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?

1International Center for Computational Logic, TU Dresden, 01062 Dresden,
Germany, {dietz,sh}@iccl.tu-dresden.de

2 and North-Caucasus Federal University, Stavropol, Russian Federation
3NOVA Laboratory for Computer Science and Informatics, Departamento de Informática
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Abstract. We present a new logic programming approach to contex-
tual reasoning, based on the Weak Completion Semantics (WCS), the
latter of which has been successfully applied in the past to adequately
model various human reasoning tasks. One of the properties of WCS
is the open world assumption with respect to undefined atoms. This is
a characteristic that is different to other common Logic Programming
semantics, a property that seems suitable when modeling human reason-
ing. Notwithstanding, we have noticed that the famous Tweety default
reasoning example, originally introduced by Reiter, cannot be modeled
straightforwardly under WCS. Hence, to address the issue and taking
Pereira and Pinto’s inspection points as inspiration, we develop a notion
of contextual reasoning for which we introduce contextual logic programs.
We reconsider the formal properties of WCS with respect to these and
verify whether they still hold. Finally, we set forth contextual abduction
and show that not only the original Tweety example can be nicely mod-
eled within the new approach, but more sophisticated examples as well,
where context plays an important role.

1 Introduction

We shall develop a characterization of contextual reasoning, which has its origins
in [21, 22], and which in turn was inspired by [23]. This will be done in the
context of logic programming (cf. [18]), weak completion [13], abduction [16],
Stenning and van Lambalgen’s representation of implications as well as their
semantic operator Φ [25] and our use of three-valued  Lukasiewicz logic [19],
instead of their use of [10] which has been assembled together in [9,12–15]. This
approach–which we call WCS for Weak Completion Semantics–has been applied
to adequately model various human reasoning tasks [5, 7, 8] and to reasoning
about conditionals [4, 6].

Consider the famous Tweety example from [24]: Usually birds can fly. Tweety
and Jerry are birds. They can be encoded by the following (datalog) program,
P1, where ‘ab’ stands for ‘abnormal’:
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2 Dietz Saldanha, Hölldobler and Pereira

can fly(X)← bird(X) ∧ ¬ab(X). ab(X)← ⊥. bird(tweety)← >.
bird(jerry)← >.

We derive can fly(tweety) and can fly(jerry) as nothing is abnormal with respect
to Tweety and Jerry. We modify the example by replacing the first statement
with: Usually birds can fly, but kiwis and penguins cannot. This is encoded by P2:

can fly(X)← bird(X) ∧ ¬ab(X). ab(X)← kiwi(X). bird(tweety)← >.
ab(X)← penguin(X). bird(jerry)← >.

The ground instances of the weak completion of this program are as follows:

can fly(tweety)↔ bird(tweety) ∧ ¬ab(tweety). bird(tweety)↔ >.
can fly(jerry)↔ bird(jerry) ∧ ¬ab(jerry). bird(jerry)↔ >.
ab(tweety)↔ kiwi(tweety) ∨ penguin(tweety).
ab(jerry)↔ kiwi(jerry) ∨ penguin(jerry).

Different than under Clark’s completion semantics [3], the Stable Model Se-
mantics [11] or the Well-Founded Semantics [26], kiwi(tweety), penguin(tweety),
kiwi(jerry) and penguin(jerry) are not assumed to be false by the closed world
assumption but stay unknown by WCS’s open world assumption. In other words,
they are neither true nor false.1 This leads to the following consequence under
WCS: As we don’t know whether Tweety and Jerry are penguins or kiwis, we
cannot derive that they can fly. Even if we model this case with the help of
abduction, e.g. we observe that Jerry flies, O = {can fly(jerry)}, we still need
to state in its explanation that Jerry must be neither a penguin nor a kiwi.

We want to avoid explicitly stating that all exception cases are false such
as the Completion Semantics, the Stable Model Semantics or Well-Founded Se-
mantics will do. We don’t think that humans actively apply the closed world
assumption in reality, i.e. that they explicitly add negation to the cases they
don’t know anything about. Instead, we assume that humans, if they are not for
some reason aware of exceptions, simply ignore these cases. In other words, they
do not consciously become aware of all exceptions when they reason.2 Accord-
ingly, when modeling these cases with logic programs, we should leave the truth
values of these exception cases unknown and find a mechanism that just ignores
them. At the moment, we cannot express this syntactically in WCS programs.

