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Abstract. Understanding why and how a given answer to a query is gen-
erated from a deductive or relational database is fundamental to obtain
justifications, assess trust, and detect dependencies on contradictions.
Propagating provenance information is a major technique that evolved in
the database literature to address the problem, using annotated relations
with values from a semiring. The case of positive programs/relational
algebra is well-understood but handling negation (or set difference in
relational algebra) has not been addressed in its full generality or has
deficiencies. The approach defined in this work provides full provenance
information for logic programs under the least model, well-founded se-
mantics and answer set semantics, and is related to the major existing
notions of justifications for all these logic programming semantics.

1 Introduction

An essential problem that users of logic programming systems face is the under-
standing of why a given query is true or false in a model of a program, under a
given particular semantics. This problem has received attention for quite a long
time, and has been addressed for the case of definite programs under least model
semantics in [20, 15], stratified negation in [20, 19], for the case of well-founded
semantics in [16, 19, 17], and for the answer set semantics in [17]. Most of the
approaches resort to the non-deterministic construction of complex structures,
usually graph based in order to obtain justifications for programs [19, 15, 17], or
provide algorithmic approaches [20, 2]. In this paper it is presented a fully declar-
ative and logical approach to the problem, by constructing provenance formulae
from which justifications can be extracted. Even though the problem of finding
justifications is related to the debugging of logic programming theories [16, 2, 1,
5], the exact relationship will be deferred to a subsequent work.

In the current work is defined a declarative logical approach able to extract
provenance information for logic programs. Using values of the Lindenbaum-
Tarski algebra as annotation tags for atoms, we are able to specify why-provenance
both for definite and normal logic programs under well-founded semantics, and
1 Partially supported by FCT Project ERRO PTDC/EIACCO/121823/2010.



relate it to abduction and calculation of prime implicants. The approach is sub-
sequently generalised to the case of answer set programming. Moreover, why-
provenance for the case of well-founded semantics is novel, extending the results
known for the case of relational algebra, since the case of bag semantics with
positive recursion has been addressed in [10], but to the best of our knowledge
no work in the literature considers the case of recursion over negation under set
(or bag) semantics. We will use these provenance formulae to obtain justifica-
tions for literals true in a given model, extending the approaches of evidence
graphs [15] and offline justifications [17].

The background is introduced in the next section. Section 3 specifies the
why-provenance approach for the case of definite programs, covering the case
of positive relational algebra, introducing also why-provenance for the case of
an atom not belonging to the model. The technique is generalized afterwards
to the well-founded semantics in Section 4. Why-provenance for the answer set
semantics can be obtained from the provenance formulas for the well-founded
model. We discuss our results and summarize the main conclusions in the last
section. It is assumed that the reader is acquainted with the major semantics for
logic programs: least model [21], well-founded [7] and answer set semantics [8].

2 Preliminaries and background

Normal logic programs are sets of rules. A rule r has the following syntax:
A1 :− A2, . . . , Am,∼Am+1, . . . ,∼An(n ≥ m ≥ 0), where each Ai is a logi-
cal atom without occurrence of function symbols. As usual, define Head(r) =
A1, Body+(r) = {A2, . . . , Am}, Body−(r) = {Am+1, . . . , An}, and Body(r) =
{A2, . . . , Am,∼Am+1, . . . ,∼An}. A program is definite (or positive) if there are
no occurrences of weakly negated atoms. Without loss of generality, it is assumed
that programs are ground (no variables in the rules). Given a set of literals J
let ∼J = {a | ∼a ∈ J} ∪ {∼a | a ∈ J ∧ ∀b a 6= ∼b}. The Herbrand Base HP of a
program P is formed by the set of atoms occurring in it. A two-valued interpre-
tation is a subset of HP specifying the true atoms, and a partial interpretation is
a subset of HP ∪∼HP . A two-valued interpretation I corresponds to the partial
interpretation I ∪∼(HP \ I). The least model least(P ) of a definite program P
is the least fixpoint of operator TP (I) = {Head(r) | r ∈ P ∧Body(r) ⊆ I}. The
answer sets of normal logic program P are the fixpoints of Γ (I) = least(P I),
where P I = {Head(r) ← Body+(r) | r ∈ P,Body−(r) ∩ I = ∅}. The well-
founded model WFMP of P is T ∪∼F where T and F are interpretations such
that T ∩ F = ∅, T is the least fixpoint T = Γ (Γ (T )) and F = HP \ Γ (T ).

Example 1. Consider the following logic program

a :− c,∼b. b :− ∼a. d :− ∼c,∼d. c :− ∼e. e :− f. f :− e.

