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Abstract. Johnson-Laird proposes a semantic theory of human reason-
ing taking into account finite human capacities. We cast this into logical
formalism and define a notion of restricted semantic entailment. Corre-
sponding to any set of logical structures, R, there is a restricted entail-
ment with parameter R. The family of restricted entailments, generated
as R varies over sets of structures, is shown to be a complete lattice
and to approximate ordinary entailment in the sense of domain theory.
A given restricted entailment, �R say, can be modelled in a modal lan-
guage with an operator ↓R. The modal language is sound and complete
and there is a correspondence result: X �R ϕ iff ↓RX ↓Rϕ, where X
is a set of first-order sentences and ϕ is first-order. This forms the basis
for the proposal that �R be identified with agent reasoning and that ↓R

encapsulate an agent. The existence of the lattice structure mentioned
above means that several agents can be integrated into a super-agent or
else distilled into a sub-agent by taking joins or meets.

1 Introduction

When we address the question of what could constitute the basis of rationality in
an agent, we quickly arrive at a difficulty. If we seek an algorithmic basis founded
on first-order logic, then we come up against the problem of undecidability [3,
page 159]: there is no procedure which can decide for an arbitrary sentence
whether it is valid (true in every model) or not. The reason for this is that algo-
rithms are finite in nature and so, in general, cannot deal with non-enumerable
processes.

Humans face these same limitations because of their finite capacities; nev-
ertheless we know that humans are capable of reasoning. Researchers such as
Cherniak [2] and cognitive psychologists such as Johnson-Laird and others [6, 7]
have developed theories about how agents and humans might reason which take
into account the limitation of their finite capacities.

Cherniak in [2] develops the concept of minimal rationality and uses this to
account for an agent’s reasoning capabilities in the face of finite limitations. The
following quotes from [2, pages 7 to 9] show that, at least in principle, minimal
rationality can be expressed in linguistic terms using first-order logic, say. His
ideal general rationality condition is:



If A has a particular belief-desire set, A would undertake all and only
actions that are apparently appropriate.

where

. . . an action is apparently appropriate if and only if according to A’s
beliefs, it would tend to satisfy A’s desires.

Now

. . . The most important unsatisfactoriness of the ideal general rational-
ity condition arises from its denial of a fundamental feature of human
existence, that human beings are in the finitary predicament of having
fixed limits on their cognitive capacities and the time available to them.

So the minimal general rationality condition is posited:

If A has a particular belief-desire set, A would undertake some, but not
necessarily all, of those actions that are apparently appropriate.

In contrast to this, linguistic, approach Johnson-Laird in [6] claims that hu-
man reasoning and deduction is carried out by people forming mental models of
the situation being reasoned about and then manipulating the mental models in
certain ways. The precise nature of these mental models is not important to our
argument so we do not describe them. Johnson-Laird and Byrne say in [7, page
36]:

The theory is compatible with the way in which logicians formulate a
semantics for a calculus . . . But, logical accounts depend on assigning
an infinite number of models to each proposition, and an infinite set is
far too big to fit inside anyone’s head . . . people construct a minimum of
models: they try to work with just a single representative sample from
the set of possible models . . .

So Johnson-Laird claims that humans reason by building mental models but
the model checking is not exhaustive at any stage because of limited human ca-
pacities. One can map this situation into the context of an agent doing semantics
of first-order logic and say that in checking the validity of a first-order sentence
the agent is only able to check the truth of a subset of all models. That is the
agent checks a restricted set of models.

We take this as our point of departure and approach first-order semantics in
a manner which takes seriously this limitation of restricted model checking. An
appropriate notion of satisfaction is defined for this approach as well as a notion
of restricted entailment. A restricted entailment is like an ordinary entailment
except that instead of checking all possible models for satisfaction, one restricts
one’s checking to a subset R, say, of models. The set R is taken to be a parameter
of the entailment and the restricted entailment with parameter R is denoted �R.
It has the usual properties one would expect of an entailment relation: reflexivity,
cut and monotony. It also has properties that are significant to the claim that



it captures features characteristic of rationality: it is sound, complete and can
approximate ordinary entailment in the sense of domain theory.

The idea of restricted entailment provides the basis for the crystallisation of
our proposal for the notion of a finite agent. This is explained as follows. A modal
operator, called “approximately true” and denoted ↓R, is introduced which also
has a parameter R, a finite set of models. In our proposal the operator ↓R defines
an agent; a different agent is defined for each different parameter.