After Sections 2 and 3 have introduced preliminaires and abduction, we
present contextual programs in Section 4, and verify whether the same prop-
erties of the Φ operator hold for contextual programs as for the programs we
have considered so far in our modeling of applications. Section 5 presents con-
textual abductive reasoning and specifies the notion of contextual side-effects.
We terminate with conclusions, including open questions.

2 Preliminaries

(Program) clauses are expressions of the forms A← L1 ∧ . . .∧Ln (called rules),
A ← > (called facts), and A ← ⊥ (called assumptions), where n ≥ 1, A is an

1 If those atoms were assumed to be false, then typical human reasoning tasks like the
suppression task [2] could not be modeled adequately [7].

2 Currently, we know of at least 40 species of birds that can’t fly.
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F ¬F

> ⊥
⊥ >
U U

∧ > U ⊥

> > U ⊥
U U U ⊥
⊥ ⊥ ⊥ ⊥

∨ > U ⊥

> > > >
U > U U

⊥ > U ⊥

← L > U ⊥

> > > >
U U > >
⊥ ⊥ U >

↔ L > U ⊥

> > U ⊥
U U > U

⊥ ⊥ U >

Table 1. >, ⊥, and U denote true, false, and unknown, respectively.

atom, and each Li, 1 ≤ i ≤ n, is a literal. A is called head and L1 ∧ . . . ∧ Ln

as well as > and ⊥, standing for true and false, respectively, are called body of
the corresponding clauses. A (logic) program is a set of clauses. Throughout this
paper, P denotes a program. We assume for each P that the alphabet consists
precisely of the symbols occurring in P and that non-propositional programs
contain at least one constant symbol.

gP denotes the set of all ground instances of clauses occurring in P. Let P
be a ground program and A a ground atom. An exception clause in P is a clause
whose head is an abnormality predicate, i.e. it features predicate ab or abi, where
1 ≤ i ≤ n. A is defined in P iff P contains a rule or a fact with head A. A is
undefined in P iff A is not defined in P. The definition of A in P is as follows:

def (A,P) = {A← Body | A← Body is a rule or a fact occurring in P}.

¬A is assumed in P iff P contains an assumption with head A and def (A,P) = ∅.
Let P be a ground program. Consider the following transformation: (1)

Replace all clauses with the same head A ← Body1, A ← Body2, . . . by
A ← Body1 ∨ Body2 ∨ . . .. (2) Replace all occurrences of ← by ↔. The re-
sulting set is called weak completion of P or wcP. Note that undefined atoms
are not identified with ⊥ as in the completion of P [3].

We consider the three-valued  Lukasiewicz (or  L-) logic [19] (see Table 1)
and represent each interpretation I by 〈I>, I⊥〉, where I> = {A | I(A) = >},
I⊥ = {A | I(A) = ⊥}, I> ∩ I⊥ = ∅, and each ground atom A 6∈ I> ∪ I⊥ is
mapped to U (unknown). Let 〈I>, I⊥〉 and 〈J>, J⊥〉 be two interpretations. We
define 〈I>, I⊥〉 ⊆ 〈J>, J⊥〉 iff I> ⊆ J> and I⊥ ⊆ J⊥. Logic programs as well
as their weak completions admit a least model under  L-logic. The least  L-model
of wcP can be obtained as the least fixed point of the following operator, which
is due to Stenning and van Lambalgen [25]: ΦP(〈I>, I⊥〉) = 〈J>, J⊥〉, where

J> = {A | there exists A← Body ∈ gP with I(Body) = >},
J⊥ = {A | there exists A← Body ∈ gP

and for all A← Body ∈ gP we find I(Body) = ⊥}.

(I,⊆) is a complete partial order, where I is the set of all interpretations, the
least one being 〈∅, ∅〉. ΦP is monotonic on (I,⊆), i.e., I1 ⊆ I2 implies ΦP(I1) ⊆
ΦP(I2). By the Knaster-Tarski theorem, ΦP has a least fixed point. Moreover,
ΦP is continuous for finite datalog programs. For details see [13,17].

Weak Completion Semantics (WCS) is the approach that considers weakly
completed logic programs to reason with respect to the least  L-models of these
programs. We write P |=wcs F iff formula F holds in the least  L-model of wcP.
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In the remainder of this paper, MP denotes the  L-model of wcP, which has
been computed by the ΦP operator.