This program has two answer sets: M1 = {a, c} and M2 = {b, c} (absent atoms
are false). Its well-founded model is WFM = {c,∼d,∼e,∼f} (absent literals
are undefined). A program may not have answer sets: by adding the fact e to
the previous program, c becomes false, but then d can only be true iff it is false.



Determining why a given atom belongs to the model of a program is not a
trivial task, due to the mutual dependencies that can occur in programs. This is
fundamental to users to be able to debug or to check their programs. In [15] is
defined the notion of evidence for tabled definite logic programs, extending the
previous work in [19], where it is assumed a left-to-right execution order of goals.
This approach has been generalised in [17] to the case of normal logic programs
by introducing offline-justifications.

Definition 1 (Offline explanation graph). Let P be a program, J a partial
interpretation, U a set of atoms, and b± an element of H+

P ∪ H−P , where H+
P =

{a+ | a ∈ HP } and H−P = {a− | a ∈ HP }. An offline explanation graph G
of b with respect to J and U is a labeled, directed graph G = (N,E), where
N ⊆ H+

P ∪H−P ∪ {assume,>,⊥} and E ⊆ N ×N × {+,−}, satisfying:

1. Element b± belongs to N and every node of G is reachable from b±;
2. The only sinks in the graph are: assume,>, and ⊥;
3. For every h+ ∈ N then h ∈ J , and there is h :− b1, . . . , bm,∼c1, . . . ,∼cn in

P such that {b1, . . . , bm} ⊆ J and {∼c1, . . . ,∼cn} ⊆ J ∪ ∼U .
Additionally, there is an arc (h+, b+i ,+) for each 1 ≤ i ≤ m, and an arc
(h+, c−j ,−) for each 1 ≤ j ≤ n; if the rule has an empty body (it is a fact),
then h+ is (h+,>,+) ∈ E. No more arcs have source h+.

4. If h− ∈ N and h ∈ U then (h−, assume,−) is the only arc with source h−;
5. For every h− ∈ N such that h 6∈ U then ∼h ∈ J , and the successors of h− is

the least set of arcs such that for every rule h :− b1, . . . , bm,∼c1, . . . ,∼cn:
– ∃1≤i≤m such that (h−, b−i ,+) and ∼bi ∈ J or bi ∈ U , or
– ∃1≤j≤n such that (h−, c+j ,−) and cj ∈ J .

If there are no rules for h then the only arc with source h− is (h−,⊥,+);
6. There are no cycles in the subgraph involving nodes in H+

P and containing
arcs labeled only with +;

Fig. 1. Offline justification graphs for the program of Example 1

The labels of the arcs in an offline explanation graph indicate if the depen-
dency is positive or negative. There are special nodes used to denote true facts
(>), and atoms without rules (⊥). The set of assumptions U captures the literals
which are assumed false, and there is a special sink node for those (assume). In
order to make an atom true, a rule with a true body must exist (true positive
atoms and false weakly negated literals). We have a dual reason for a literal
being false: all rules must have a falsified positive atom bi (thus b−i must belong
to the graph) or a falsified negated literal cj (thus c+j must belong to G).



An offline justification of an answer set M of a program P is an offline
explanation graph for M using the set of assumptions U containing the false
atoms in M that are undefined in the well-founded model WFMP . Moreover,
this graph does not have negative cycles. It is also shown in [17] that every
non-undefined atom in WFMP can be justified without any assumptions.
Example 2. The offline justification for a in the answer set {a, c} of Example 1
can be found in the left hand side of Figure 1. So, a is true because c is true
and b is assumed false. Atom c is true because e is false due to a positive mutual
dependency between e and f . The offline justification for b in the answer set
{b, c} is simpler, and rests solely in the assumption that a is false. Intuitively, an
offline justification graph represents a conjunction of literals true in the model
supporting the conclusion plus dependency information.

Relational algebra has expressive power equivalent to acyclic datalog pro-
grams, and the translation of relational algebra queries into datalog is immedi-
ate. There is an extensive work on provenance for the case of relational algebra,
that is summarised here to motivate the use of the proposed algebraic structure
to represent why-provenance for logic programs, and simultaneously relate to
this area of research. A general data model for annotated relations has been
introduced in [10], for positive relational algebra (i.e., excluding the difference
operator). These annotations can be used to check derivability of a tuple, lineage,
and provenance, and perform query evaluation over incomplete/probabilistic
databases. The main concept is the notion of K-relation where tuples are anno-
tated with values (tags) of a commutative semiring K, while positive relational
algebra operators semantics are extended and captured by corresponding com-
positional operations over K. A commutative semiring is an algebraic structure
K = (K,⊕,⊗, 0, 1) where (K,⊕, 0) is a commutative monoid (⊕ is associative and
commutative, to capture union of relations) with identity element 0, (K,⊗, 1)
is a commutative monoid with identity element 1, to encode natural join, and
thus operation ⊗ distributes over ⊕, and 0 is an annihilating element of ⊗. The
obtained algebra on K-relations is expressive enough to capture different kinds
of annotations with set or bag semantics, and it is shown that the semiring of
polynomials with integer coefficients is the most general semiring.