We claim that the language with modal operator “approximately true” mod-
els restricted entailment because for finite R, X a set of first-order sentences
and ϕ a first-order sentence, X �R ϕ if and only if ↓RX ↓Rϕ, where  is the
modal forcing relation. The significance of this is that it turns out that restricted
entailment is able to be modelled by a modal language which has a semantics
and proof theory which are sound and complete.

The restriction parameters are sets and so they are automatically endowed
with lattice operations: set union and intersection. These are carried over to
the set of restricted entailments; they form a lattice. However, the relationship
between lattice operations in the entailment set and in the parameter set is
contravariant. As a result the meet of a set of restricted entailments is given
by the entailment whose parameter is the union of the individual parameters.
The join is slightly more complex, but it does involve taking an intersection
of sets induced by the restriction parameters. These results mean that given
a set of agents one can form a new, inclusive, canonical agent encompassing
the deductive powers of the individual agents, and another having the common
part of the deductive powers of the individual agents. In the conclusion we
sketch how this also holds for agents when they are represented by the modal
operator “approximately true”. The paper ends with some remarks about the
computability of restricted entailment and also some remarks about the fact that
the modal language with a single operator ↓R is sound and complete.

In the next section we define restricted entailment and develop machinery to
show that the family of restricted entailments has a lattice structure.

2 Restricted Entailment

In this section the set of restricted entailments is defined. The members of this set
are generalisations of ordinary entailment. For ordinary entailment, one checks
that a set of sentences X entails a set Y by examining every structure that is a
model of X and checking that it is also a model of Y . If this is always the case
then X entails Y . In contrast, one checks for restricted entailment by specifying
a subset of structures, R say, and then checking that each model of X lying in
R is also a model of Y . So instead of checking all structures, one restricts one’s
checking to a subset, R, of structures. As we have said, this approach to the
approximation of entailment is motivated by Johnsohn-Laird’s theory of mental
models in cognitive psychology.



The main result of this section is corollary 11: any set of restricted entailments
has a greatest lower bound and a least upper bound, or meet and join. The
existence of the meet is used in the definition of “domain” in section 3.

We work in a standard first-order language whose vocabulary consists of a
countable number of constant symbols, a countable number of function symbols
of any finite arity and a countable number of relation symbols of any finite arity.
A structure, S, is a function having a domain of interpretation, dom(S), which
is a set. It maps constants to elements in dom(S), function symbols to functions
defined on dom(S) and relation symbols to relations on dom(S). The language
also has a countable number of individual variables; the connectives ¬, ∨, ∧ and
→; and the quantifiers ∀ and ∃. The terms of the language are defined in the
usual way, as are the formulas. Given any formula, an individual variable is free
in that formula if the variable is not in the scope of any quantifier in the formula.
A sentence is a formula with no free variables. Meaning is given to sentences
by defining, in the usual way, the satisfaction relation between structures and
sentences. If the structure S satisfies the sentence ϕ, it is written thus: S � ϕ.

In order to avoid difficulties with set-theoretical foundations we work entirely
in a universe of sets [1]; all collections of objects are sets and there are no classes
which are not sets.

We suppose a language is given and remains fixed. The set of all structures
defined on the vocabulary is denoted STRUC. The set of all subsets of STRUC is
denoted PSTRUC. The relation of elementary equivalence between stuctures is
defined as follows: two structures S and S ′ are elementarily equivalent, denoted
S ≡ S ′, if and only if they satisfy the same sentences.

The following fundamental restricted notions are now defined: set of models
and entailment. The definitions are made by analogy with the unrestricted ones,
which can be obtained from the following definition by omitting the subscript
R.

Definition 1 Let X and Y be sets of sentences and let R ⊆ STRUC.

1. The set of models of X restricted to R, denoted modR(X), is modR(X) =
{S ∈ R : S � X}.

2. X entails Y with restriction R iff modRX ⊆ modRY ; this is written as
X �R Y .

Note that �R generalises ordinary entailment, �, because �STRUC equals �.
It is well-known that entailment satisfies three properties called reflexivity,

cut and monotony. A straightforward argument shows that restricted entailment
also satisfies appropriate versions of these properties. As they are not central to
our argument we do not give them here.

In what follows, propositions 2 and 4 are needed for the important proposi-
tions 9 and 10 on the bounds of families of restricted entailments. Proposition 2
says that if a set of structures is enlarged then the associated restricted entail-
ment is reduced, while proposition 4 provides a converse to proposition 2 under
a fullness condition on the restriction of the entailment.