A set of integrity constraints IC comprises clauses of the form U ← Body,
where Body is a conjunction of literals. Given P and IC, P satisfies IC iff for
all U ← Body ∈ IC, we find that MP(Body) 6= >. This definition allows us to
specify that literals can be either unknown or false. This understanding is similar
to the definition of the integrity constraints for the Well-founded Semantics
in [20]. Note that in Section 4, when we introduce contextual programs we can
restrict ICs to have ⊥ in heads instead, because contextual literals, as we will
see, can compensate for that in IC bodies, without loss of generality.

3 Abduction

Let P be a ground program. The set of abducibles of P is

AP = {A← > | A is undefined in P or A is head of an exception clause in P}
∪ {A← ⊥ | A is undefined in P and ¬A is not assumed in P}.

It consists of facts and assumptions for the undefined ground atoms occurring
in P as well as of defeaters for assumptions and exception clauses occurring in P.
A fact of the form A ← > is called defeater for the assumption A ← ⊥ or for
an exception clause ab(X) ← Body, because the weak completion of the fact
together with these clauses is semantically equivalent to A↔ >.3

An abductive framework consists of a logic program P, a set of abducibles
A ⊆ AP , a set of integrity constraints IC and the entailment relation |=wcs. An
abductive framework is denoted by 〈P,A, IC, |=wcs〉.

In the sequel, we consider datalog programs, i.e. abductive frameworks are
defined with respect to the ground instances of the program. Consider again P1:
Its least  L-model, MP1

= 〈M>
P1
,M⊥

P1
〉, is

M>
P1

= {bird(tweety), bird(jerry), can fly(tweety), can fly(jerry)},
M⊥

P1
= {ab(tweety), ab(jerry)}.

The set of abducibles of P1 is AP1
= {ab(tweety)← >, ab(jerry)← >}.

One should observe that each program and, in particular, each finite set of
facts and assumptions has an  L-model. For the latter case, it can be obtained
by mapping all heads occurring in the set to true. Thus, in the next definition,
explanations as well as the union of a program and an explanation are satisfiable.

An observation O is a set of ground literals; it is explainable in the frame-
work 〈P,A, IC, |=wcs〉 iff there exists an E ⊆ A called explanation such that
MP∪E |=wcs L for all L ∈ O and P ∪E satisfies IC. Sometimes explanations are
required to be minimal in that they cannot be subsumed by another explanation.

Consider the framework 〈P1,AP1 , ∅, |=wcs〉 and let O = {¬can fly(tweety)}.
There are two explanations, viz. E1 = {ab(tweety)← >} and E2 = {ab(tweety)←
>, ab(jerry)← >} with E1 being minimal. We obtain MP1∪E1

with

3 Defeaters were not part of the first specification of the set of abducibles under
WCS [7, 15], but without the defeaters the first example discussed in this section
cannot be solved.
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M>
P1∪E1

= {bird(tweety), bird(jerry), can fly(jerry), ab(tweety)},
M⊥

P1∪E1
= {ab(jerry), can fly(tweety)}.

Consider again P2: We obtain MP2
= 〈{bird(tweety), bird(jerry)}, ∅〉 and

AP2
= AP1

∪ { kiwi(tweety)← ⊥, penguin(tweety)← ⊥,
kiwi(tweety)← >, penguin(tweety)← >,
kiwi(jerry)← ⊥, penguin(jerry)← ⊥,
kiwi(jerry)← >, penguin(jerry)← > }

Considering 〈P2,AP2 , ∅, |=wcs〉 and O = {can fly(jerry)} we obtain the minimal
explanation {kiwi(jerry) ← ⊥, penguin(jerry) ← ⊥}. In other words, in order
to explain that Jerry can fly we have to assume that Jerry does not belong to
any of the known exceptions. The question that arises already in [24] is whether
and how we can avoid the explicit investigation into all known exceptions and
conclude instead that Jerry can fly by default? Posed differently, does an ordinary
human knowing the statements mentioned above and observing that Jerry can
fly accept this observation as default or does he or she accept this observation
only after explicitly reasoning just in case Jerry is not a kiwi and not a penguin?

4 Contextual Programs

L ctxt(L)

> >
⊥ ⊥
U ⊥

Table 2. truth
table for ctxt(L).

