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Sumário

Um dos principais objectivos da Inteligência Artificial (IA) é o de fornecer capacidade
de raciocínio a máquinas. Em muitas aplicações, em especial aquelas que se desen-
volvem em ambientes dinâmicos, as capacidades de representação do conhecimento e
de raciocínio desenvolvidas na IA devem lidar com conhecimento que possa ser con-
stantemente actualizado.

Além disso, na maioria dos casos, uma aplicação de IA, não deve apenas ter capaci-
dades de representação do conhecimento e raciocínio, mas deve também poder reagir
a acontecimentos externos, função do conhecimento que tem representado. Para se
adaptar às mudanças externas, uma aplicação de IA pode ter que, por vezes, executar
auto-actualizações tanto quer da sua base de conhecimentos como do seu comporta-
mento reactivo. A reacção adequada a uma solicitação externa exige, em muitos casos,
não só conhecimento estático sobre o meio ambiente, mas também conhecimento sobre
os resultados das acções que podem ser executadas.

A Programação em Lógica está entre os mais estudados paradigmas para represen-
tar o conhecimento, baseando-se numa linguagem baseada em regras, simples e intu-
itiva, e com uma semântica declarativa rigorosa bem como metodologias de dedução
automática eficazes.

O objetivo desta tese é desenvolver uma linguagem baseada na programação em
lógica, para o desenvolvimento de aplicações de IA, capaz de efectuar raciocínio sobre
uma base de conhecimento, de manipular actualizações deste conhecimento básico, de
reagir aos acontecimentos externos e de evoluir.

Para alcançar este resultado começamos o nosso trabalho, tendo como ponto de par-
tida a linguagem já existente de programas em lógica dinâmicos (do inglês “Dynamic
Logic Programs” ) isto é, de sequências de programas em lógica em que o primeiro pro-
grama representa o conhecimento inicial e os restantes as actualizações subsequentes.
A ideia principal desta linguagem é que uma regra de um programa pode ser descon-
siderada sempre que surge uma potencial contradição com o que é afirmado por uma
regra de um programa posterior. Com base em programação em lógica dinâmica foram
desenvolvidas linguagens de actualização de programas em lógica que permitem que
programas possam evoluir, actualizando-se.

O nosso primeiro contributo é o de desenvolver uma mais sólida base teórica para
programas em lógica dinâmicos. Começamos por refinar o actual modelo baseado
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na semântica de modelos estáveis de programas em lógica dinâmicos, definindo as-
sim uma nova semântica que resolve alguns comportamentos contra-intuitívos ex-
ibidos pelas anteriores semânticas e que satisfazem propriedades importantes. Esta
nova semântica é alargada ao caso mais geral de programas dinâmicos “multi-
dimensionais", em que as sequências de programas em lógica são substituídas por uma
ordem parcial de multi-conjuntos de programas. O próximo passo foi o de definir uma
semântica bem-fundada (do inglês “well founded semantics”) para programas em lóg-
ica dinâmicos que aproxima a semântica baseada em modelos estáveis, e que tem uma
menor complexidade computacional.

Tendo estabelecido esta firme base teórica, estudamos como a linguagem de actu-
alizações de programas em lógica Evolp pode ser utilizada para descrever e racioci-
nar sobre efeitos de acções, e qual é a sua expressividade e vantagens relativamente a
outras linguagens de descrição de acções (do inglês “action description languages”).
Tendo resolvido os problemas básicos do raciocínio e actualizações, definimos uma
linguagem de Evento-Condição-Acção, chamada ERA (vindo a abreviatura do in-
glês “Evolving Reactive Algebraic logic programs”), baseada em programas em lóg-
ica dinâmicos, e que estende o Evolp através do reforço das sua capacidades reacti-
vas: com eventos, regras reactivas e com acções. Contrastando com as actuais lingua-
gens de raciocínio sobre acções, desenvolvemos na tese uma abordagem integrada para
programação de comportamento reactivo, totalmente declarativa, capaz de lidar com
raciocínio e execução de uma só vez, juntamente com características auto-evolutivas
inéditas.
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Summary

One of the main goals of the Artificial Intelligence (AI) field is to provide reasoning
capabilities to computers. Within many applications, in particular those settled in a
dynamic environment, the knowledge representation and reasoning capabilities de-
veloped within AI must deal with knowledge that is constantly updated.

Moreover, in most of the cases, an AI application is not only bound to reasoning
activities, but also to react to external events on the the basis of its knowledge. To adapt
itself to external changes, an AI application must sometimes perform self updates both
to its knowledge base and to its reactive behavior. A proper reaction to an external
solicitation requires, in many cases, not only static knowledge about the environment,
but also about the outcomes of actions that can be undertaken.

Logic programming is among the most studied paradigms for representing knowl-
edge, relying on a simple and intuitive rule-based logic language and being provided
with rigorous and declarative semantics, as well as effective methodologies for auto-
matic deduction.

The goal of this thesis is to develop a logic programming based framework for de-
veloping AI applications capable of reasoning on the basis of a knowledge base, of
handling updates to this knowledge base, of reacting to external events and of evolv-
ing.

To achieve this result we start our investigation from the existing framework of
dynamic logic programs, i.e. sequences of logic programs where the first program rep-
resents the initial knowledge base and the remaining ones the subsequent updates.
The main idea of this framework is that a rule in a program can be rejected whenever
a potential contradiction arises with what was asserted by a rule in a subsequent pro-
gram. On the base of dynamic logic programs, the so called logic programs updates
languages, allowing programs to evolve by updating themselves, have been devel-
oped.

Our first contribution is to settle the dynamic logic programming framework on
more solid theoretical bases. We start by refining the existing stable model based se-
mantics for dynamic logic programs, obtaining a new refined semantics that solves
some counterintuitive behavior shown by the previous semantics and that satisfies
important properties. The refined semantics is also extended from dynamic logic pro-
grams to the more general case of multidimensional dynamic logic programs, where

ix



sequences of logic programs are replaced by partially ordered multisets of programs.
The next step is to define the well founded semantics of dynamic logic programs that
approximates the refined semantics and has a lower computational complexity.

Having established firmer theoretical bases, we investigate how the existing logic
programming updates language Evolp can be used for describing and reasoning about
the effects of actions, and what is its expressivity and advantages w.r.t. other action de-
scription languages. Having solved the basic problems of reasoning and updates, we
define an Event-Condition-Action language called ERA (after Evolving Reactive Alge-
braic logic programs), based on the semantics of dynamic logic programs, that extends
Evolp by enhancing its reactive capabilities with events, reactive rules and actions.
Contrasting with the existing frameworks for reasoning about actions, for program-
ming reactive behavior, we develop an integrated, fully declarative, framework for
dealing with the above issues of reasoning and execution at once, together with inedit
self-evolving features.
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Chapter 1

Introduction and outline

Contents
1.1 Reasoning, reactivity and evolution for Artificial Intelligence appli-

cations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2

1.2 An evolving logic programming Event Condition Action language . 3

1.3 Outline of the thesis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5

1.4 Comparisons to other approaches . . . . . . . . . . . . . . . . . . . . . 12

1.5 Application areas . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14

1.6 List of original contributions . . . . . . . . . . . . . . . . . . . . . . . . 15

This chapter introduces the main subjects of the thesis and its goals. We begin by il-
lustrating desirable features of a framework for developing AI applications, i.e., from
one side, reasoning, reactivity and evolution and, from the other side, the capability
of defining and executing complex actions. We proceed by illustrating the framework
developed along the thesis for achieving these requirements. An outline of the the-
sis is then presented detailing the content of the various chapters. The motivation for
the thesis is then enforced by first briefly comparing our proposal with existing ap-
proaches, in order to show that the latter do not completely match the requirements
illustrated at the beginning of the chapter, and then by sketching some potential ap-
plication areas where our framework could be profitably applied. We end up with a
summary list of the contributions of the thesis.
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1. INTRODUCTION AND OUTLINE 1.1. Reasoning, reactivity and evolution for Artificial Intelligence applications

1.1 Reasoning, reactivity and evolution for Artificial In-

telligence applications

Research in Artificial Intelligence (AI) is concerned with producing machines to au-
tomate tasks requiring intelligent behavior. A distinctive feature of an intelligent be-
havior is that of being based on the possessed knowledge. A first problem to face when
implementing AI applications is then how to represent knowledge and how to extract
information from such knowledge. In other words, a first brick of an AI application is a
knowledge representation (KR) and reasoning (or inference) system. The dominant approach
in knowledge representation is to define symbolic paradigm based on some form of
logic. A symbolic knowledge representation framework usually consists of crude facts
(or data) and more sophisticated expressions describing the relations between facts
(like, for instance logical implication). Together facts and formulas form the knowledge
base (KB) of the AI application. Usually facts are referred as the extensional part of the
KB while formulas represent its intentional part.