Proposition 2 Let I ⊆ J ⊆ STRUC, then �J ⊆ �I .

Proof. Let X and Y be sets of sentences and suppose that X �J Y ; that is
modJ(X) ⊆ modJ(Y ). We must show modI(X) ⊆ modI(Y ).

modI(X) = I ∩mod(X)
= (I ∩ J) ∩mod(X) since I ⊆ J
= I ∩ (J ∩mod(X)
= I ∩modJ(X)
⊆ I ∩modJ(Y ) since modJ(X) ⊆ modJ(Y )
= I ∩ (J ∩mod(Y ))
= (I ∩ J) ∩mod(Y )
= I ∩mod(Y ) since I ⊆ J
= modI(Y )

�

There is a converse to proposition 2 provided J is full. This is defined next.

Definition 3 Let I ⊆ STRUC, then I is full if and only if given elements S and
S ′ of STRUC, if S ∈ I and S is elementarily equivalent to S ′ then S ′ is in I.

Proposition 4 Let I and J be subsets of STRUC and suppose J is full. If �J

⊆ �I , then I ⊆ J .

Proof. We suppose I 6⊆ J and prove that �J 6⊆ �I . There are two cases to
consider: either J is empty or not empty.

CASE J = ∅. Let S ∈ I and let ϕ be a sentence with S � ϕ. Set X = {ϕ}
and Y = {¬ϕ}, then S � X and S 2 Y . So S ∈ modI(X) but S 6∈ modI(Y ).
Since J = ∅, X �J Y but as we have seen X 2I Y .

CASE J 6= ∅. Suppose S ∈ I and S 6∈ J , then S is not elementarily equivalent
to any S ′ ∈ J . This is so because if S is elementarily equivalent to some S ′ ∈ J
then since J is full S ∈ J , which is contrary to our supposition. So for each S ′ ∈ J
there is a sentence ϕS′ , say, with S � ϕS′ and S ′ 2 ϕS′ . Set X = {ϕS′ : S ′ ∈ J},
then S ∈ modI(X) but modJ(X) = ∅. Also pick S ′′ ∈ J and set Y = {¬ϕS′′},
then S 6∈ modI(Y ).

Now modJ(X) = ∅ ⊆ modJ(Y ), so X �J Y . But S ∈ modI(X) and S 6∈
modI(Y ) so X 2I Y . �

Next we define the greatest lower bound and least upper bound of a set of
restricted entailments and then show how to calculate them. We recall that a
partial order is a reflexive, transitive, antisymmetric relation.

Definition 5

1. ENT = {�I : I ⊆ STRUC}.
2. (ENT,⊆) is the partially ordered set where the elements of ENT are partially

ordered by set inclusion.



3. Let E ⊆ ENT. An element �H of ENT is a lower bound of E if �H ⊆ �I

for each �I ∈ E.
4. An element �G of ENT is the greatest lower bound of E ⊆ ENT if �G is a

lower bound of E and it is a superset of, or equal to any other lower bound
of E. The greatest lower bound of E, if it exists, is denoted

∧
E.

5. Let E ⊆ ENT. An element �H of ENT is an upper bound of E if �I ⊆ �H

for each �I∈ E.
6. An element �L of ENT is the least upper bound of E ⊆ ENT if �L is an

upper bound of E and it is a subset of, or equal to any other upper bound of
E. The least upper bound of E, if it exists, is denoted

∨
E.

We want to show that the meet of �I and �J is �I∪J . We do this with the help
of an operator that takes any subset I of STRUC and turns it into a full subset
containing I denoted [I]. The operator is called the full expansion operator.

We recall that PSTRUC stands for the set of all subsets of STRUC. If E ⊆
PSTRUC then each element of E is a subset of STRUC;

⋃
E means the union of

all members of E.

Definition 6

1. Let I ⊆ STRUC. The full expansion of I, denoted [I], is {S ∈ STRUC : ∃S ′ ∈
I & S ≡ S ′}.

2. Let E ⊆ PSTRUC, then [E] = {[I] : I ∈ E}.

Proposition 7

1. The full expansion of a set of structures is full.
2. The full expansion of a set of structures is unique.
3. The full expansion operator satisfies inclusion, idempotence and monotony:

(a) I ⊆ [I].
(b) [[I]] = [I].
(c) If I ⊆ J , then [I] ⊆ [J ].

Proof. Straightforward. �

Proposition 8 Let I ⊆ STRUC, then �I = �[I].