Example 3. A photo sharing site allows users to register, and users can upload
photos of users. Of course, all registered users are users. Users are represented
in a relation u(Name), registered users in r(Name), guest users in g(Name), and
p(U1,U2) stores the information that user U1 has uploaded a photo of user U2.
Ann, Bob and David are registered users, Ann uploaded a photo of David, and
Bob uploaded a photo of himself. Consider K-relations r = {a : t1, b : t2, d : t3},
and p = {(a, d) : p1, (b, b) : p2}, where t1, t2, t3, p1 and p2 are tuple identifiers.
Let u = r∪ g be a view and query Π [ρx←Name(u) ./ ρx←U1,y←U2(p) ./ ρy←Name(r)]
to check if there is an user that uploaded a photo of a registered user. In the
most general semiring of polynomials with integer coefficients, the provenance
for the query under bag semantics is p1 × t1 × t3 + p2 × t22, showing that a
join of the tuples identified by p1, t1 and t3, or the join of the tuple anno-
tated of p2 with t2 (two times) are the ways to construct a solution to the



query. Why-provenance returns the annotation {{p1, t1, t3}, {p2, t2}}, or equiv-
alently, the boolean formula (p1 ∧ t1 ∧ t3) ∨ (p2 ∧ t2) showing which tuples
have been used for obtaining each answer under set semantics; using lineage
semiring one gets simply {p1, p2, t1, t2, t3}, i.e. the tuples supporting the query.
This situation can be encoded in datalog by the set of facts (extensional part)
{r(a), r(b), r(d), p(a, d), p(b, b)} and intensional rules: c :− u(X), p(X,Y ), r(Y ).;
u(X) :− r(X).; u(X) :− g(X). Because we have facts, r(a), r(d), p(a, d), or r(b)
and p(b, b) we can conclude that c holds. This corresponds exactly to what is
obtained with the why-provenance semiring of Boolean formulas (see [10]).

To be able to capture relational difference, i.e. negation, the authors in [6]
assume the K semiring is naturally ordered (i.e. binary relation x � y is a partial
order, where x � y iff there exists a z ∈ K such that x ⊕ z = y ), and require
additionally that for every pair x and y there is a least z such that x � y ⊕ z,
defining in this way x	 y to be such smallest z. A K semiring with such monus
	 operator is designated by m-semiring. An important m-semiring is obtained
from the above Boolean formulas semiring, being powerful enough to represent
why-provenance for relational algebra under set semantics. The shortcomings of
the database approach is that it can only handle negation over acyclic programs,
and it is not able to indicate which rules have been used to derive an answer. In
Example 3, c holds because the ground program contains rule u(b) : −r(b) and
the above mentioned facts (or similarly, for the cases of a and c).

3 Provenance for Definite Logic Programming

Provenance in Logic Programming is captured by adapting the Boolean formulas
m-semiring for tackling full why-provenance information, i.e. both negative and
positive. This is achieved by annotating every literal in the language by an
identifier, as well as every rule with an identifier ri, where i is the rule number
in some ordering of the program. Our setting is restricted to the case of finite
logic programs, and is inspired in the debugging transformation presented in [16].

Definition 2. Given a logic program P over the Herbrand Base HP , let BP be
the free Boolean algebra generated by the propositional variables HP ∪not(HP )∪
{ri|1 ≤ i ≤| P |}, i.e. the Lindenbaum-Tarski algebra of the propositional lan-
guage HP ∪not(HP )∪{ri|1 ≤ i ≤| P |}. The elements of BP are the equivalence
classes of propositional formulas under logical equivalence. Meet (∧), join (∨),
and complementation (′) are defined by: [φ] ∨ [ψ] = [φ ∨ ψ], [φ] ∧ [ψ] = [φ ∧ ψ],
[φ]′ = [¬φ]. The bottom element is 0 = [φ ∧ ¬φ] = [f ], and the top element
1 = [φ ∨ ¬φ] = [t]. The partial ordering of BP is entailment: [φ] � [ψ] iff
φ |= ψ. The KWhyNot provenance m-semiring is obtained from BP by letting
[φ]⊕[ψ] = [φ]∨[ψ] = [φ∨ψ], [φ]⊗[ψ] = [φ]∧[ψ] = [φ∧ψ] and [φ]−[ψ] = [φ∧¬ψ].