Many tasks for AI applications also demand to perform some kind of actions; hence
actions and possibly the effects of actions should be representable in the KR framework
and the mechanism specifying when an action must be performed must be defined.
Moreover, usually the application continually receives external inputs in the form of
messages, perceptions, commands and so on. Such inputs can be considered as events
to which the AI application is supposed to react in an intelligent way.

Reactivity is a key feature in dynamic domains where changes frequently oc-
cur. Dynamic domains also demand the AI application for taking into account such
changes and consequently update the KB. The required updates surely involve the ex-
tensional part of the knowledge base, but occasionally it may be necessary to update
also the intentional part to represent the fact that the very rules of the domain are
changed. Moreover, for adapting to the new situation, besides knowledge updates, it
might be necessary to update the behavior of the AI applications i.e. to update the re-
active mechanisms themselves. These updates may be the result of external inputs but
it might be necessary for the application to perform actions leading to self-updates. In
other words, the AI application is required to have evolving capabilities.

A Knowledge representation paradigm for programming reactive and evolving
AI applications should hence be able to:

• represent knowledge (facts and formulas) and infer information,

• specify actions that must be executed in response to external events (the reactive
behavior of the application),

• reason about the effects of such actions,

• incorporate updates to facts and formulas (knowledge), and behavior, and

2



1. INTRODUCTION AND OUTLINE 1.2. An evolving logic programming Event Condition Action language

• perform self updates as actions.

Despite of the challenging complexity of the capabilities required above, we believe
that, for practical applications, we still need to require some additional expressive fea-
tures. Besides what could be called basic actions like, for instance, insertion and deletion
of facts and formulas or atomic external actions, a developer may want to specify more
sophisticated actions obtained by the basic ones, like “first do this action and then do
this other one" or “do both these actions in parallel" and so on. The framework should
provide easy tools for combining actions in an easy and modular way allowing to de-
fine complex actions in terms of basic ones and then to use such complex actions to
define even more complex ones and so on.

1.2 An evolving logic programming Event Condition Ac-

tion language

Among the existing formalisms for KR, Logic Programming (LP) has a simple logic
based syntax, formal declarative semantics and implemented inference systems. The
formulas of LP are logic implications (also called rules or clauses) of the form

A← L1, . . . ,Ln.

and combine an intuitive interpretation with a precise semantical meaning. A logic
program is any set of such rules. The most well known class of logic programs is that
of normal logic programs [DPP97, Rei87], i.e. sets of rules of the form above where A

(called the head of the rule) is an atom and L1, . . . ,Ln (also known as the body of the
rule) is a (possibly empty) conjunction of (positive or negative) literals. For the reasons
mentioned above, we choose LP as the basic KR language of our framework.

With this choice of basic KR language, and aiming at the general and expressive
paradigm for reactive and evolving AI applications, the first step of our research is
the definition of a theory of updates for logic programs. In this preliminary part, de-
scribed in Chapter 3 and 4 we refine and extend previous works on logic programs
updates, specifically the framework known as dynamic logic programs (DyLPs)
[ALP+00a, BFL99, EFST02a, Lei03, LP97, SI99, ZF98, Sef00] leading to a refined sta-
ble model-like semantics and to a well founded semantics for DyLPs. The main idea
of logic programs updates is to update a logic program by another (or several) logic
programs. In this perspective an old rule can be rejected by a more recent one, the
latter encoding an exception to the former.

Contextually with the theory of LP updates, languages for developing LP-like pro-
grams capable of performing self-updates, and with an interface for external inputs,
have been defined (like, for instance, LUPS [APPP02], EPI [EFST01], KUL [Lei03], and
KABUL [Lei03]). Such languages possessed “in nuce" many of the ideas for a KR-

3



1. INTRODUCTION AND OUTLINE 1.2. An evolving logic programming Event Condition Action language

paradigm for evolution and reactivity. Among these languages, a very expressive and
particularly simple one is Evolp [ABLP02]. We focus our investigation on this language.
A first result is to show how Evolp can be used to reason about the effects of actions
and to encode existing paradigms for reasoning about actions.

However, when facing the problem of specifying the execution of actions, rather
then simply reasoning about such execution, we find the expressivity of Evolp
paradigm less than adequate for the purpose we have in mind.

First of all, the ideas of events and reactions to events are not clearly outlined in
the Evolp framework. It is also problematic to express behavior like “react if this event
occurs followed by this other event". In other words it is problematic to express complex
events. Even more problematic, if at all impossible, is to specify complex actions like
“execute this task and when you finish execute this other task" or “if this condition
holds do this action, otherwise do this other action" and, moreover, to incrementally
define complex actions on the basis of simpler ones.

Our conclusion is that to reach the needed expressive capabilities the natural way is
to extend the framework including concepts beyond the usual boundaries of Logic
Programming.

In our opinion, the most natural setting to encode reactivity is that of Event Condi-
tion Action (ECA) languages. The main construct of an ECA language is that of reactive
(also called ECA) rules of the form:

On Event If Condition Do Action

That literally means: when Event occurs and if the Condition is satisfied then do the
Action. The intuitive reading of these rules and their clear reactive nature makes ECA-
languages the natural candidate to express reactivity. Moreover, being a rule-based
framework, ECA rules can merged with any LP-framework in a comparatively easy
way. Syntactically, all we have to do is to allow both inference rules and ECA rules
in the same program. We find that it is quite natural to use the mechanism of (self)
update of DyLPs and Evolp to allow an ECA program to specify updates to inference
rules (encoding knowledge) and to ECA rules (encoding reactive behavior). For defin-
ing complex actions and events in an incremental an modular way, the best solution
around is, in our opinion, to rely on algebras of operators. An algebra allows to combine
basic elements (events or actions) to form more complex ones, by operators express-
ing concepts like “first this occurs and then this other occurs" or “do this and then do
that" and so on. Operators can be applied also to complex elements to define new,
more complex elements (incremental and modular definition). It is also possible then
to define a new action or event as an arbitrary algebraic expression.

By specifying two distinct algebras, for actions and for events, we obtain the
language ERA (after Evolving Reactive Algebraic programs). An ERA program is

4



1. INTRODUCTION AND OUTLINE 1.3. Outline of the thesis

a collection of either inference or ECA rules and both events and action definitions.
Although adopting a rather different syntax, we will show that ERA can be considered
as a direct extension of Evolp, hence there is a substantial continuity between this and
the previous steps of the work.

1.3 Outline of the thesis

As it emerges from the discussion above, our work is ideally divided in two phases, a
first phase devoted to utterly develop the existing framework on LP updates and a sec-
ond one devoted to develop concepts from other areas of research and integrate them
in the existing framework. This ideal division is reflected in the structure of the the-
sis. Chapter 2 is an overview of classes of logic programs and their semantics that are
mostly significant for this work. Chapters 3 to 4 are LP updates focused, while Chap-
ters 5 and 6 develop and illustrate the actions language EAPs, and the ECA language
ERA. Let us consider in a more detailed way the contribution of the various chapters.

PART I

1.3.1 Chapter 3: A refined well-supported semantics for DyLPs

This chapter illustrates the existing stable model-like semantics for LP updates
[ALP+00b, BFL99, EFST02a, Lei97, Lei03, LP98, SI99, ZF98], and some known limita-
tions of these frameworks. It then proposes new theoretical foundations and a refined
stable model semantics for logic programs updates. The common idea to all the ana-
lyzed approaches is to update a logic program P1 by another logic program P2 or by a
sequence of logic programs P2, . . . ,Pn where P1 represents the initial knowledge and P2

(resp. P2, . . . ,Pn) is the update (resp. are the various updates). Together, the sequence
P1, . . . ,Pn is known as dynamic logic program (DyLP).