In [23], Pereira and Pinto have introduced inspection points
of the form inspect(L), where L is a literal. Inspection points
are treated as meta-predicates belonging to a special case
of abducibles: inspect(L) can only be abduced to explain
some observation in case L is abduced to explain some given
observation. More formally, E is an explanation if for each
inspect(L) ∈ E we find that L ∈ E too. That is, inspect(L) is
only accepted in the context of L.

Inspired by the idea underlying inspection points, we introduce a new truth-
functional operator ctxt (called context), whose meaning is specified in Table 2.
With the help of ctxt, preferences on explanations, among other things, can be
syntactically specified. These preferences are context-dependent.

The interpretation of ctxt can be understood as a mapping from three-valued-
ness to two-valuedness. It is one possible way to capture negation as failure (or
negation by default) under WCS. The original idea of negation as failure [3] is
to derive the negation of A in case we fail to derive A, where the meaning of
derivation failure depends on the semantics. Negation as failure does not exist
under WCS, quite the contrary is the case. Let P3 = {p ← q, p ← ⊥}. Its
weak completion is wcP3 = {p ↔ q ∨ ⊥}, which is semantically equivalent to
{p↔ q}. The least model of wcP3 is 〈∅, ∅〉, so p and q are both unknown, whereas
they would be false if negation as failure had been adopted under WCS. The
assumption p ← ⊥ has been overridden by the first clause of P3 and does not
have any effect at all. On the other hand, ctxt(L) = ⊥ if L is unknown.

We extend the definition of programs by allowing expressions of the form
ctxt(L) in the body of clauses. Formally, contexual rules are expressions of the
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form A ← L1 ∧ . . . ∧ Lm ∧ ctxt(Lm+1) ∧ . . . ∧ ctxt(Lm+p), where m, p ∈ N such
that m + p ≥ 1. A contextual (datalog) program P is a finite set of contextual
rules, facts and assumptions.

Consider the following two programs and their weak completions:

P4 = {p← ¬q}, P5 = {p← ctxt(¬q)},
wcP4 = {p↔ ¬q}, wcP5 = {p↔ ctxt(¬q)}.

Starting with I0 = 〈∅, ∅〉 we compute the corresponding least fixed points of
ΦP4

and ΦP5
as ΦP4

(〈∅, ∅〉) = 〈∅, ∅〉 and ΦP5
(〈∅, ∅〉) = 〈∅, {p}〉 = ΦP5

(〈∅, {p}〉).
ctxt(¬q) in P5 mimics negation as failure: Nothing is known about q, therefore
we derive that p is false in P5.

By means of ctxt, the common syntactical form for integrity constraints can
be re-established: IC comprises clauses of the form ⊥ ← Body, where Body is
a conjunction of L1 ∧ . . . ∧ Lm ∧ ctxt(Lm+1) ∧ . . . ∧ ctxt(Lm+p), m, p ∈ N and
m + p ≥ 1. Given P and IC, P satisfies IC iff for all ⊥ ← Body ∈ IC, we find
that MP(Body) = ⊥. Because ctxt is allowed in the body of these clauses, the
same understanding as in Section 2 can be maintained: If a literal L should be
either unknown or false, then we can simply write ⊥ ← ctxt(L).

In the remainder of this paper we assume that the underlying semantics of
these contextual programs is the  L-logic defined in Section 2 extended by the
truth table for ctxt defined in Table 2. Although the Φ-operator admits a least
fixed point for programs P4 and P5, we need to check whether this holds in
general under the modified logic. As another example consider

P6 = {p← q ∧ ctxt(r), r ← ¬s, s← ctxt(t)}.

Applying Φ to P6 starting with the empty interpretation I0 = 〈∅, ∅〉 results in:

ΦP6
(I0) = 〈∅, {p, s}〉 = I1, ΦP6

(I1) = 〈{r}, {p, s}〉 = I2,
ΦP6(I2) = 〈{r}, {s}〉 = ΦP6(〈{r}, {s}〉).

One should observe that I1 ⊆ I2, but ΦP6
(I1) ⊆ ΦP6

(I2) does not hold. Hence, Φ
is not monotonic anymore and, therefore, we cannot employ the Knaster-Tarski
theorem to conclude that Φ has a least fixed point. In fact, it not always has
a least fixed point, as the program P7 = {p ← ctxt(¬p)} shows. Starting with
I0 = 〈∅, ∅〉 we obtain:

ΦP7(I0) = 〈∅, {p}〉 = I1, ΦP7(I1) = 〈{p}, ∅〉 = I2, ΦP7(I2) = 〈{∅, {p}〉 = I1.