Proof. Full expansion satisfies inclusion so I ⊆ [I] and by proposition 2 �[I] ⊆ �I .
On the other hand suppose X �I Y and let S ′ ∈ [I] ∩ mod(X). We must

show that S ′ ∈ [I]∩mod(Y ). There is S ∈ I such that S ′ ≡ S. Also S ∈ mod(X)
because, as is easily seen, mod(X) is full and S ′ ∈ mod(X). So S ∈ modI(X)
and therefore by our supposition S ∈ modI(Y ). By the inclusion property of full
expansion I ⊆ [I], therefore S ∈ I ∩ mod(Y ) ⊆ [I] ∩ mod(Y ). But since, as is
easily seen, [I] ∩mod(Y ) is full, we have that S ′ ∈ [I] ∩mod(Y ). �

The following results allow one to calculate meets and joins. The meet of a
family of restricted entailments is generated by taking the union of the restric-
tion sets. The join, however, is generated by taking the intersection of the full
expansions of the restriction sets.



Proposition 9 Let E ⊆ PSTRUC. The following are true.

1. �∪E ⊆ �I , for each I ∈ E.
2. Suppose there is G ⊆ STRUC with �∪E ⊆ �G ⊆ �I for each I ∈ E, then

�G = �∪E.

Proof. 1. This follows from proposition 2 because I ⊆
⋃
E for each I ∈ E.

2. We have supposed that
�∪E ⊆ �G ⊆ �I so
�[∪E] ⊆ �[G] ⊆ �I (by 8) and
I ⊆ [G] ⊆ [∪E] (by 4) so
∪E ⊆ [G] ⊆ [∪E] and
[∪E] ⊆ [G] ⊆ [∪E] (by 7 monotony and idempotence) giving
[G] = [∪E] and so
�G = �∪E (using 8)

�

The next proposition depends on the evaluation of the expression ∩[E] where
E ⊆ PSTRUC. It can be shown that if a Bernays-von Neumann-Gödel set theory
(such as in Kelley [8]) is adopted [E] can be empty even when E is not (see [5,
Appendix]). If this is the case then ∩[E] is not a set, it is the class of all sets.
We prefer to work in an environment without such “explosions”. To achieve this
we could either dispense with defining the least upper bound altogether or use
an approach to set theory yielding more tractable results. As mentioned earlier,
we have decided to work within a universe of sets (see [1, 9]) where the results of
all constructions are sets. In a universe of sets [E] is not empty if E is not and
also ∩[E] is a set.

Proposition 10 Let E ⊆ PSTRUC. The following are true.

1. �I ⊆ �∩[E], for each I ∈ E.
2. Suppose there is L ⊆ STRUC with �I ⊆ �L ⊆ �∩[E] for each I ∈ E, then

�L = �∩[E].

Proof. 1. For each I ∈ E we have ∩[E] ⊆ [I], so by 2 �[I] ⊆ �∩[E] and by 8
�[I] = �I .

2. We have supposed that
�I ⊆ �L ⊆�∩[E] so
�[I] ⊆ �[L] ⊆ �∩[E] (by 8) and
∩[E] ⊆ [L] ⊆ [I] (by 4) so
∩[E] ⊆ [L] ⊆ ∩[E] giving
[L] = ∩[E] and so
�L= �∩[E] (using 8)

�

We have shown that arbitrary infinite (and hence finite) meets and joins exist
in PSTRUC.



Corollary 11 Let E ⊆ PSTRUC, then

1.
∧

I∈E �I = �∪E.
2.

∨
I∈E �I = �∩[E].

The next section shows that the restricted entailments approximate ordinary
entailment in the sense of domain theory.

3 Restricted Entailments as a Domain

Here we show that an arbitrary restricted entailment of ENT can be approxi-
mated by compact ones. These are of the form �I where I ⊆ STRUC has only a
finite number of structures which are not elementarily equivalent to each other.
That is, I has finitely many equivalence classes under the relation of elemen-
tary equivalence. As a byproduct of this approach it will be shown how ordinary
entailment, �, can be approximated in this way.

It turns out that ENT is a domain in which each element is approximated
by the compact elements which are set theoretically greater than it. So when
regarding ENT as a domain the domain partial order will be taken to be ⊇. The
partially ordered set (ENT,⊆) has an infinitary meet operation which is taken to
be the domain least upper bound operator with respect to the partial order ⊇.
The least element for the domain is taken to be �∅. The definitions for a domain
and its constituents come from [10].