Notice that in the above definition propositional variables of the form at and
not(at) are introduced for every atom at in the Herbrand Base. There is no
relationship between at and not(at) since they are different propositional sym-
bols; thus [¬not(at)] and [at] are distinct elements of KWhyNot . An identifier



is also introduced for each rule in the program. A provenance formula is simply
an arbitrary Boolean formula over the atoms, default negation of atoms and rule
identifiers. We could use as annotation of literals any set of identifiers just taking
care that identifiers are in one-to-one correspondence with HP ∪ not(HP ).

In order to extract provenance information for definite logic programs, we
introduce why-not provenance programs:

Definition 3. A why-not provenance program is a finite set of why-not prove-
nance rules of the form A⇐ [J ]⊗B1 ⊗ . . .⊗Bm where A, B1, . . . , Bm (m ≥ 0)
are ground atoms, and [J ] is an element of KWhyNot .

Why-provenance programs have rules which are monotonic, and thus the stan-
dard results of multivalued logic programming apply [4], namely the existence of
a least model that can be obtained by iterating a modified TP operator starting
from the interpretation that maps every atom to 0.

Definition 4. Consider a logic program P and a why-not provenance program
P over HP . An interpretation I for why-not provenance program P is a mapping
I : HP → BP . The set of all interpretations is a lattice with pointwise ordering:
given any interpretations I1 and I2 we say that I1 � I2 iff for every A ∈ HP it
is the case that I1(A) � I2(A), i.e. I1(A) |= I2(A).

An interpretation I satisfies a rule A ⇐ [J ] ⊗ B1 ⊗ . . . ⊗ Bm of why-not
program P iff I(A) � [J ]⊗I(B1)⊗. . .⊗I(Bm) iff J∧I(B1)∧. . .∧I(Bm) |= I(A).
Intepretation I is a model of P iff I satisfies all the rules of P.

Lemma 1. Consider a why-not provenance program P. Program P has a least
model MP which can be obtained by iterating through the following operator
starting from the least interpretation I0, which maps every atom to 0:

TP(I)(A) =
⊕
{J ∧ I(B1) ∧ . . . ∧ I(Bm) | A⇐ [J ]⊗B1 ⊗ . . .⊗Bm ∈ P}

=
[∨

A⇐[J]⊗B1⊗...⊗Bm∈P J ∧ I(B1) ∧ . . . ∧ I(Bm)
]

Determining why-not provenance for logic programs rests in the following
techniques. First, every non-factual rule is annotated with the formula [ri]. Sec-
ond, for every atom A if there is a fact for it in the program, a rule A⇐ [A] will be
introduced in the why-provenance program, otherwise the rule A⇐ [¬not(A)] is
added. We could have used a rule A⇐ [ri] for annotating facts, but the outcome
intepretation would be less readable.

Definition 5. Let P be a definite logic program and P(P ) the why-not prove-
nance program constructed as follows:

– For the ith rule A :− B1, . . . , Bm that is not a fact in P (i.e., m ≥ 1) add
the why-not provenance rule A⇐ [ri]⊗B1 ⊗ . . .⊗Bm to P(P );

– For every atom A in HP if there is a fact A in P then add A⇐ [A] to P(P ),
otherwise add A⇐ [¬not(A)] to P(P ).

The why-not provenance informationWhy(A) for an atom A is given byWhyP (A) =
MP(P )(A), and for literal ∼A is given by WhyP (∼A) = [¬MP(P )(A)].



The rationale is: if there is a fact A and possibly rules ri, . . . , rj for it, the
why-provenance formula for A has the shape [(ri∧Whyi)∨ . . .∨(rj∧Whyj)∨A];
otherwise, if there is no fact for A it has the form [(ri∧Whyi)∨. . .∨(rj∧Whyj)∨
¬not(A)]. In the former, one justification for A being true is [A] meaning that
there is a fact for A, other justifications are obtained by using a given rule rk
and justifying why the body is true. The latter case is better understood if we
look at the justification for ∼A having why-provenance formula [¬(ri∧Whyi)∧
. . . ∧ ¬(rj ∧Whyj) ∧ not(A)], expressing that all bodies must be falsified and
that [not(A)] holds (there is no fact for A).

