corollary 2. Let fSas be the operator defined in [45] for FSas and P a program
for which fSas is defined. For every f ∈ FSP, if a single atom p is p-forgettable
from P , then HT (f(P, {p})) = HT (fSas(P, {p})).

Proof. The result follows easily from Proposition 5, the fact that if p is p-
forgettable from P then 〈P, {p}〉 does not satisfy Ω, and the fact that fSas

satisfies (SP)〈P,{p}〉. �

Proposition 29. Let P be a program over A. Then,

Mod(P ) = AS(P ∗)
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Proof. First of all, it is obvious that AS(P ∗) ⊆ Mod(P ) since A ∈ AS(P ∗) is
a classical model P ∗ and therefore also a classical model of P .

For the reverse inclusion, just take A ∈ Mod(P ). Note that P ∗A = PA ∪
{a←| a ∈ A}. Since A is a model of P , it is also a model of PA. Clearly, A is
also a model of {a ←| a ∈ A}, and therefore a model of PA ∪ {a ←| a ∈ A}.
Since no strict subset of A can satisfy {a←| a ∈ A}, A is the minimal model of
PA ∪ {a←| a ∈ A}, therefore A ∈ AS(P ∗). �

Proposition 30. Let P be a program over A. Then, for every V ⊆ A, we have
that 〈P ∗, V 〉 does not satisfy Ω.

Proof. We start by proving that all HT-models of P ∗ are total. Let 〈X,Y 〉 be
an HT-model of P ∗. Then, by definition, Y |= P ∗ and X |= (P ∗)Y . Since
(P ∗)Y = PY ∪ {a←| a ∈ Y } and since X |= (P ∗)Y , we have that in particular
X |= {a ←| a ∈ Y }. This means that Y ⊆ X. Since, by definition of HT-
interpretation, X ⊆ Y , we can conclude that X = Y .

Now, since we already proved that all HT-models of P ∗ are total, we have
that, for each Y ⊆ A\V and A ⊆ V , the set RY,A

〈P∗,V 〉 is either empty or the set

{Y }. This means that, for each Y ⊆ A\V , RY
〈P∗,V 〉 is either empty or the set

{{Y }}. There is therefore no Y ⊆ A\V for which RY
〈P∗,V 〉 is non-empty and

has no least element, meaning that 〈P ∗, V 〉 does not satisfy Ω. �

Proposition 31. Let P be a program over A and V ⊆ A. Then, for every
f ∈ FSP, we have that the following conditions hold

- HT (f(P ∗, V )) = {〈T, T 〉 | T ∈Mod(fCL(P, V ))}

- AS(f(P ∗, V )) = Mod(fCL(P, V )).

Proof. We start by proving that all HT-models of P ∗ are total. Let 〈X,Y 〉 be
an HT-model of P ∗. Then, by definition, Y |= P ∗ and X |= (P ∗)Y . Since
(P ∗)Y = PY ∪ {a←| a ∈ Y } and since X |= (P ∗)Y , we have that in particular
X |= {a ←| a ∈ Y }. This means that Y ⊆ X. Since, by definition of HT-
interpretation, X ⊆ Y , we can conclude that X = Y . Now, since we already
proved that all HT-models of P ∗ are total, we have that, for each Y ⊆ A\V and

A ⊆ V , the set RY,A
〈P∗,V 〉 is either empty or the set {Y }, implying that RY

〈P∗,V 〉
is either empty or the set {{Y }}. Given this, since f ∈ FSP and taking into
account the definition of FSP, we can conclude that HT (f(P ∗, V )) = {〈Y, Y 〉 |
RY
〈P∗,V 〉 6= ∅}. Note just that RY

〈P∗,V 〉 6= ∅ iff there exists A ∈ RelY〈P∗,V 〉
such that 〈Y ∪ A, Y ∪ A〉 ∈ HT (P ∗). This means that Y ∪ A |= P , thus
Y ∪A ∈Mod(P ), and by definition of classical forgetting, Y ∈Mod(fCL(P, V )).
Then, we can conclude that HT (f(P ∗, V )) = {〈Y, Y 〉 | Y ∈Mod(fCL(P, V ))}.

The fact that AS(f(P ∗, V )) = Mod(fCL(P, V )) follows immediately from
the already proved fact HT (f(P ∗, V )) = {〈T, T 〉 | T ∈Mod(fCL(P, V ))}. �
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