Definition 12 (Complete Partial Order) Let D = (D,v,⊥) be a partially
ordered set with least element ⊥.

1. (Directed Set) Let A ⊆ D, then A is directed if whenever w and x are
members of A there is y ∈ A satisfying w v y and x v y.

2. (Complete Partial Order) D is called a complete partial order (CPO) if
whenever A ⊆ D and A is directed then the least upper bound of A, denoted⊔
A, exists in D.

Proposition 9 and corollary 11 justify the use of
∧

as
⊔

in the definition
below.

Definition 13 The set ENT = {�I : I ⊆ STRUC} can be regarded as a CPO
ENT = (ENT,v,⊥) by taking

1. v to be ⊇,
2. ⊥ to be �∅,
3.

⊔
to be

∧
.

The compact elements in a CPO play a major role in approximation of mem-
bers of the CPO so compactness is defined next.

Definition 14 (Compact element) Let D be a CPO.



1. An element d ∈ D is compact if and only if the following condition is satis-
fied:

For all A ⊆ D if A is directed and d v
⊔
A, then there is x ∈ A with

d v x.
2. The set of compact members of D is denoted comp(D).

In order to characterise the compact elements in proposition 20 some results
(lemma 15 to proposition 19) are needed on the cardinality of the set of equiv-
alence classes of expansions, and related matters. Let I be a subset of STRUC,
the family of equivalence classes of I under elementary equivalence is denoted
I/≡. If S ∈ I the equivalence class of S in I/≡ is denoted ‖S‖I .

Lemma 15 Suppose I ⊆ [H] ⊆ STRUC.

1. There is a one-to-one function f : I/≡ → [H]/≡.
2. If I = H, then f is onto.

Proof. Straightforward. �

For any set X let card(X) denote the cardinality of X.

Proposition 16 Let H ⊆ STRUC.

1. Both [H]/≡ and H/≡ are sets satisfying
(a) card([H]/≡) = card(H/≡).
(b) card(H/≡) ≤ card(H).

2. If I ⊆ [H], then card(I/≡) ≤ card(H).

Proof. Straightforward, uses lemma 15. �

Definition 17 (Reduction) Let I ⊆ STRUC.

1. J ⊆ STRUC is a reduction of I, denoted J � I, if and only if
(a) J ⊆ I.
(b) For each element x ∈ I/≡, there is an element S ∈ J satisfying S ∈ x.
(c) No two elements of J are elementarily equivalent.

2. I is said to be reduced if and only if I � I.

The proof of the following is straightforward.

Proposition 18 Let J and I be subsets of STRUC.

1. If I is reduced, then J � I iff J = I.
2. I has a reduction.

Proposition 19 Suppose J � I, then the following are true.

1. J is reduced.
2. [J ] = [I].
3. If I/≡ is finite, then so is J .



Proof. Straightforward. Part 2 uses monotony of expansion (see 7). Part 3 uses
15 and 16. �

The next result characterises compact restricted entailments.

Proposition 20 The restricted entailment �I is compact if and only if I/≡ is
finite.

Proof. Suppose �I is compact. Let E = {F : F ⊆ I & F is finite} and consider
T = {�F : F ∈ E}. T is directed and

∧
T = �∪E ⊆ �I because I ⊆

⋃
E. Since

�I is compact there is �H∈ T with �H ⊆ �I . By definition of T , H is finite. By
propositions 4 and 8 I ⊆ [H] and so I/≡ is finite by 16. This proves one half of
the proposition.

To prove the other half suppose I/≡ is finite. We must show that �I is
compact. Let T = {�R: R ∈ E} be directed where E ⊆ PSTRUC is arbitrary.
Suppose

∧
T ⊆ �I . We must show there is a member of T that is a subset of

�I . Now �[∪E] = �∪E =
∧
T ⊆ �I so I ⊆ [

⋃
E] by 4.

Let J � I, then by proposition 19 J is finite. Also J ⊆ I so J ⊆ [
⋃
E]. It

follows that for each S ∈ J there is a member of E, denote it RS , such that
S ∈ [RS ]. But J is finite and T is directed so there is �G∈ T with �G ⊆ �RS for
each S ∈ J . Because �[G] = �G we have RS ⊆ [G] by 4 and idempotence, and by
monotony of expansion and idempotence [RS ] ⊆ [G]. So we have J ⊆

⋃
{[RS ] :

S ∈ J} ⊆ [G] and it follows that �G = �[G] ⊆ �J = �[J]. Since �[J] = �[I] by 19,
we have that �G ⊆ �[I] = �I . �

A CPO (D,v,⊥) is algebraic if any element of D is equal to the the least
upper bound of the compact elements below it.