Definition 6. Let P be a logic program, and C be a conjunction of literals of
KWhyNot . Define the following sets of facts and rules of program P :

KeepFacts(C) = {A. | A ∈ C} RemoveFacts(C) = {A. | ¬A ∈ C}
MissingFacts(C) = {A. | ¬not(A) ∈ C} NoFacts(C) = {A. | not(A) ∈ C}
KeepRules(C) = {A :− Body | ri ∈ C and A :− Body is the ith rule of P}
RemoveRules(C) = {A :− Body | ¬ri ∈ C and A :− Body is the ith rule of P}

The first major result relates why-not provenance information with changes
to the original program:

Theorem 1. Let P be a definite logic program, A an arbitrary atom, G a set of
facts not in P , F a subset of facts of P and R a subset of rules of P . Then:

– Atom A belongs to the least model of P \(F ∪R)∪G iff there is a conjunction
C = A1∧. . .∧Am∧ri1∧. . .∧rik∧¬notQ1∧. . .∧¬notQn such that C |= WhyP (A),
MissingFacts(C) ⊆ G, KeepFacts(C)∩F = ∅ and KeepRules(C)∩R = ∅.
A conjunction of this form is said to be a truth-support for A.

– Atom A does not belong to the least model of P \ (F ∪ R) ∪G iff there is a
conjunction C = ¬A1 ∧ . . .∧¬Am ∧¬ri1 ∧ . . .¬rik ∧ notQ1 ∧ . . .∧ notQn such
that C |= WhyP (∼A), RemoveFacts(C) ⊆ F , RemoveRules(C) ⊆ R and
NoFacts(C) ∩G = ∅. Conjunction C is said to be a falsity-support for A.

By letting F = R = G = {} no changes to the program are permitted, and
thus justifications for the literals true in the least model of P are:

Corollary 1. Let P be a definite logic program and M its least model. Then:

– An atom A belongs toM (A is true) iff there is a conjunction of propositional
variables C = A1 ∧ . . . ∧ Am ∧ ri1 ∧ . . . ∧ rik such that C |= WhyP (A);

– An atom A does not belong to M (A is false) iff there is a conjunction of
propositional variables C = notQ1 ∧ . . . ∧ notQn such that C |= WhyP (∼A).

The results in the above corollary are very interesting, meaning that the min-
imal justification for literals in the least model of a logic program are the prime
implicants4 containing no negations of the corresponding why-not provenance
formula. The fundamental use of prime implicates/implicants as justifications
goes back to Assumption-Truth Maintenance Systems [18], and has been re-
cently used to capture the notion of causality in databases [14].
4 A prime implicant of F is a minimal conjunction of literals C such that C |= F .



Example 4. Consider the logic program P , where rules are numbered:

(1) a :− b. a. (2) b :− a. (3) c :− b, d. (4) c :− e, f. d. (5) e :− f. f.

All atoms hold in the least model of P . Why-not provenance program P(P ) is:

a⇐ [r1]⊗ b.
a⇐ [a].

b⇐ [r2]⊗ a.
b⇐ [¬not(b)].

c⇐ [r3]⊗ b⊗ d.
c⇐ [r4]⊗ e⊗ f.
c⇐ [¬not(c)].

d⇐ [d]. e⇐ [r5]⊗ f
e⇐ [¬not(e)].
f ⇐ [f].

Why(a) = [(r1 ∧ ¬not(b)) ∨ a] Why(∼a) = [¬((r1 ∧ ¬not(b)) ∨ a)]
= [(¬a ∧ ¬r1) ∨ (¬a ∧ not(b))]

Why(b) = [(r2 ∧ a) ∨ ¬not(b)] Why(∼b) = [¬((r2 ∧ a) ∨ ¬not(b))]
= [(¬r2 ∧ not(b)) ∨ (¬a ∧ not(b))]

Why(d) = [d] Why(∼d) = [¬d]
Why(e) = [(r5 ∧ f) ∨ ¬not(e)] Why(∼e) = [(¬f ∧ not(e)) ∨ (¬r5 ∧ not(e))]
Why(f) = [f] Why(∼f) = [¬f]

Why(c) = [(r3 ∧ ((r2 ∧ a) ∨ ¬not(b)) ∧ d) ∨ (r4 ∧ ((r5 ∧ f) ∨ ¬not(e)) ∧ f) ∨ ¬not(c)]
= [(r2 ∧ r3 ∧ a ∧ d) ∨ (r3 ∧ d ∧ ¬not(b)) ∨ (r4 ∧ r5 ∧ f) ∨ (r4 ∧ f ∧ ¬not(e)) ∨ ¬not(c)]
We can conclude that d and f are true, because they are stated as facts, and thus
to make them false is required their removal. Regarding e, it can be concluded
that e is true because of rule 5 and that the fact f is true; anyway, we can
make it true by adding the fact e. In order to make e false, it cannot be added
as a fact, and fact f or rule r5 should be removed (or both). Atom a is true
because there is a fact for it, or if the rule r1 is kept and a fact for b is added (a
may be removed). To make a false we always have to remove the fact for a, and
additionally remove rule r1 or not introduce a fact for b. The situation for c is
rather complex, but it holds because rules r2 and r3 are present, as well as facts
a and d, or because rules r4 and r5 are in the program as well as the fact for f .
There are many ways of making c false, for instance by removing facts d and f .