Another common idea is that of relying on more general forms of programs than
normal logic programs allowing negative literals also in the head of rules rather than
simply in their bodies (as in normal LPs) [GL90, LW92]. In particular, in our approach,
the programs in the sequence are generalized logic programs [LW92] i.e. sets of rules
L← B where L is a (positive or negative) literal (not just an atom as in normal LPs) and
B is a conjunction of literals.

Having the possibility to express both positive and negative conclusions in the head
of rules, conflicts of consistency may emerge among rules in case the head of one rule
is the opposite of the head of another rule. Semantics of LP updates constructively
use these conflicts to encode changes to the initial situation. More precisely, an old
rule L ← B1 may be invalidated by a more recent one (i.e. a rule in a more recent
update) not L← B2. The approaches analyzed are based on the causal rejection principle
[EFST02a, Lei03] that states: “a rule is rejected if and only if there is a rule whose head
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is in conflict with the head of the previous one and whose body is true".
Let us provide an intuitive example to clarify the concept.

Example 1.3.1 The initial program

P1 : wet ← rain.

rain.

simply states that if it rains then it is wet and that currently it rains. We update this program
with the following:

P2 : not rain← sun.

sun.

stating that it does not rain if there is the sun, and indeed there is the sun. According to the
known semantics for updates based on causal rejection, the (stable) model associated to P1 is
{wet,rain} stating that it rains and hence is it is wet. However, if we consider the DyLP P1,P2

we have a rule in P2 which is in conflict with the rule (in this case it is simply a fact) rain and
whose body is true and hence the fact rain is rejected.

According to this idea, the stable model of the DyLP above, after the update, is

{sun,not rain,not wet}

An intuitive way to consider DyLPs is that later rules encode exceptions to the previous
ones.

At the moment we started our research there were several very similar seman-
tics for DyLPs (as show in [Hom04]) based on a stable models approach and the
causal rejection principle. These semantics differ in some cases involving DyLPs
[EFST01, Lei03]. More precisely, some semantics admit less stable models than oth-
ers. A problematic aspect is that all these semantics provide counterintuitive results
on some programs. More precisely, none of the cited semantics is immune to tautologies
[Lei03] i.e. the addition of rules of the form L← L sometimes changes the semantics of
a DyLP by introducing new models. Among those semantics the dynamic stable model
semantics [ALP+98a] is the one with less problems with tautologies and also the one
admitting less models. Nevertheless even this semantics is not completely immune to
tautologies. Let us provide an example

Example 1.3.2 Consider the program P1 describing some knowledge about the sky. At each
moment it is either day time or night time; we can see the stars whenever it is night time and
there are no clouds; and currently it is not possible to see the stars.

P1 : day← not night.

night ← not day.

stars← night,not cloudy.

not stars.

6
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The only dynamic stable model of this program is {day}. Suppose now the program is updated
with the following tautology:

P2 : stars← stars.

This tautological update introduces a new dynamic stable model. Indeed, besides the intuitively
correct dynamic stable model {day}, the dynamic stable model semantics also admits the model
{night,stars}. Furthermore, these results are shared by all other existing semantics for updates
based on causal rejection [ALP+98b, BFL99, EFST02a, Lei03, LP97, LP98]. We argue that this
behavior is counterintuitive as the addition of the tautology in P2 should not add new models.

Hence, several very similar semantics coexist, and it is not clear which should be the
right semantics for DyLPs since the only known criterium of choice is immunity to
tautologies. But first, not even the best candidate is completely immune to tautologies
and second, tautologies are just an example, an alarm that some more general principle
is violated. However, it is not clear what is the general principle whose violation leads
to counterintuitive behavior with tautologies.

Our first contribution is to find such a general principle and then to provide a se-
mantics satisfying this principle. As a first step we define the refined extension principle
which specifies cases when the addition of a set of rules to a DyLP should not lead
to more models. The counterintuitive examples involving tautologies are just special
cases of the violation of the principle. Then we define a refinement of the dynamic
stable model semantics, called the refined semantics for DyLPs that complies with the
principle and, consequently, is immune to tautologies.

This first work still leaves some important open issues. First of all, the formulation
of the refined extension principle, as shall be seen, is too technical and linked to the
formal definition of the semantics. Moreover, it does not characterize completely the
semantics and indeed it is easy to define fake semantics for DyLPs that nevertheless
satisfies the principle. The second aspect is that the definition provided for DyLPs
does not extend to the case of Multidimensional dynamic logic programs (MDyLPs) a gen-
eralization of DyLPs allowing updates not only as a sequence but more in general as
acyclic diagraphs. Moreover, also the refined extension principle is not extendable to
cover the new case. Although this is not directly linked to the rest of the work, it would
be odd to have a proper refinement for DyLPs but with the question left unsolved in
the multidimensional case, especially because the other semantics had extensions to
the multidimensional case [LAP00, BFL99].

We solve both the problems by extending the concept of well supported models
[Rei87] to DyLP and MDyLPS. Well supported models are a non-fixpoint semantics
for normal logic programs based on functions from literals to natural numbers, known
as level mappings . It turns out that supported models are an alternative characteriza-
tion of the stable model semantics of normal logic programs. We present an intuitive
extension of well supported model to the case of DyLPs and then we show that, as
it happens in the case of normal logic programs, well supported models for DyLPs are
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an alternative characterization of the refined semantics. This provides a strong hint that
the refined semantics is indeed the proper extension of the stable model semantics to
DyLPs. Moreover, well supported models can be immediately extended to MDyLPs
thus obtaining the desired extension of the refined semantics to MDyLPs. Given the
equivalence between the two characterizations we also refer to the refined semantics
as the well supported semantics for DyLPs (and MDyLPs).

The chapter is completed by a program transformation that allows to find for any
DyLP (or MDyLP) a normal logic programs whose stable models correspond to the
well supported models of the original program, thus allowing to use the existing soft-
ware for computing the stable model semantics also for computing the well supported
semantics of DyLPs and MDyLPs.

1.3.2 Chapter 4: A well founded semantics for DyLPs

The refined semantics for DyLPs extends the stable models semantics for DyLPs. How-
ever, the requirements of some applications domains demand a different choice of a ba-
sic semantics such as the well founded semantics [GRS91]. The well founded semantics
is a skeptical 3-valued logic approximation of the stable model semantics. Every pro-
gram has a well founded model where every atomic conclusion is either true, false or
undefined.

One of such requirements is that of computational complexity. As it is well known,
the computation of stable models is NP-hard, whereas that of the well founded model
is polynomial. Another requirement is that of being able to answer queries about
a given part of the knowledge without the need to, in general, consult the whole
knowledge base. The well founded semantics complies with the property of relevance
[Dix95b], making it possible to implement query driven proof procedures that, for any
given query, only need to explore a part of the knowledge base. Moreover, a stable
model approach does not guarantee that a program always has a semantics, partially
for the presence of contradictions among rules and partially because even logic pro-
grams without contradictions do not always have a stable model. Lack of a semantics
is a serious drawback for inferring conclusions, and even more for executing actions,
being problematic to execute actions on the basis of a KB without a meaning.

A well founded paraconsistent [DP98] semantics would solve these problems by as-
signing a semantics to any program (even programs with unsolved contradictions).
For the reasons mentioned above, we felt the need for a well founded semantics for
DyLPs.

A few attempts to define a well founded semantics for DyLPs can be found
[ALP+00b, APPP02, Lei97]. However, these approaches lack of a theoretical founda-
tion and a declarative semantics, being mainly a spin-off of the research on stable-
models like semantics for DyLPs. The common idea of these approaches is indeed to
consider the logic program transformation defined as operational equivalent for stable
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models-like semantics of DyLPs and to define the well founded semantics of a DyLP
P1, . . . ,Pn as the well founded semantics of the logic program P resulting from the pro-
gram transformation above applied to P1, . . . ,Pn. Moreover, these semantics are un-
appropriate since they inherit the counterintuitive behavior of their stable model-like
equivalent. For instance they are not immune to tautologies.