Definition 21 (Algebraic CPO) Let D = (D,v,⊥) be a CPO. For x ∈ D,
denote {c ∈ comp(D) : c v x} by approx(x). D is algebraic if and only if the
following condition holds.

If x ∈ D, then approx(x) is directed and x =
⊔

approx(x).

The next lemma is used to show that ENT is algebraic.

Lemma 22 Let I and J be subsets of STRUC. If both I/≡ and J/≡ are finite,
then so is (I ∪ J)/≡.

Proof. Straightforward. �

Proposition 23 The CPO ENT = (ENT,v,⊥) is algebraic.

Proof. From definition 13 v is ⊇ so the set approx(�R) = {�I : �R ⊆ �I

& I/≡ is finite}. It is directed because if �I and �J are elements of approx(�R),
then �R ⊆ �I ∧ �J = �I∪J , which is an element of approx(�R) since by lemma 22
(I ∪ J)/≡ is finite if both I/≡ and J/≡ are.

Finally we must show that
∧

approx(�R) = �R. Any finite set F ⊆ STRUC
has finite F/≡. Now consider E = {F : F ⊆ R & F is finite}. For each F ∈ E,
�F ∈ approx(�R) and

⋃
E = R. So �R ⊆

∧
approx(�R) ⊆

∧
{�F : F ∈

E & F is finite} = �⋃
E = �R. �



A domain is an algebraic CPO satisfying a certain consistency condition.

Definition 24 (Consistent Set) Let D = (D,v) be partially ordered and let
A ⊆ D, then A is consistent if and only if A has an upper bound in D.

Definition 25 (Domain) Let D = (D,v,⊥) be a CPO, then D is a domain
if and only if the following two conditions are satisfied.

1. D is an algebraic CPO.
2. If d and e are compact members of D and {d, e} is consistent, then d ∨ e

exists and lies in D.

We have seen in proposition 23 that ENT = (ENT,v,⊥) is algebraic. By 9
any pair of elements of ENT has a least upper bound given by meet. The following
proposition summarises the situation.

Proposition 26 The CPO ENT = (ENT,v,⊥) defined in 13 is a domain in
which

1. Ordinary entailment � = �STRUC ∈ ENT.
2. The compact members of ENT are the restricted entailments �I , where I/≡

is finite.
3. For �R∈ ENT, approx(�R) = {�I : �R ⊆ �I & I/≡ is finite}.

In fact, the last sentence in the proof of proposition 23 shows that any re-
stricted entailment is the meet of a subset of the compact ones greater than it,
namely the ones with finite restrictions.

In the next section we show how restricted entailment can be modelled in a
modal language, and discuss its semantics and proof theory.

4 The Modality “Approximately True”

In this section we sketch the properties of a first-order language augmented
with a single modal operator, “approximately true” with parameter R, which is
denoted ↓R. The parameter R is a finite set of structures. With R finite, ↓R is
taken to embody a finite agent. As was mentioned earlier this is justified by the
“correspondence” result for first-order sentences: proposition 30. Also the modal
language has a proof theory and a semantics which are sound and complete.
So by using the correspondence result to translate a restricted entailment into
the modal language, one can use the proof theoretic and semantic facilities of a
language which is sound and complete.

The semantics and proof theory of ↓R are summarised as well as their sound-
ness and completeness. The discussion is brief and no proofs are given. Full detail
can be found in [5, chapters 7 to 10]. In the final section some comments are
made about the logic of interaction of several different agents when they are
modelled by “approximately true” with different parameters.

Modal formulas are defined in the following way so as to allow the proof of
completeness to go through smoothly. The definition is in two stages.



Definition 27 (Modal Formula)

1. Let R ⊆ STRUC. The approximation sentences are defined inductively as
follows.
(a) Any first-order sentence is an approximation sentence.
(b) If ϕ and ψ are approximation sentences, then so are ↓Rϕ, ¬ϕ and ϕ◦ψ,

where ◦ is a boolean connective. Note that sometimes the subscript, R,
in ↓R will be dropped if there is no danger of confusion.

2. The modal formulas are defined inductively as follows.
(a) Any approximation sentence is a modal formula, and any atomic first-

order formula is a modal formula.
(b) If ϕ and ψ are modal formulas then so are ¬ϕ and ϕ ◦ ψ, where ◦ is a

boolean connective, as well as (∀x)ϕ and (∃x)ϕ.