Is it possible to show that we can guarantee a least fixed point for a particular
class of contextual programs? In this paper we follow an idea first developed by
Fitting in [10] for programs under Kripke-Kleene logic. The idea is adapted to
programs under  L-logic in [12, 17]. The Banach Contraction Theorem [1] states
that every contraction mapping has a unique fixed point. Hence, the goal is
to show that ΦP is a contraction on an appropriately defined metric space.
Unfortunately, semantic operators are in general not contractions. This holds
for Fitting’s approach as well as for its adaptation discussed in [12, 17], and
program P7 shows that it also does not apply for the logic considered in this
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Section. But, as we will show, it applies to acyclic contextual programs. Before
being able to do so, we need some definitions.

A metric on a space M is a mapping d : M×M 7→ R, such that for all
x, y, z ∈ M we have: d(x, y) = 0 iff x = y, d(x, y) = d(y, x), and d(x, y) ≤
d(x, z) + d(z, y). A metric space (M, d) is complete if every Cauchy sequence
converges. A sequence s1, s2, s3, . . . is Cauchy if, for every ε > 0 there is an
integer N such that for all n,m ≥ N, d(sn, sm) ≤ ε. The sequence converges if
there is an s such that, for every ε > 0, there is an integer N such that for all
n ≥ N, d(sn, s) ≤ ε. Let (M, d) be a metric space: A mapping f : M 7→ M is
a contraction if for all x, y ∈ M there exists a k ∈ R with 0 < k < 1 such that
d(f(x), f(y)) ≤ k · d(x, y).

Theorem 1. [1] A contraction mapping f on a complete metric space has a
unique fixed point. The sequence x, f(x), f(f(x)), . . . converges to this fixed
point for any x.

A level mapping for a contextual program P is a function ` which assigns
to each ground atom a natural number. It is extended to ground literals and
expressions of the form ctxt(L) as follows, where L is a ground literal and A a
ground atom: `(¬A) = `(A) and `(ctxt(L)) = `(L). A contextual program P
is acyclic with respect to a level mapping ` iff for every rule A ← L1 ∧ . . . ∧
Lm ∧ ctxt(Lm+1) ∧ . . . ∧ ctxt(Lm+p) ∈ P and for all 1 ≤ i ≤ m, we find that
`(A) > `(Li) and for all m + 1 ≤ j ≤ m + p, we find that `(A) > `(ctxt(Lj)).
A contextual program P is acyclic iff it is acyclic with respect to some level
mapping `.

Let ` be a level mapping and I and J be interpretations. The function d` :
I × I 7→ R is defined as

d`(I, J) =


( 1
2 )n I 6= J and I(A) = J(A) 6= U for all A with `(A) < n and,

for some A with `(A) = n, I(A) 6= J(A) or I(A) = J(A) = U,

0 otherwise.

Proposition 2. [17] d` is a metric and (I, d`) is a complete metric space.

Theorem 3. Let P be an acyclic contextual program with respect to the level
mapping `. Then ΦP is a contraction on (I, d`).

Proof. Given that P is a contextual program, we have to show that

d`(ΦP(I), ΦP(J)) ≤ 1

2
· d`(I, J). (1)

If I = J , then ΦP(I) = ΦP(J), d`(ΦP(I), ΦP(J)) = d`(I, J) = 0, and (1) holds.
If I 6= J , then since ` is total, we obtain d`(I, J) = 1

2

n
for some n ∈ N. We will

show that d`(ΦP(I), ΦP(J)) ≤ ( 1
2 )n+1, i.e. for all ground atoms A ∈ gP, with

`(A) ≤ n we have that ΦP(I)(A) = ΦP(J)(A).
Let us take some A with `(A) ≤ n and let def (A,P) be the set of all clauses in
gP where A is the head of. As P is acyclic, for all rules

A← L1 ∧ . . . ∧ Lm ∧ ctxt(Lm+1) ∧ . . . ∧ ctxt(Lm+p) ∈ def (A,P)
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for all 1 ≤ i ≤ m we obtain `(Li) < `(A) ≤ n, and for all m + 1 ≤ j ≤ m + p,
we obtain `(ctxt(Lj)) < `(A) ≤ n. We know that d`(I, J) ≤ ( 1

2 )n, so for all 1 ≤
i ≤ m, I(Li) = J(Li), and for all m+ 1 ≤ j ≤ m+ p, I(ctxt(Lj)) = J(ctxt(Lj)).
Therefore, I and J interpret identically all bodies of clauses with A in the head.
Consequently, ΦP(I)(A) = ΦP(J)(A).