Example 5. Consider the following definite logic program where all atoms are
false in the least model: {(1) a :− b. (2) b :− a, c. (3) b :− d.}. It can be
checked that not(a) ∧ not(b) ∧ not(d) |= Why(∼a), not(a) ∧ not(b) ∧ not(d) |=
Why(∼b) and not(b) ∧ not(c) ∧ not(d) |= Why(∼b). If we do not allow changes
to the program, this provenance information is interpreted as follows: a is false
because we do not have a fact for a, b and d; while b is false because we do
not have a fact for b, d and a or c. Thus, one needs to add a, b, or d to make
a true, while it is required to add b, d, or a and c to turn b true. This can be
confirmed fromWhy(a) = [(r1 ∧ r3 ∧ ¬not(d)) ∨ (r1 ∧ ¬not(b) ∨ ¬not(a))] and
Why(b) = [(r2 ∧ ¬not(a) ∧ ¬not(c)) ∨ (r3 ∧ ¬not(d) ∨ ¬not(b))].

The relationship to evidence graphs (see [15]) is stated in the next theorem:

Theorem 2. Consider a definite logic program P . For every evidence graph for
A (resp. ∼A) it is possible to construct a truth-support (resp. falsity-support)
formula C such that C |= WhyP (A) (resp. C |= WhyP (∼A)). For every, prime
implicant truth-support C = A1 ∧ . . . ∧ Am ∧ ri1 ∧ . . . ∧ rik

of WhyP (A) it is
possible to construct an evidence graph for A.



Our approach allows us to capture all the evidence according to [15], but
this work lacks some of our justifications mostly for the case of false atoms. This
is expected since evidence graphs are constructed for the negative case just by
looking at the first false atom in the body of rules, ignoring possibly other false
atoms. The comparison to offline justifications is deferred to the next since our
results will cover both definite and normal logic programs, generalizing Th. 2.

4 Provenance for Well-founded Semantics

By mimicking the iteration of Γ 2 operator, we can obtain the provenance in-
formation for logic programs under well-founded semantics by defining a corre-
sponding Gelfond-Lifschitz like operator. The correctness and extra motivation
for this approach can be found in [3].

Definition 7. Let P be a logic program and I a why-not provenance interpre-
tation. Construct provenance program P

I as follows:

– For the ith rule A :− B1, . . . , Bm,∼C1, . . . ,∼Cn (m + n ≥ 1) in P add
provenance rule A⇐ [ri ∧ ¬I(C1) ∧ . . .¬I(Cn)]⊗B1 ⊗ . . .⊗Bm to P

I ;
– For every atom A in HP if there is a fact A in P then add A ⇐ [A] to P

I ,
otherwise add A⇐ [¬not(A)] to P

I .

Operator GP (I) = MP
I
returns the least model of why-not program P

I .

It is clear that the operator GP is anti-monotonic, and therefore G2
P is mono-

tonic having a least model TP , corresponding to provenance information for what
is true in the well-founded model, while TUP = GP (TP ) contains the why-not
provenance of what is true or undefined in the well-founded model of P .

Definition 8. Let P be a normal logic program, and TP the least model of G2
P ,

and TUP = GP (TP ), and A an atom. The why-not provenance information
under the well-founded semantics is defined as follows: WhyP (A) = [TP (A)];
WhyP (∼A) = [¬TUP (A)]; and WhyP (undef A) = [¬TP (A) ∧ TUP (A)].

As usual, for the case of stratified programs (no cycles through negations)
we obtain a model on which for every atom A we have WhyP (A) = [TP (A)] =
[TUP (A)] = [¬WhyP (∼A)], and thus WhyP (undef A) = 0. The why-not prove-
nance for undefined literals is obtained from the why-not provenance for truth
or undefinedness minus the why-not provenance of truth.

Theorem 3. Let P be a normal logic program, G a set of facts not in P , F a
subset of facts of P , and R a subset of rules of P . A literal L belongs to the WFM
of (P \ (F ∪ R)) ∪ G iff there is a conjunction of literals C |= WhyP (L), such
that RemoveFacts(C) ⊆ F , KeepFacts(C) ∩ F = ∅, RemoveRules(C) ⊆ R,
KeepRules(C) ∩R = ∅, MissingFacts(C) ⊆ G, and NoFacts(C) ∩G = ∅.



The above result, generalizing Th. 2, is a fundamental new contribution to
the literature of provenance in logic programming, and in particular for data-
log. Since any relational algebra query can be translated into an acyclic logic
program, thus it is possible to extract for the first time complete provenance
information for a more expressive extension of full relational algebra.