Modal Semantics

The modal counterpart of satisfaction is forcing, denoted . Modal models force
modal formulas. The semantics is unusual in that it uses a single possible world.
Models will now be defined.

Definition 28 (Modal Model) A model is a four-tuple M = (G,R,D,S)
where:

1. G is a set with one element, G, called a world.
2. R is a binary relation defined on G called the accessibility relation. There

are only two possibilities for R in our system: it is either empty or it equals
(G,G).

3. D is a set called the domain of the model.
4. S is a first-order structure with domain dom(S) = D.

The following is an abbreviated definition of modal forcing.

Definition 29 (Forcing) Let M = (G,R,D,S) be a model and I = (S, u) be
a first-order interpretation, where u is an assignment of variables. The forcing
relation, , is defined recursively as follows. Let ϕ and ψ be modal formulas.

1. If ϕ is an atomic formula, then M u ϕ iff I � ϕ.
2. Rules for forcing of ¬ϕ, ϕ◦ψ (where ◦ is a boolean connective) and quantified

formulas are analogous to first-order satisfaction rules.
3. M ↓Rϕ if and only if the following holds: if GRG and S ∈ R then M  ϕ.

If X is a set of modal sentences, then we write M  X if and only if M  ϕ
for each ϕ ∈ X. Also, ↓X = {↓ϕ : ϕ ∈ X}. Modal entailment is defined as
follows: X  ϕ if and only if for every model M, M  X implies M  ϕ.

The following “correspondence” result connects restricted entailment and
forcing of “approximately true”. It provides the theoretical basis for regarding
forcing of “approximately true” as encapsulating the reasoning of a finite agent,
and hence for regarding “approximately true” as the embodiment of a finite
agent.

Proposition 30 Let ϕ be a first-order sentence and X a set of first-order sen-
tences, then X �R ϕ iff ↓RX ↓Rϕ.



Proof Theory, Soundness and Completeness

Our proof theory is based on tableaux and we use Fitting and Mendelsohn’s
approach [4]. Tableau rules for first-order logic are augmented to include ones
for sentences issuing from “approximately true”, ↓. Our method uses signed
sentences. A signed sentence is one which begins with either the character T
or F. A tableau is a tree having sentences as nodes, with one root node and
branches which end in leaf nodes.

Generic tableau branch extension rules are given in figure 1 and then the
working of a tableau proof is outlined. The rules show what can be appended
to a leaf of a branch if a certain sentence (referred to as the parent) lies on the
branch.

Some explanatory comments follow for the rules involving ↓; its parameter,
R, has been omitted.

First, an infinitely long separator sentence, σ, can be set up with the property
that every member of R satisfies σ and every structure not elementarily equiv-
alent to a member of R does not satisfy σ (see [5, page 14]). The sentence σ is
used as a kind of “token” in tableau rules and it is also used in the proof of com-
pleteness; σ is of the form

∨m
i=1 Ci, where m is an integer and Ci =

∧
n∈Ni

σn,i

for Ni some subset (possibly all) of the integers. Each of the σn,i is a first-order
sentence. Next, the comments for the rules involving ↓ follow.

1. The parent is T ↓ϕ; the node Tϕ is appended to the leaf if Tσ already
appears on the branch, otherwise nothing is appended.

2. The parent is F ↓ϕ; then two nodes are appended in sequence: Fϕ and Tσ.
3. The parent is Tσ; then m nodes are appended in parallel: TC1, . . . ,TCm.
4. The parent is TCi; then nodes Tσn,i are appended in sequence, for each
n ∈ Ni. We recall that each of the σn,i is a first order sentence.

A tableau proof for the sentence ψ consists of using tableau rules to build
a tree with root node Fψ and then checking that every branch of the tree has
a contradiction, that is, a pair of expressions in sequence which are identical
except that one begins with the character T and the other with F. If a branch
has a contradiction it is said to be closed; if every branch has a contradiction
then the tableau is said to be closed. A closed tableau is taken to be a proof.

Taken together, the tableau proof method and modal semantics can be shown
to be sound and complete (see [5]). Soundness means that if a modal sentence
is provable then it is valid, that is, forced by every model. Completeness is the
converse of soundness: if a sentence is forced by every model then it is provable.
It is not hard to extend the argument to show that a sentence ψ can be proved
from premises X (a set of sentences) if and only if X forces ψ. Denoting the
provability relation by `, this means that X ` ψ if and only if X  ψ. In
particular, this holds for the “correspondence” of proposition 30: ↓RX ↓Rϕ iff
↓RX `↓Rϕ. So if we have a restricted entailment X �R ϕ, we can be sure ↓Rϕ
is modally provable from ↓RX.