Corollary 4. Let P be an acyclic contextual program. ΦP has a unique fixed
point. This fixed point can be reached in finite time by iterating ΦP starting from
any interpretation.

Proof. 1. By Proposition 2, (I, d`) is a complete metric space.
2. By Theorem 3, ΦP is a contraction for acyclic contextual P on I using d`.
3. By 1. and 2. and the Banach Contraction Theorem, Theorem 1, for any

acyclic contextual P, ΦP has a unique fixed point. Furthermore, this fixed
point can be reached starting from any interpretation.

4. By 3. and because P is finite, ΦP can be reached in a finite number of times
starting from any interpretation.

The following result can be shown analogously to the proof for P in [17].

Proposition 5. Let P be an acyclic contextual program. Then, the least fixed
point of ΦP is a model of wcP.

Proof. Assume that the least fixed point of ΦP = 〈I>, I⊥〉 and A ↔ F ∈ wcP.
We distinguish between 3 cases:

1. If I(A) = >, then according to the definition of ΦP , there exists a clause
A← L1 ∧ · · · ∧Lm ∧ ctxt(Lm+1)∧ · · · ∧ ctxt(Lm+p), such that for all 1 ≤ i ≤
m + p, I(Li) = >. As L1 ∧ · · · ∧ Lm ∧ ctxt(Lm+1) ∧ · · · ∧ ctxt(Lm+p) is one
of the disjuncts in F , I(F ) = >, and thus I(A↔ F ) = >.

2. If I(A) = U, then according to the definition of ΦP , there is no clause A←
L1∧· · ·∧Lm∧ctxt(Lm+1)∧· · ·∧ctxt(Lm+p), such that for all 1 ≤ i ≤ m+p,
I(Li) = > and there is at least one clause A← L1 ∧ · · · ∧Lm ∧ ctxt(Lm+1)∧
· · · ∧ ctxt(Lm+p), such that for all 1 ≤ i ≤ m+ p, I(Li) 6= ⊥ and there exists
1 ≤ j ≤ m, I(Lj) = U. As none of the disjuncts in F is true, and at least
one is unknown, I(F ) = U and thus I(A↔ F ) = >.

3. If I(A) = ⊥, then according to the definition of ΦP , there exists a clause
A ← L1 ∧ · · · ∧ Lm ∧ ctxt(Lm+1) ∧ · · · ∧ ctxt(Lm+p) and for all clauses
A← L1∧· · ·∧Lm∧ctxt(Lm+1)∧· · ·∧ctxt(Lm+p), there exists 1 ≤ i ≤ m+p
such that I(Li) = ⊥ or there exists m+1 ≤ j ≤ m+p, such that I(Lj) 6= >.
As all disjuncts in F are false, I(F ) = ⊥ and thus I(A↔ F ) = >.

As has been shown in [14], for non-contextual programs, the least fixed point
of ΦP is identical to the least model of the weak completion of P. As the fol-
lowing example shows this does not hold for contextual programs, as the weak
completion of contextual programs might have more than one minimal model.
Consider P = {s ← ¬r, r ← ¬p ∧ q, q ← ctxt(¬p)}. Its weak completion is
wcP = {s ↔ ¬r, r ↔ ¬p ∧ q, q ↔ ctxt(¬p)}. The least fixed point of ΦP
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is 〈{s}, {q, r}〉, which is a minimal model of wcP. However, yet another minimal
model of wcP is 〈{q, r}, {p, s}〉. But this model is not supported in the sense that
if we iterate ΦP starting with this model, then we will compute 〈{s}, {q, r}〉. As
the fixpoint of ΦP is unique and the only supported minimal model of wcP, we
define P |=wcs F if and only if F holds in the least fixed point of ΦP .

5 Contextual Abduction

How can we prefer explanations that explain the normal cases to explanations
that explain the exception cases? How can we express that some explanations
have to be considered only if there is some evidence for considering the exception
cases? We want to avoid having to consider all explanations if there is no evidence
for considering exception cases. On the other hand, we don’t want to state that
all exception cases are false, as we must do for O = {can fly(jerry)} given P1.