Our contribution, in this chapter, is to provide a declarative paraconsistent well
founded semantics for DyLPs. This semantics is a generalization for sequences of pro-
grams of the well founded semantics of normal [GRS91] and generalized LPs [DP96].
Moreover it is sound w.r.t. the refined semantics for DyLPs as defined in Chapter 3. As
for the refined semantics, the approach herein is also based on the causal rejection prin-
ciple [EFST02a, Lei03] that we extended from a 2-valued to a 3-valued setting. While
the causal rejection principle for 2-valued logics is “a rule is rejected if and only if there
is a rule whose head is in conflict with the head of the previous one and whose body
is true" its extension to a 3-valued setting becomes: “a rule is rejected if and only if
there is a rule whose head is in conflict with the head of the previous one and whose
body is non false (i.e. true or undefined)". The well founded semantics complies with
this principle. Finally, as for the well supported semantics, we provide a sound and
complete operational semantics based on a program transformation of a DyLP into a
normal LP whose well founded semantics coincides with the well founded semantics
of the initial DyLP.

PART II

1.3.3 Chapter 5: Logic programs updates languages and reasoning

about actions

After establishing the theoretical foundations of semantics for DyLPs, the next step is
how to use this framework for programming evolving and reactive AI applications. As
anticipated, there are already some proposals based on DyLPs that contain the core of
a KR paradigm capable of self evolution. They are known as Logic programming update
languages [ABLP02, APPP02, EFST01, Lei03]. These programs integrate usual LP in-
ference rules with commands specifying how and when to update the current program
with new rules. We briefly describe these languages and focus on Evolp [ABLP02],
that we regarded as as the most promising proposal around. Besides the usual LP
rules, Evolp has a special kind of rules of the form

assert(τ)← B

where B is a conjunction of literals (as the body of inference rules) and assert(τ) is a
special atom where τ is a rule. The founding idea of Evolp is that “the rule τ updates
the current program if the atom assert(τ) is true". The evolution of a program is also
influenced by external information on the form of LPs called input programs. The lan-
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guage Evolp has assert/1 as its unique command. The original idea of its developers, as
expressed in [ABLP02], was to use combinations of rules for defining other commands
as macros (i.e. specific sub-programs). The simplicity of the syntax and semantics of
Evolp is the main feature of this language. Another important feature is that the rule
τ can be itself of the form assert(τ2)← B2 thus allowing a program to update its infer-
ence rules (the knowledge) and its command rules (the behavior) at once. Finally the
semantics of Evolp is parametric w.r.t the underlying semantics for DyLPs (at least for
stable-model like semantics). It costs nothing then to use the refined semantics as the
basic update framework for Evolp.

The successive first step in our path, is to use Evolp for reasoning about the effect
of actions (an argument extensively treated, for instance in [BGP97, GL93, GLL+97,
GLL+03]). We develop specific commands (as macros) for specifying the effects of
complex commands obtaining the macro language, named EAPs (after evolving action
programs). The first class of macro commands is that of dynamic rules of the form

effect(r)←C

where C is a conjunction of literals with usually at least one atom representing a per-
formed action, while r is a LP rule. The intuitive meaning of the command above is:
“the effect of the occurrence of C is r". The other class of macro commands is that of
inertial declarations of the form

inertial(a)

where a is an atom. The command above states that the truth value of the atom a (in
this setting known as a fluent) only changes as (direct or indirect) effect of an action.

The expressivity of EAPs is compared to existing action description languages. In
particular, we develope translations of the action languages A , [GL98a] B , [GL98a] C
[GLL+03, GL98b] into EAPs, thus showing that EAPs are at least as expressive as the
illustrated action languages. Moreover, we show how EAPs are particulary suitable
for expressing updates of the action description, allowing to specify changes in the
described action domain.

1.3.4 Chapter 6: Evolving Reactive Algebraic Programs

Although Evolp proved to be suitable for reasoning about actions, the situation is dif-
ferent when programming reactive behavior. Evolp does not have a clear formalization
of the concepts of events, nor the tools for combining basic events into complex ones.
Although the command assert(τ) is an example of internal action (an action producing
effects only on the internal state of the considered application) Evolp does not consider
external actions (actions producing effects on the external environment). Moreover, de-
spite of being developed as a basic language requiring macros for defining complex
commands, Evolp itself does not have a clear way for defining macros nor for reusing
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macros for defining other macros. To overcome these limitations, we decided to ex-
tend other commands (or actions) and constructs thus obtaining the ECA language
ERA. Besides inference rules, the basic construct of ERA are reactive rules of the form:

On Event If Condition Do Action

where Event is a special literal representing an event, Condition is a conjunction of lit-
erals (like the body of inference rules) and Action is a special atom representing an
action. Event can be a basic event (an event that is considered somehow as atomic) or
a complex event obtained from basic events by an algebra of operators (as done, for in-
stance, in [CL03, AC03]). The algebra of ERA is taken by the classical event algebra
Snoop [AC03]. For instance, if e1, e2, e3 are events, then e14 e2 is an event that occurs
iff e1 and e2 occur simultaneously and A(e1,e2,e3) is an event that occurs if e1 occurs,
followed by e2 and e3 does not occur between the occurrence of e1 and e2. It is also
possible to provide a name enam to a complex event e by the event definition construct

enam is e

As for events, also actions can be basic (assert(τ) is an example of basic action) or com-
plex. Complex actions are obtained from basic actions by an algebra of operators. For
instance, if a1 and a2 are actions, the action a1 .a2 is the action obtained by first execut-
ing a1 and then (when the execution of a1 is complete) the action a2, while a1‖a2 speci-
fies that a1 and a2 must be concurrently executed. The algebra of ERA is inspired by the
work on process algebras [Milb, Mil89, Mila, BW90, Hoa85, SJG96]. As for events, it is
possible to provide a name anam to a complex action a by the action definition construct

anam is a

A peculiar construct of ERA are inhibition rules i.e. rules of the form

When B Do not Action

where B is a conjunction of literals and Action is any action. Such rules specify actions
that must not be executed and, when asserted, can inhibit a previous reactive rule. ECA
and inhibition rules, as well as event and action definitions, can be asserted in a pro-
gram with the assert/1 command. The semantic or ERA is given by transforming an
ERA program into a DyLP. A reactive rule

On Event If Condition Do Action

becomes the LP rule
Action←Condition,Event
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while the inhibition rule
When B Do not Action

becomes the rule
not Action← B

Thus the update mechanism of DyLPs allows to update the reactive behavior of ERA.
The effects of actions is given (as is usually done in process algebras [Milb, Mil89, Mila,
BW90, Hoa85, SJG96]) by providing a transition system describing the effect of basic
actions and how to combine these effects by the operators of the algebra. The main
difference of our approach w.r.t. the process algebras cited above lies in the concurrent
execution of actions. For instance, the concurrent execution of two processes a1 and a2

in most of the existing process algebras is equivalent to interleaving the execution of
the basic actions of either a1 or a2 and so on on until both the processes are completely
executed. In ERA (as well as in other truly concurrent paradigms such as, for instance,
the one described in [GM99]) instead, the concurrent execution of two a1 and a2 is done
by simultaneously executing the first basic action of a1 and a2 then the second ones and
so on. This is so because in ERA it is possible to execute actions simultaneously and the
simultaneous execution of actions is, in general, not equivalent to any sequentialized
execution of the same actions.

We also prove in this chapter how Evolp can be encoded in ERA in a straightfor-
ward way, thus unifying the language of EAPs conceived for reasoning about actions
with the ECA language ERA conceived for executing actions.

1.3.5 Appendixes

Along the thesis, we present various formal statements in the form of theorems, propo-
sitions, lemmas and corollaries. The proofs of these statements are not always inter-
esting by themselves, either because they are too long and technical or because they
do not provide especially interesting insights on the treated subject. In these cases we
postpone the formal proofs to Appendixes A, (containing the proofs of the statements
in Chapter 3), B (containing the proofs of the statements in Chapter 4), and C (contain-
ing the proofs of the statements in Chapters 5 and 6).

1.4 Comparisons to other approaches

There is a vast literature on the subjects touched by the thesis, i.e. update of knowledge
bases, reasoning about the effect of actions, reactive behavior and Event-Condition-
Action languages. Extended comparisons among the logic-programming update
framework proposed in the thesis and related approaches are spread among the vari-
ous chapters of the thesis. Hereafter, we present some of those related approaches and
underline the relative advantages of our framework.
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We already motivated, in Sections 1.3.1 and 1.3.2, for the need of further research
on basic semantics for dynamic logic programs. We refer the reader to Chapters 3 and
4 for detailed comparisons to existing semantics for DyLPs.