Example 6. Consider the logic program P = {(1) a :− ∼a, b. (2) b :− ∼c.}. In
the well-founded model of P we have a undefined, b true, and c false. Thus:

TP (a) = [¬not(a)] TUP (a) = [(r1 ∧ r2 ∧ not(c)) ∨ (r1 ∧ ¬not(b) ∨ ¬not(a))]
TP (b) = [(r2 ∧ not(c)) ∨ ¬not(b)] TUP (b) = [(r2 ∧ not(c)) ∨ ¬not(b)]
TP (c) = [¬not(c)] TUP (c) = [¬not(c)]

The why-not provenance information for negated literals is:

WhyP (∼a) = [(not(a) ∧ not(b) ∧ ¬not(c)) ∨ (¬r2 ∧ not(a) ∧ not(b)) ∨ (¬r1 ∧ not(a))]
WhyP (∼b) = [(not(b) ∧ ¬not(c)) ∨ (¬r2 ∧ not(b))]
WhyP (∼c) = [not(c)]

Thus,WhyP (undef a) = [(r1 ∧ r2 ∧ not(a) ∧ not(c)) ∨ (r1 ∧ not(a) ∧ ¬not(b))],
WhyP (undef c) = 0 and WhyP (undef b) = 0. The interpretation of these re-
sults is now clear. Atom a is undefined since there is no positive prime implicant
both for WhyP (a) and WhyP (∼a); the justification for a being undefined is
that there is no fact for a and for c and both rules are in the program, or if
we keep only rule r1 then a fact for b must be added, as can be extracted from
WhyP (undef a). Moreover, in order to make a true we need to add fact a, while
to make it false one solution is to make c true or remove the rule for b in order to
make b false, and not adding facts for a and b; alternatively, we remove the rule
for a and do not add a fact for it. There is no way of making b and c undefined.

Theorem 4. Let G = (N,E) be an offline justification for a literal L true in
the well-founded model M of a program P , with respect to M and empty set
of assumptions. Let C =

∧
(h+,>,+)∈E h ∧

∧
h−∈N not(h) ∧

∧
h+∈N rih , where rih

is
the identifier of a rule for h satisfied by G, then C |= WhyP (L).

The converse direction does not hold, since we have more justifications for
a literal being true. An important particular example is a program containing
rules a :− ∼b and a :− b.We haveWhyP (A) = [(r1 ∧ ¬not(b)) ∨ (r2 ∧ not(b))],
but r1 ∧ r2 |= WhyP (A), thus if both rules are kept, a holds independently of
any changes to the program. This cannot be obtained from offline-justifications.

5 Provenance for Answer Set Semantics

The extension of our approach to answer set programming is now straightforward
due to the previous results.

Definition 9. Let P be a logic program, and L a literal. The answer set why-not
provenance for L is AnsWhyP (L) = WhyP (L) ∧

∧
A∈HP

¬WhyP (undefA).



We combine the provenance of the literal obtained under well-founded semantics,
and impose that all literals cannot be undefined. Note that this contrasts with
traditional approaches where the justification is local in the sense that only a
subset of the dependency graph is included in the justification. This is required
since a literal can occur in the body of a constraint, or the program may be
inconsistent because of odd-loops, and is formally supported by the results in [11]
showing that there is no modular transformation of answer set semantics into
propositional theories (this requirement is illustrated in a subsequent example).

Theorem 5. Let P be a program, M an answer set of P , and L a literal true
in M . Then there is a conjunction C |= AnsWhyP (L) that does not contain any
negative literals (obtained as in Th. 4) for literals true in the WFMP . For every
atom ∼A ∈M that is undefined inWFMP , C includes not(A) ∧ ¬ri1 ∧ . . . ∧ ¬rik
where {ri1 , . . . , rik

} is the set of identifiers of all rules for A.

The above theorem follows from the result in [17] stating that there is an
offline justification with respect to M and the set of assumptions containing the
literals false in M that are undefined in the well-founded model of P . Moreover,
this justification does not have cycles. Therefore, by representing these assump-
tions as a conjunction of literals, we can then construct such a C. In order to
assume a literal false we cannot add a fact for it (not(A)), and must remove all
existing rules for it in the program (¬ri1 ∧ . . . ∧ ¬rik).

Example 7. Consider the simplified version of the program in Example 1.

(1) a :− c,∼b. (2) b :− ∼a. (3) d :− ∼c,∼d. c.