Consider the following definition for strong dependency in contextual pro-
grams: Given a rule A ← L1 ∧ . . . ∧ Lm ∧ ctxt(Lm+1) ∧ . . . ∧ ctxt(Lm+p) for all
1 ≤ i ≤ m, A ‘strongly depends on’ Li. The ‘strongly depends on’ relation is
transitive. If A strongly depends on Li, then ¬A strongly depends on Li. Fur-
thermore, if Li = B, then A strongly depends on ¬B and if Li = ¬B, then
A strongly depends on B. Consider program P = {p ← r, p ← ctxt(q)}: p
strongly depends on r, p strongly depends on ¬r, ¬p strongly depends on r and
¬p strongly depends on ¬r. However, p does not strongly depend on q, nor on
ctxt(q).

A contextual abductive framework is a quadruple 〈P,A, IC, |=wcs〉, consisting
of an acyclic contextual program P, a set of abducibles A ⊆ AP , a set of integrity
constraints IC, and the entailment relation |=wcs, where AP is defined as

AP = {A← > | A is undefined in P or A is head of an exception clause in P}
∪ {A← ⊥ | A is undefined in P and ¬A is not assumed in P}.

Let an observation O be a non-empty set of ground literals. Note that O does
not contain formulas of the form ctxt(L).

Let 〈P,A, IC, |=wcs〉 be a contextual abductive framework where P satisfies
IC, E ⊆ A and O is an observation. O is contextually explained by E given P
and IC iff O is explained by E given P and IC and for all A ← > ∈ E and for
all A ← ⊥ ∈ E there exists L ∈ O, such that L strongly depends on A. O is
contextually explainable given P and IC iff there exists some E such that O is
contextually explained by E given P and IC.

Similar to explanations in abduction, we assume that contextual explanations
are minimal, that is, there is no other contextual explanation E ′ ⊂ E for O given
P and IC. Note that, compared to explanations, contextual explanations have
an additional requirement: There has to be a literal in the observation, which
strongly depends on some atom for which there exists a fact or assumption in
E . We distinguish between skeptical and credulous reasoning in the usual way:

F contextually follows skeptically from P, IC and O iff O can be contextually
explained given P and IC, and for all E for O it holds that P ∪ E |=wcs F .
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F contextually follows credulously from P, IC and O iff there exists some E that
contextually explains O and it holds that P ∪ E |=wcs F .

Let us adapt P2 from the introduction such that all exceptions, viz. X being
a penguin or a kiwi, are evaluated with respect to their context, ctxt, instead:

P8 = { can fly(X)← bird(X) ∧ ¬ab1(X), bird(tweety)← >,
ab1(X)← ctxt(kiwi(X)), bird(jerry)← >,
ab1(X)← ctxt(penguin(X)) }.

We obtain MP8 with

M>
P8

= {bird(tweety), bird(jerry), can fly(tweety), can fly(jerry)},
M⊥

P8
= {ab1(tweety), ab1(jerry)}.

This model already entails the observation O = {can fly(jerry)} and, thus, O
does not need any explanation beyond the minimal empty one.

5.1 More about Tweety

Consider, the following extension of P8:

P9 = P8 ∪ { kiwi(X)← featherslikeHair(X) ∧ ¬ab2(X),
penguin(X)← blackAndWhite(X) ∧ ¬ab3(X),
ab2(X)← ctxt(inEurope(X)),
ab3(X)← ctxt(inEurope(X)) }.

We obtain MP9
with

M>
P9

= {bird(tweety), bird(jerry), can fly(jerry), can fly(tweety) },
M⊥

P9
= {abi(tweety) | 1 ≤ i ≤ 3} ∪ {abi(jerry) | 1 ≤ i ≤ 3 }.

We observe that Tweety does not fly and that Tweety has feathers like hair:
O = {¬can fly(tweety), featherslikeHair(tweety)}. The set of abducibles is:

AP9
= AP2

∪ { featherslikeHair(jerry)← >, featherslikeHair(jerry)← ⊥,
featherslikeHair(tweety)← >, featherslikeHair(tweety)← ⊥,
blackAndWhite(jerry)← >, blackAndWhite(jerry)← ⊥,
blackAndWhite(tweety)← >, blackAndWhite(tweety)← ⊥,
inEurope(jerry)← >, inEurope(jerry)← ⊥,
inEurope(tweety)← >, inEurope(tweety)← ⊥ }.