The issue of reasoning about the effect of actions is extensively treated and many
proposals have been formulated in the literature (see, for instance, [BGP97, GL93,
GLL+97, GLL+03, GL98a, GLL+03, GL98b]) allowing to describe the effects of actions
on the environment by specifying how facts describing the current state of the environ-
ment are affected by the execution of actions. These facts are known as fluents. How-
ever, in a dynamic environment, not only the facts but also the “rules of the game"
can change, in particular the rules describing the changes. The capability of describing
such kind of meta level changes is, in our opinion, an important feature of an action de-
scription language. This capability can be seen as an instance of elaboration tolerance,
i.e. “the ability to accept changes to a person’s or a computer’s representation of facts about
a subject without having to start all over” [McC88]. The framework of evolving action
programs naturally allows to describe changes in the rules describing an environment
by updating such rule by other rules as shown in Chapter 5. This adaptive capability
is not shared by other known action description languages.

Reactive behavior have been extensively studied, and many Event-Condition-
Action formalisms have been proposed, particularly in relation to active database sys-
tems (see, for instance, [Rul, ABM+02, AC03, BPS04, CL03, CT04, GNF98, LML98,
SJG04, WC96a]). However, none of these languages has the evolving capabilities of
ERA (see Chapter 6 for more details). Moreover, most of the approaches have not a
clear declarative semantics, relying instead on an operational semantics or even on im-
plementations not supported by any formal semantics (this is the case, for instance, of
most of the active database related approaches like [WC96a, SJG04, Rul, ABM+02]). A
formal declarative semantics greatly simplifies the understanding of the framework by
the user and the discovery and proof (included automated proofs) of properties, such
as termination and correctness or to establish translations from one language to a dif-
ferent one in order to compare their expressivity. For instance, a declarative semantics
is among the features demanded in [Sem07] as a basic requirement of a Semantic Web
services language.

Since the action description framework of EAPs can be embedded in ERA, it is pos-
sible to use ERA both for programming an agent and for reasoning about the effect of
the actions of the agent in the environment. This allows, for instance, to write simula-
tions of the agent-environment systems in ERA.
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1.5 Application areas

On the level of basic semantics of dynamic logic programs, the most promising appli-
cation areas are KR domains where knowledge is suitably represented by logic rules
and, moreover, not only the facts but also the rules of the domain must be frequently
updated.

One of these domains is that of legal reasoning, where the laws can be described
by logic programming rules. Changes in the laws are represented by updates. Thus,
a codex of laws is represented by a DyLP P1, . . . ,Pn where the changes introduced at
some time t are encoded by an update program Pt and the laws in force at time t are
represented by the DyLP P1, . . . ,Pt . Thus, the DyLP approach to legal reasoning pro-
vides a natural way to query the KB about the laws in force at different time points.
Moreover, by switching from linear to multidimensional DyLPs, it is also possible to
represent hierarchies of laws from different codex, and to allow laws from a higher
hierarchy codex to reject laws from a less important one. For instance, within the corp
of laws of an European country, communitarian laws may be allowed to reject national
ones. Some application of DyLPs to legal reasoning have been already explored, (see,
for instance, [QR99]). The results on semantics of DyLPs developed in the thesis may
help to correct counterintuitive behavior of programs representing law systems avoid-
ing undesired results in case of mutual dependencies among literals in the program.
Moreover, resorting to the well founded semantics for DyLPs would allow a more effi-
cient implementation.

Regarding the action description framework, the elaboration tolerance feature of
EAPs may simplify the writing of action description programs by allowing the user
to first realize a simpler version of the program, and then to update its rules instead
of rewriting them. For instance, while simulating a physical system, it is common to
start by making some simplifying assumptions and elaborate a basic simulation start-
ing from this assumptions. Later on, the initial assumptions may reveal themselves
too restrictive and a refined, more general, simulation of the environment is required.
Moreover, when simulating a highly dynamic environment, it might be necessary to
modify the very rules of the environment to encode changes in the environment itself.
For instance, the agent can use a mechanic tool that is initially and correctly assumed
to always work correctly. Later on, the prolonged usage makes the tool unreliable, and
the possibility that the it may work incorrectly must be taken into account.

As already mentioned, the evolving action program framework can be embedded
in the ECA language ERA, thus allowing to implement both an agent and the simula-
tion of the environment where the agent acts in the same framework, greatly simplify-
ing the writing of agent-environment simulations. Many agent applications may gain
benefit of this possibility, particularly those where an agent must act in a real physical
environment. Moreover, ERA naturally allows both external and internal updates to
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the knowledge and behavior of the agent by updating its inference and reactive rules.
Hence, the programmer may refine the KB and the behavior of the reactive system (as
in case of EAPs) to improve the internal representation of the world. A reactive system
written in ERA can also autonomously update its internal representation of the world.
This last possibility is particularly useful when the reactive system must act according
to a given policy. When the external conditions changes the policy of the system must
be accordingly updated (and, possibly, self updated).

Possibly the most promising application area for the developed framework is the
Semantics Web. In [Sem07], the authors list the desired requirement of a Semantic
Web services language. Among these requirements there are, for instance, knowledge
representation and automated reasoning capabilities, a declarative semantics, the ca-
pability to handle updates and queries of data, the capability to execute and reasoning
about, actions, their preconditions and post-conditions (i.e. consequences). All these
issues are subjects of the presented work.

1.6 List of original contributions

Hereafter, we provide a list of the principal original contributions of the thesis.

• the definition of the refined extensions principle as a general principle that all the
semantics for dynamic logic programs based on the causal rejection principle and
extending the stable model semantics for normal logic programs should obey;

• the definition of the refined semantics that complies with the refined extension
principle and further investigations on its properties;

• the extension of the well supported model semantics to dynamic logic programs
and the proof that it coincides with the refined semantics;

• the extension of the well supported semantics to the case of multidimensional
dynamic logic programs and the definition of an alternative, although equivalent,
fixpoint characterization of the semantics;

• the definition of a well founded semantics for dynamic logic programs and the
study of its properties, particularly the relationship with the refined semantics;

• the definition, on the basis of program transformations, of operational equivalent
semantics for both the refined and the well founded semantics;

• the definition the action description language EAPs on the the basis of the logic
program updates language Evolp whose semantics is based on DyLPs;

• formal proof of the possibility to modularly translate existing action description
languages A , B and C into EAPs, thus showing that EAPs are at least as expres-
sive as these paradigms;
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• discussion of the expressiveness of EAPs related to updates of the action descrip-
tion, and the specification of changes in the described action domain;

• the definition of the Event-Condition-Action language ERA, whose semantics is
based on DyLPs, extending Evolp with reactive and inhibition rules, and with
algebras of events and actions. The language ERA enriches the logic inference
and evolving capabilities of Evolp with more reactive features and the capability
to define and executed complex actions.
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Chapter 2

Background: Logic programs syntax
and semantics

Contents
2.1 Basic concepts in logic programming . . . . . . . . . . . . . . . . . . . 18

2.2 Syntax of logic programs . . . . . . . . . . . . . . . . . . . . . . . . . . 21

2.3 Interpretations and satisfaction . . . . . . . . . . . . . . . . . . . . . . 22

2.4 Classes of logic programs and their semantics . . . . . . . . . . . . . . 24

In this chapter we present a panoramic view of the logic programming paradigm
which is the background of the framework developed in the thesis. We present var-
ious classes of logic programs, in particular generalized logic programs that are the
class of programs which forms the base of this work. We also describe some of the
most used semantics of logic programs, in particular the stable models and the well
founded semantics, and some other semantics that are relevant in the development of
the thesis. The results illustrated in this chapter are established in the LP community.
For further details we refer the reader to [AB94, Llo87, Rei87].
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2. BACKGROUND: LOGIC PROGRAMS SYNTAX AND SEMANTICS 2.1. Basic concepts in logic programming

2.1 Basic concepts in logic programming

Logic Programming is one of the most popular knowledge representation formalisms.
Some of the reasons for its success are a simple logic based syntax and the existence of
formal declarative semantics. The formulas of LPs are logic implications (also called
rules or clauses) of the form H ← B where H, called the head and the rule is a logic
formula (usually a literal) and and B, called the body of the rule is a conjunction of
literals. A logic program is any set of logic programming rules. Classes of logic pro-
grams are usually classified depending to the kind of formulas allowed as heads and
bodies of clauses. The first class of logic programs ever studied is that of definite logic
programs (see [EK76]) i.e. sets of rules of the form: A0 ← A1, . . . ,An where all the Ais are
atoms. Another important feature of LPs is the existence of a Definite logic programs
has a simple, rigorous and universally accepted semantics called Least Herbrand model
correspond to the two-valued model of the program with less positive conclusions.