It has two stable models {a, c} and {b, c}, and its why-not provenance is:

AnsWhy(a) = [(c ∧ ¬not(a)) ∨ (r1 ∧ ¬r2 ∧ c ∧ not(b)) ∨ (¬not(a) ∧ ¬not(d))]
AnsWhy(∼a) = [not(a) ∧ (¬r1 ∨ (¬c ∧ ¬not(d)) ∨ (c ∧ ¬not(b)) ∨ (¬not(b) ∧ ¬not(d)))]
AnsWhy(b) = [r2 ∧ not(a) ∧ (¬r1 ∨ ¬c ∨ ¬not(d)) ∧ ¬(r1 ∧ ¬c ∧ not(d))]
AnsWhy(∼b) = [not(b) ∧ (¬r2 ∨ ¬not(a)) ∧ ¬(r1 ∧ ¬c ∧ not(d))]
AnsWhy(c) = [(c ∧ ¬(r1 ∧ r2 ∧ not(a) ∧ not(b))]
AnsWhy(∼c) = [(¬c ∧ ¬not(d)) ∨ (¬c ∧ ¬r1)]
AnsWhy(d) = [(¬c ∧ ¬not(d)) ∨ (¬not(d) ∧ ¬(r1 ∧ r2 ∧ not(a) ∧ not(b)))]
AnsWhy(∼d) = [(((c ∧ not(d)) ∨ (¬r1 ∧ not(d))) ∧ ¬(r1 ∧ r2 ∧ not(a) ∧ not(b))]

The results are expected and intuitive. Regarding c, it holds because we have a
fact for it. The formula ¬(r1 ∧ r2 ∧ not(a)∧ not(b)) guarantees that a and b are
not undefined: we have to remove at least one of the first two rules, or to add
the fact a or b. More interestingly is AnsWhy(∼c): it expresses that to make c
false, it is necessary of course to remove the fact for c, and remove the rule for
d or introduce a fact for d, otherwise an odd-loop would appear. By making c
false, a becomes false and b true, and thus it is no longer required to guarantee
that they are not undefined. The justifications for d and ∼d are similar. The
truth of a in the first model is justified by the fact c, and by assuming b to be
false as captured by the conjunction r1∧¬r2∧c∧not(b); if c is kept then a can



be added to make it true. If c is removed, then a can be made true by adding
it, as well as the fact for d in order to avoid inconsistency. Regarding the truth
of b in the second answer set, it is required to assume a false as encoded by
not(a) ∧ ¬r1 in the conjunction r2 ∧ not(a) ∧ ¬r1, and corresponds exactly to
the offline justification for b in Fig. 1.

6 Discussion and Conclusions

The applications of why-provenance for logic programs are manifold. The first,
and our main motivation, is to understand how a literal is derived from the
program. This extends to the case of queries with arbitrary relational algebra
operators. Other important application, is the study of why-provenance in the
Semantic Web: our approach can detect monotonic and non-monotonic depen-
dencies in SPARQL queries over arbitrary graphs.

It is defined for the first-time a complete provenance model for the major
semantics of logic programs. However, there are some important questions re-
maining to be addressed. In particular, the size of the formulas generated is not
guaranteed to be polynomial on the size of the program. This is not a surprise
since for some programs it may be required an exponential number of propo-
sitional formulas to capture the answer set semantics [12]. However, there are
also known polynomial encodings by introducing extra symbols in the transla-
tion [13, 11], and for the case of programs without positive loops we can con-
struct a polynomial formula and thus obtaining a polynomial representation for
full relational algebra. Additionally, we need only a linear number of iterations
of the immediate consequences operator to reach the fixpoint in the case of def-
inite programs, and a polynomial time number of iterations for the case of the
well-founded semantics. Our approach contrasts with evidence graphs [15] and
offline-justifications [17] by being more informative. In fact, our provenance for-
mulas are a declarative representation of all such justifications, which can be
exponential in number since the number of prime implicants is exponential in
the size of the formula, and the problem of generating them is co-NP-hard. Ad-
ditionally, the complexity of conjunctive query answering over K-relations most
of the times is NP-complete (see [9]).

Why-not provenance formulas resort to a program transformation previously
defined for declarative debugging of logic programs [16]. The debugging of An-
swer Set Programs has been addressed in the literature by several authors, and
the most effective approaches resort to meta-transformations to address the sev-
eral forms of anomalies that can be found in programs [1, 5]. In fact, our approach
is capable of providing the corrections (adding or removing facts, and removing
rules) in order to obtain what is desired. The approaches presented in [1, 5] are
more fine grained, and are designed to detect errors in programs. Nevertheless,
we conjecture the approaches to be related and this is left for future work. For
instance, justifications for violation of integrity constraints can be obtained by
putting the head false in all ICs, and determine why-not justification for false.
In general, a direction to explore, consists of translating why-provenance into



ASP, apply the debugging transformations and extract the corresponding propo-
sitional theories. The generalization to the first-order case is an open research
issue, but first-order abduction or constructive negation may be necessary.
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