Some concluding remarks and directions for future work follow.



Tϕ Fϕ T¬ϕ F¬ϕ
any atomic ϕ any atomic ϕ Fϕ Tϕ

Tϕ ∨ ψ Fϕ ∨ ψ Tϕ ∧ ψ Fϕ ∧ ψ
Tϕ Tψ Fϕ Tϕ Fϕ Fψ

Fψ Tψ

Tϕ→ ψ Fϕ→ ψ
Fϕ Tψ Tϕ

Fψ

T∃xϕ(x) F∃xϕ(x) T∀xϕ(x) F∀xϕ(x)
Tϕ(c) Fϕ(t) Tϕ(t) Fϕ(c)

some new c any closed term t any closed term t some new c

T ↓ϕ F ↓ϕ
Tϕ Fϕ

If Tσ is on branch Tσ

Tσ TCi

TC1 · · · TCm Tσ1,i

...
Tσn,i

...

Fig. 1. Tableaux Branch Extension Rules



5 Discussion and Future Work

In the previous sections we have described a basis for a reasoning mechanism,
restricted entailment, which can be made finitary in character by a suitable
choice of parameter. We have shown that it approximates ordinary entailment in
the sense of domain theory and that it can be modelled in a modal language with
a semantics and proof theory that are sound and complete. We have proposed
that a restricted entailment be taken to encapsulate the deductive process of an
agent. This is important because it is an approach that takes seriously the finite
limitations of a reasoning agent.

We need to bear in mind that even humans cannot store infinite objects in
their heads, or brains. To be able to do so would require an addressing system in
the brain capable of making infinitely many links to the infinitely many tokens
representing the elements of the infinite object. But there are only finitely many
particles in the brain to provide the raw materials. (This, however, does not rule
out the possibility of a human carrying in their brain a name for an infinite object
and being able to reason about that object.) In any case even if one quibbles
with this argument about humans, it is still true that an artificial reasoning
agent cannot carry an infinite object, such as an infinite list, in its memory. So
it seems worthwhile to make a start, as we have done, in analysing what can be
accomplished in a finitary way.

This brings us to another point. If we take the logical essence of rationality
to be encompassed by (ordinary) entailment, it is still not clear which of its
properties would be generally accepted as being definitive of rationality. When
considering restricted entailment as a candidate for finitary rational agency we
suggest that perhaps the selection of defining properties can be deferred because
restricted entailment already enjoys several important properties of entailment
such as reflexivity, cut and monotony, and it can be modelled modally by a sound
and complete system.

We now touch on the topics of computability and a calculus for multi-agent
rationality. In [5, chapter 14] it is shown that a restricted entailment, �R, is
decidable provided that R is finite; the structures in R have have finite domains
and are computable; assignments of variables are computable; the interpreta-
tions of function and relation symbols under structures are computable and only
finite sets of sentences are considered. This means that the deductive process
is decidable for those agents meeting these requirements. Also, because a finite
union of finite sets is finite, the integration of finitely many agents into a canon-
ical super-agent produces one with a reasoning process that is decidable (under
the provisos mentioned above). Consideration of the computability of the meet
of a finite number of agents requires further work because the meet is induced by
the intersection of the full expansions of parameter sets, which may not be finite.
(But note that the resulting parameter has only a finite number of equivalence
classes under elementary equivalence of structures.)

The semantics for ↓R presented in definition 29 can be easily extended to deal
with several operators with different parameters co-existing in the same modal



language. The first steps in a calculus can even be taken. Semantic arguments
can be used to show:

1. M ↓I∪Jϕ iff M  (↓Iϕ∨ ↓Jϕ).
2. M ↓I∩Jϕ iff M  (↓Iϕ∧ ↓Jϕ).

Also it would not be difficult to include other modal operators such as “box”
and “diamond” in the language. Further work needs to be done to examine the
properties of this language.

Our formalisation of agents here is semantically based. Wooldridge in [11,
page 296] comments on the advantages and difficulties of semantic approaches
to agent system verification. Further steps in the use of the approach proposed
here would be to integrate it into an agent architecture and to see how the
specification and verification of agent systems could be handled in the resulting
system.

I would like to thank the reviewers of this paper for their many helpful
comments.
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