Starting from the solid ground of definite programs, one of the most important
aspects of research was to study more general classes of logic programs in order to
improve the expressivity of the formalism and to provide them with suitable seman-
tics. The first and most known of such classes are normal logic programs that introduce
negative premises in the body of rules. Within normal LPs, rules have the form

A← L1, . . .Ln.

where A is an atom and the various Lis are positive or negative literals. If the conjunction
L1, . . .Ln is empty we simply write A.

The syntax of logic programs is line with that of the popular programming lan-
guage Prolog [Apt96]. Given an atom A its negation is denoted by not A. Since, within
normal LPs, rules have always a positive head, only positive conclusions can be di-
rectly derived by rules. In order to also derive negative conclusion, logic programming
assumes a negation by default rule which can be explained with the sentence “ a conclu-
sion is false unless there is some evidence that it is true." In other words if no rule entails A

we assume not A. The concept of default negation naturally entails some form of non
monotonic reasoning. Non monotonic reasoning differs from the reasoning of classical
propositional logic. Given two theories T1,T2 in classical logic, if T1 entails a formula
F (denoted T1 |= F) also the union of the two theories T1 ∪ T2 entails F . This prop-
erty of propositional and first order logic is known as monotonicity and formalizes the
intuition that adding more information brings to more conclusions without rejecting
conclusions already drawn. Non monotonic formalisms do not obey monotonicity. In
then the addition of information may invalidate previous conclusions.

It is immediate to verify that normal logic programs with any form of default nega-
tion do not obey monotonicity. For instance, the single rule program P1 : a ← not b,
entails not b, since there is no rule that may infer b. Hence, from the unique rule in P1
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we also derive a. Considering also the program P2 : b. , the program P1 ∪P2 clearly
implies b and hence it does not imply not b. As a consequence there is no reason to con-
clude b. Hence, using ` to denote any form of non monotonic inference mechanism,
we have P1 ` a but P1 ∪P2 6` a clearly violating monotonicity. For a more detailed ex-
planation of default reasoning and cross connections between logic programming and
non monotonic reasoning we refer to [DPP97, Rei87]

The problem of determining the most suitable semantics for normal LPs has in-
volved the logic programming community for years and several solutions were pro-
posed and analyzed. Nowadays there is a stable agreement on the choice of two dis-
tinct semantics for normal LPs, namely the stable model (firstly defined in [GL88]) and
the well founded (firstly defined in [GRS91]) semantics. The stable models (also called
answer sets) semantics provides a meaning to program by specifying a subset of its
classical models called stable models. The stable model conclusions are those literals be-
longing to the intersection of all the stable models.

The well founded semantics, instead, always assign one three valued model to a
programs, called the well founded model of the program. The well founded conclusions
are the elements of the well founded model.

The well founded and the stable model are closely related. The well founded model
of a program is a subset of any of its stable models [GRS91] and so, the well founded
conclusions are a subset of the stable model conclusions. Hence, we say that the well
founded semantics is a skeptical approximation of the stable model semantics. Both
the well founded and the stable model semantics coincide with the minimal Herbrand
model in the special case of definite logic programs (see [EK76]).

Others models of a normal LP that plays a significant role in our exposition are
the supported models and minimal supported models, both subsets of the set of classical
models associated to a logic program (see [AB94]). The set of supported models of a
program is a super set of the set of its minimal supported models which is in turn a
superset of set of its stable models of. In this sense we can consider the well-supported
model as a refinement of the other two semantics.

The stable model semantics has particularly simple and intuitive definitions. For
this reason, whenever further generalizations of logic programs were studied, it was
natural to extend the stable models semantics to the new class of programs as first
priority.

As illustrated above, in normal LPs rules have always positive heads. This im-
plies that only positive conclusions can be directly derived by rules. To overcome this
limitation, normal logic programs were extended to more general classes of programs
allowing negation in the head of clauses. One of these classes are the so called general-
ized logic programs (GLPs), first introduced in [LW92]. Within generalized LPs, (default)
negative literals may occur both in the body and in the head of rules. Hence, clauses
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of generalized LPs have the form:

L0 ← L1 . . .Ln.

where all the Lis are either positive or negative literals. An extension of the stable
model semantics for this class of programs was proposed. A distinct proposal for al-
lowing negative conclusions in the head of rules is that of extended logic programs (ELPs)
(see [Prz90]). Unlike normal logic programs, and GLPs , extended logic programs have
two forms of negation: the default negation, and explicit negation. Given an atom A, not A

denotes the default negation of A , ¬A denotes the explicit negation of A and not¬A de-
notes the default negation of the explicit negation of A. Intuitively, while not A means:
“ there is no reason for believing that A is true", ¬A means “there is evidence that A is
false". Finally not¬A means “ there is no reason for believing that ¬A is true" From this
approach it follows that ¬A is a stronger form of negation than not A (for this reason
some works refers to explicit negation as strong negation). Hence it follows that ¬A en-
tails not A. On the other side, if A is true, it is clearly not possible to infer ¬A, unless the
considered program is inconsistent. Hence A entails not¬A.

Like normal logic programs, ELPs do not allow default negative conclusions in the
head of rules, but they admit explicit negative conclusions. A rule in ELPs has the
form.

H ← L1, . . .Ln.

where H is either an atom A or the negation of atom ¬A and any of the Lis is a literal
of any of the forms A, ¬A, not A, not¬A. Hence, like generalized programs, also ELPs
allow to directly derive negative conclusions. Like GLPs, also ELPs have an extension
of the stable model semantics, which is called answer set semantics. For further details
on ELPs see [Prz90].

Generalized and extended logic programs solve the same problem of expressivity
by allowing some form of negation (either default or explicit) in the head of rules. It is
proved in [DP96] that the two formalisms has the same expressivity, every GLP can be
modularly translated into an ELP and viceversa. The choice among one of the two for-
malisms is hence more a matter of taste and convenience than a choice with theoretical
foundations. In the following we opted for GLPs as preferred formalism for deriving
negative conclusions because we found it simpler to understand and generalize a for-
malism with only one kind of negation w.r.t. a formalism with two forms of negation.
Other argumentations may be found for preferring ELPs instead. Within this work we
will explore a further degree of non monotonicity in logic programming. Within Dy-
namic Logic Programs, not only the conclusions but also the rules themselves can be
rejected by new incoming rules. This perspective poses new theoretical challenges to
the field of logic programming.
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2.2 Syntax of logic programs

By an alphabet Λ we mean a countable disjoint set of constants, predicate and function
symbols with associated arity and an infinite countable set of variable symbols. The
sets of constants and predicate symbols are assumed to be non empty. A term over Λ is
defined recursively in the following way:

• A variable in Λ is a term over Λ.

• A constant in Λ is a term over Λ.

• An expression of the form f (t1, . . . , tn) where f is a function symbol with arity n

in Λ and t1, . . . , tn are terms over Λ is a term over Λ.

• Nothing else is a term over Λ.

A ground term is a term that does not contain variables. The Herbrand universe of Λ is
the set of ground terms over Λ. An atom over Λ is an expression of the form p(t1, . . . , tn)
where p is a predicate symbol of Λ with arity n and t1, . . . , tn are terms over Λ. An atom
is ground iff all its terms are ground. The Herbrand base H of Λ is the set of ground
atoms of Λ. An element of the propositional language L over Λ is either an atom A over Λ
or the (default) negation not A of an atom over A . We say that A is the default complement
of not A and vice versa. For any literal L, by not L we denote its default complement.
The elements of L are called the literals of L . Let L1, . . . ,Ln be a conjunction of literal, by
not (L1∧ . . .∧Ln) we mean the classical negation of such conjunction i.e. the disjunction
not L1∨ . . .∨not Ln.

Literals compose the rules which are the fundamental brick of programs. Below
we provide the definition of generalized logic programs (GLPs). Other classes of logic
programs are subclasses of GLPs.