E = {featherslikeHair(tweety) ← >} is the only (minimal) contextual explana-
tion for O. We obtain MP9∪E with

M>
P9∪E = { bird(tweety), featherslikeHair(tweety), kiwi(tweety), ab1(tweety),

bird(jerry), can fly(jerry) },
M⊥

P9∪E = { can fly(tweety), ab2(tweety), ab3(tweety)} ∪ {abi(jerry) | 1 ≤ i ≤ 3 }.

From this model we derive that Tweety is a kiwi, even though inEurope(tweety)
is unknown. This is exactly what we assume humans do while reasoning: They
do not assume anything about Tweety living in Europe, and by using ctxt we
can model their ignorance concerning it.
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5.2 More about Jerry

Consider again P9 from the previous example together with the observation that
Jerry flies and Jerry lives in Europe: O = {can fly(jerry), inEurope(jerry)}.
AP9

is defined in the previous example. The only contextual explanation for O
is E = {inEurope(jerry)← >} and we obtain MP9∪E with

M>
P9∪E = { inEurope(jerry), bird(jerry), can fly(jerry), ab2(jerry), ab3(jerry),

bird(tweety), can fly(tweety) },
M⊥

P9∪E = { kiwi(jerry), penguin(jerry), ab1(jerry)} ∪ {abi(tweety) | 1 ≤ i ≤ 3 }.

From this model we can derive, from the contextual clauses, that Jerry is not a
penguin and Jerry is not a kiwi!

5.3 Contextual Side-effects

Consider the following definitions originally presented in [21,22], which captures
the idea of contextual side-effects: Given a program P and a set of integrity
constraints IC, let O1 and O2 be two observations and E1 be a contextual ex-
planation for O1. O2 is a necessary contextual side-effect of O1 given P and IC
iff O2 cannot be contextually explained but O1 ∪ O2 is contextually explained
by E1. O2 is a possible contextual side-effect of O1 given P and IC iff O2 cannot
be contextually explained by E1 but O1 ∪ O2 is contextually explained by E1.
The idea behind contextual side-effects is that every explanation E1 for O1 gives
us an explanation for O2. Note that a necessary contextual side-effect is also a
possible contextual side-effect.

Consider again the Tweety example of Section 5.1, where the observation is
O = {¬can fly(tweety), featherslikeHair(tweety)} and its only contextual expla-
nation is E = {featherslikeHair(tweety)← >}. O2 = {¬can fly(tweety)} cannot
be contextually explained by E . However, O can be contextually explained by E
andO2 is a necessary contextual side-effect ofO\O2 = {featherslikeHair(tweety)}.

On the other hand, consider again the Jerry example of Section 5.2, where
the observation is O = {can fly(jerry), inEurope(jerry)}, for which the only ex-
planation is E = {inEurope(jerry) ← >}. As O2 = {can fly(jerry)} already
follows from the empty explanation, E2 = ∅, O2 cannot be considered a contex-
tual side-effect of O \ O2 = {inEurope(jerry)}.

6 Conclusion

Prompted by the famous Tweety example, we first show that the Weak Comple-
tion Semantics does not yield the desired results. We would like to avoid having
to abductively consider all exception cases and to automatically prefer normal
explanations to those explanations specifying such exception cases. To do so, we
set forth contextual programs, for the purpose of which we introduce ctxt, a new
truth-functional operator, which turns out to fit quite well with the interpre-
tation of negation as failure under three-valued semantics. Unfortunately, the
usual Φ operator is not monotonic with respect to these contextual programs
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anymore. Even worse, the Φ operator might not even have a least fixed point
for some contextual programs. However, we can show that the Φ operator does
always have a least fixed point if we restrict contextual programs to the class
of acyclic ones. After that, we define contextual abduction and show that the
Tweety example from the introduction leads to the desired results. Furthermore,
we can now specify the relations between observations and explanations under
contextual abduction, allowing us to define notions pertaining to contextual
side-effects.

Some open questions are left to be investigated in the future. For instance,
can the requirements for the classes of acyclic contextual programs be relaxed
to those that are only acyclic with respect to the truth functional operator ctxt,
so that the Φ operator is still guaranteed to yield a fixed point? Furthermore, as
the Weak Completion Semantics seems to adequately model human reasoning, a
natural question to ask is whether contextual reasoning can help us model perti-
nent psychological experiments. For this purpose, we are particularly interested
in psychological findings that deal with context sensitive information.
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