Definition 1 Generalized logic program
A (generalized) logic program 1 is a countable set of rules of the form

L0 ← L1, . . . ,Ln.

where each Li is a literal.

The notation L1, . . . ,Ln stands for an (eventually empty) conjunction of literals. Since
the order of the literals is not relevant, we do not distinguish the rule L← B1 from the
rule L← B2 where conjunctions B1 and B2 only differ in the order of their literals. If B is

1The class of extended logic programs is informally presented in the previous section. Other, more
general classes of logic programs such as disjunctive logic programs (see [RT88]) are outside the scope
of this work.
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a conjunction of literals, by an abuse of notation, we also refer to B as the set of literals
appearing in B.

We assume that the alphabet Λ used to write a program P consists precisely of all
the constants predicate and function symbols that explicitly appear in P. By grounded
version of P we mean the set of grounded rules obtained from P by substituting in all
possible ways each of the variables in P by elements of its Herbrand universe. Given a
rule τ of the form L0 ← L1, . . . ,Ln by hd(τ) (read head of τ) we denote the literal L0 and
by B(τ) (read body of τ) we denote L1, . . .Ln. If m = 0 the rule τ is called a fact and the
symbol ← is omitted.

2.3 Interpretations and satisfaction

In this work we will consider both classical forms of reasoning, where conclusions are
either true or false, and more general forms of reasoning also admitting that conclu-
sions might be unknown (or undefined) or even contradictory. For this reason, in this
work we use a quite general notion of interpretation.

Definition 2 • An Interpretation over a language L is any subset of L .

• A consistent interpretation I over L is any interpretation such that, for each atom A in
L , at most one of the two literals A, not A belongs to I.

• A complete interpretation I over L is any interpretation such that, for each atom A in
L , at least one of the two literals A, not A belongs to I.

• An inconsistent interpretation is any interpretation which is not consistent.

• A two-valued interpretation I over L is any interpretation such that, for each atom A

in L , exactly one of A or not A belongs to I.
An interpretation is two valued if and only if it is consistent and complete. When we want

to underline that we are dealing with interpretations that may be not complete we said that we
are dealing with three-valued interpretations.

To simplify the notation, whenever it is clear that we are talking about two-valued
interpretations, we omit all its negative literals.

Let L and L ′ be two languages such that L ⊂ L ′. Let I be an interpretation over L ′.
We use the notation I|L for the set of literals of I in L . Given two interpretations I and
I∗ over L ′, we use the notation I ≡ |L I∗ for I|L = I∗|L .

Definition 3 (Satisfaction) Given an interpretation I:

• A literal L is true (resp. false) in I iff L ∈ I (resp. not L ∈ I). If L is true in I we also say
that I satisfies L (denoted I |= L).
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• A conjunction of literals L1, . . . ,Ln is true in I iff all the Li belongs to I. If L1, . . . ,Ln is
true in I we also say that I satisfies L1, . . . ,Ln (denoted I |= L1, . . . ,Ln).

• A conjunction of literals L1, . . . ,Ln is false in I iff at least one literal not Li belongs to I.

• A disjunction of literals L1, . . . ,Ln is false in I iff there exists a literal Li such that not Li

belongs to I.

• I satisfies the rule τ : L ← L1, . . . ,Ln. (denoted by I |= τ) iff either I does not satisfy
L1, . . . ,Ln or I satisfies L.

Note that, unless I is two-valued, it is not true in general that a literal (resp. con-
junction of literals) is true in an interpretation iff it is not false. For instance, given the
interpretation I = {A,not A} over the language L = {A,not A,B,not B} ,the literals A and
not A are both false and true in I while B and not B are both not true and not false. We
use notation I 6|= L (resp. I 6|= L1, . . . ,Ln, or I 6|= τ) for the statement I does not satisfy L

(resp. L1, . . . ,Ln, or τ).
The truth value of a literal (resp. conjunction of literals) w.r.t. an interpretation is

said to be a) false, b) true, c) undefined or d) inconsistent if the literal (resp. conjunction
of literals) it is a) true but not false, b) false but not true, c) neither true nor false, or c)
both true and false in the considered interpretation.

Definition 4 (Model) A model of a logic program P is any interpretation that satisfies all its
rules.

Given an interpretation I by I+ we denote the subset of atoms of I and by I− we
denote the subset of default negative literals.

Interpretations are subject to two distinct kinds of ordering. The classical order
where interpretations are ordered w.r.t. their atoms and set-inclusion order where in-
terpretations are ordered w.r.t. all their literals.

Definition 5 Given two interpretations I1, I2: We say that I1 is preferred to I2 under the
classical order iff I+

1 ⊆ I+
2 . We said that I1 is preferred to I2 under the set-inclusion order iff

I1 ⊆ I2.

The set-inclusion order is non trivial only w.r.t. three-valued interpretations, since dis-
tinct two-valued interpretations are always not comparable under this order. The clas-
sical order is significative since it privileges interpretations with less positive conclu-
sions.

Given a class of interpretations, I and one of the orders above, an interpretation I

in I is said to be minimal under that order iff for any other interpretation I′ in I , I is
preferred to I′. Let P be a program, the (generally three-valued ). When referring to
two-valued interpretation, minimality is always considered w.r.t. the classical order.

This notion of minimality w.r.t. the set-inclusion order is important to introduce the
concept of least three-valued model of a program.
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Definition 6 . Let P, be a logic program. The least model of P (denoted least(P)) is the
minimal interpretation w.r.t. the set-inclusion order which is a model of P.

2.4 Classes of logic programs and their semantics

The class of logic programs of Definition 1 is that of Generalized logic programs (GLPs).
This class is the most general class o LPs we will use in this work. Others, previously
defined and more restricted classes of programs, are definite and normal LPs.

Definition 7 (Classes of programs) Let P be a logic program:

• P is normal logic program iff the head of any rule in P is an atom.

• P is definite logic program iff any literal occurring in any rule of P is an atom.

Given a definite logic Program P its least Herbrand model is the least model least(P).
Since the head of any rule in P is an atom, least(P) only contains positive literals. It
is proved in [EK76] that the least Herbrand model of a definite logic program always
exists.

It is possible to characterize the least model of a program as the least (under set-
inclusion) fixpoint of the following immediate consequence operator (here and in the fol-
lowing an operator is a function over interpretations).

Definition 8 (Immediate consequence operator) Let P be a definite logic program and I

an interpretation. Then:
TP(I) = {L|L← B ∈ P ∧ B⊆ I}

The least model of a definite logic program can be found by iterating the immediate
consequence operator starting from the empty interpretation. For further details see
[EK76].

Theorem 2.4.1 Let P be a definite logic program, then its minimal model least(P) is the least
fixpoint of the immediate consequence operator TP and it coincides with the ω-iteration of the
TP operator starting from the empty interpretation i.e.

least(P) = TP ↑ω

Given any generalized logic program, if we interpret any negative literal not A as a
new atom, the result still apply. Hence any program P has a (generally three-valued and
paraconsistent) interpretation least(P).

Definite programs were the first studied class of logic programs and the least Her-
brand model is universally accepted as the semantics of this class of programs. Such
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a general agreement was much more difficult to achieve in the case of normal logic
programs.

As we said in the introduction to this chapter there are two semantics that are com-
monly accepted as the standard semantics for normal LPs: the stable model semantics for
two-valued interpretations and the well founded semantics for three valued interpreta-
tions.

2.4.1 Two-valued semantics for normal logic programs

The stable model semantics, was first presented in [GL88]. A (two-valued) model M is
said to be stable iff M+ (i.e. the subset of M consisting of all its positive literals) is equal
to the least model obtained from P by deleting all the rules containing false negative
literals (w.r.t. M) in their bodies and deleting negative premises from the bodies of the
remaining rules.

Definition 9 (Stable Model) Let P be a normal logic program and I an interpretation. The I-
reduce of P (denoted I−P or, for simplicity, PI) is the normal logic program defined as follows:

• If a rule
A← A1, . . .Ai,not B1, . . . ,not B j.

belongs to P and I satisfies none of the atoms B1, . . . ,B j, then the rule

A← A1, . . .Ai

belongs to PI .

• No other rule belongs to PI .

A two-valued interpretation M is a stable model of P iff

M+ = ΓN
P (M) = least(PM)

The operator ΓN is also known as the Gelfond-Lifschitz operator.
Note: The equality defining the stable model semantics usually found in literature

is
M = least(PM)

This depends from the fact that the subset of negative literals in M is usually ignored.
The complexity of the computation of the stable model semantics spans over the

class of NP problems as shown by the following Theorem (for proof and further details
see [MT91]).

Theorem 2.4.2 Let P be a finite program with m rules.
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• Deciding whether P has a stable model is a NP-complete problem w.r.t. m.

• Deciding whether an interpretation M is a stable model of P is a linear problem w.r.t m.

• Deciding whether a given literal is true in at least one stable model of P is a NP-complete
problem w.r.t. m.

• Deciding whether a given literal is true in all the stable models of P is a co−NP-complete
problem w.r.t. m.

Other known semantics for normal logic programs are the supported model semantics
[AB94], and the the minimal supported model semantics [AB94].

Definition 10 Let P be a normal logic program. A two-valued interpretation S of P is a sup-
ported iff:

• S is a model of P according to Definition 4.

• For any atom A ∈ S there exists a rule A← B in P such that P |= B.

An interpretation S is said to be a minimal supported model of P iff:

• S is a supported model of P

• There exists no supported model S′ such that S′ is preferred to S under the classical order.

Given any program P, the set of all supported models (SU(P)), the set of all minimal
supported models (MSU(P)) and the set of all stable models (SM(P)) of P are related by
(see [AB94] for proofs)

SU(P)⊇MSU(P)⊇ SM(P).

Well-supported models

An alternative characterization of stable models is given by resorting to a notion of level
mappings over the set of atoms of a language L , where a level mapping ` is a function
from L+ to the set of natural numbers. We also lift ` to the negative literals in L of
the form not A, by setting `(not A) = `(A). Given a conjunction of literals C = L1, . . . ,Ln

we further extend ` by assigning to C the value `(Li), where i is chosen such that the
value of `(Li) is maximal, i.e. `(C) = max({`(Li) : Li ∈ C}). For convenience — and by
slight abuse of notation — we assign the value −1 to the empty conjunction of literals.
Our approach is stimulated by recent results on uniform characterizations of different
semantics for LPs in terms of level mappings as introduced in [HW05] and extended
in [Hit03, HS05]. This perspective provides an additional tool and guidelines on how
to obtain reasonable new semantics for new classes of programs.

Stable models for normal LPs can be characterized in terms of level mappings, and
in this approach they are termed well-supported models (WS) [Fag94]. A model is well-
supported iff it is possible to define a level mapping over the literals of the language,
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such that a literal A belongs to the model iff there is a rule in the program whose head
is A, whose body is true in the considered model and the level of A is greater than the
level of any atom in the body.

Definition 11 Let P be a normal logic program over the language L . An interpretation M over
L is a well-supported model of P iff i) M is a model of P and ii) there exists a level mapping
` defined over L , such that for each atom A in M there exists a rule

A← A1, . . . ,An,not B1, . . . ,not Bm

with
M |= A1 . . . ,An,not B1, . . . ,not Bm

and `(A) > `(Ai) for any Ai with 1≤ i≤ n

As formalized in the following result of [Fag94], the WS models of a program P coin-
cide with its stable models.

Theorem 2.4.3 Let P be a normal logic program over the language L . An interpretation M

over L is a well-supported model of P iff it is a stable model of P.

2.4.2 The well founded semantics for normal logic programs

The well founded semantics is three-valued semantics, i.e. a semantics that admits
three valued interpretations as models. In the literature, several approaches had been
proposed for defining the well founded semantics of normal logic programs and its
extensions [AP96, DP96, Gel92, GRS91] One of the most simple is, in our opinion, the
one used in [Gel92] defining this semantics in terms of the ΓN

P operator defined over
interpretations used in Definition 9.

In the following a monotonous operator Ω is any operator which is monotonous
w.r.t. the set-inclusion order, i.e. given two interpretations I,J with I ⊆ J then
Ω(I) ⊆ Ω(J). Viceversa, Ω is anti monotonous iff Ω(J) ⊆ Ω(I). The composition of two
anti monotonous operators is a monotonous operator.

Given any monotonous operator Ω, we use the notation l f p(Ω) for the least fixpoint
(under set inclusion) of Ω. According to the classical results on the fixpoint theory (see
[Tar55] for proofs and further details) any monotonous operator Ω has a least fixpoint
W . A prefixpoint of Ω is any interpretation F such that Ω(F)⊆ F .

Lemma 2.4.1 The least fixpoint of Ω is a superset of any prefixpoint of Ω.

Moreover, there exists a (possibly transfinite) ordinal α such that W is the result of
α-iterations of Ω starting from the empty set i.e.

F = Ω ↑α
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Given two ordinal α and β with α < β the following inclusion holds

Ω ↑α ⊆ Ω ↑β (2.1)

The Gelfond-Lifschitz operator ΓN is anti monotonous and the composition of ΓN

with itself (denoted ΓNΓN) is hence monotonous. Hence, it has a least fix point which
is the basis of the definition of the well founded model of P. The least fixpoint of the
double iteration of an anti monotonous operator Γ is also called the alternating fixpoint
of Γ.

Definition 12 Let P be a normal logic program, let ΓN
P be the operator mapping an interpre-

tation I to the interpretation ΓN
P (I) = least(PI) and let ΓNΓN

P be the operator obtained by the
composition of ΓN

P with itself. Then W is the well founded model of P iff:

• W+ = l f p(ΓNΓN
P ).

• W− = {not A : A 6∈ ΓN
P (W+)}.

The set of well founded atomic conclusions W+ given a program P of is the alternating
fixpoint of ΓN

P .
The well founded model always exists and it is a subset of any stable model (see

[Gel92] for a proof) .

Theorem 2.4.4 Any normal logic program P has a well founded model W . For any stable
model M of P the inclusion W ⊆ P is true. If W is two-valued, then it coincides with the unique
stable model of P.

Given any subset K of the Herbrand base H , let the set not K denote the set of neg-
ative literals not A such that A belongs to K. The well founded model of any program
satisfies the following equality (see [Gel92] for a proof):

W = W+∪not (H \ΓN
P (W+)) (2.2)

Moreover, the inclusion
W+ ⊆ ΓN

P (W+)

always holds. While the set W+ is the set of true atomic conclusions in W , by equality
2.2 it follows that ΓN

P (W+) is the set of non-false atomic conclusions in W and hence
ΓN

P (W+)\W+ is the set of undefined atomic conclusions according to W .
Given any fixpoint F of ΓNΓN

P satisfying the inclusion F ⊆ ΓN
P (F), the interpretation

I such that
I = F ∪not (H \ΓN

P (F))
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is said to be a partial stable model of P. The well founded model W is (alternative defini-
tion) the least partial stable model of P.

From the results on monotonous operators illustrated above, it also follows that the
well founded mode can be computed by iterating the ΓNΓN

P operator starting from the
empty interpretation. Moreover, for any program P there exists a least ordinal α such
that W+ is equal to the α-iteration of ΓNΓN

P i.e.

W+ = ΓNΓN
P ↑α

Moreover, for any ordinal β < α the following inclusions hold:

B = ΓNΓN
P ↑α⊂W ΓN

P (W+)⊆ ΓN
P (B)

Hence, every iteration of ΓN
P approximates W , even iterations (if we limit to finite ordi-

nals) approximate W+ from the bottom, while odd iterations approximate ΓN
P (W+) (set

of non false atomic conclusions according to W+) from the top.

2.4.3 Stable model semantics for generalized logic programs

The stable model semantics was extended in [LW92] to generalized logic programs
(see Definition 1). Since every normal logic program is also a GLP, the definition of the
semantics provided here is a an alternative although equivalent characterization of the
semantics of Definition 9 . Basically the idea is that a two-valued interpretation M is a
stable model of a program P iff it is the least model of the program obtained by adding
the negative literals in M to P.

Definition 13 (Stable Model of a GLP) Let P be a GLP and M a two-valued interpretation.
We say M is a stable model of P iff:

M = least(P∪M−)

2.4.4 The well founded semantics of generalized and explicit logic

programs

In [AP96] and extension of the well founded semantics is defined characterizing the
atoms of the well founded model of an extended logic program P in terms of the least
fixpoint of a monotonous operator ΓN

P ΓS
P obtained by combining the usual Gelfond-

Lifschitz operator ΓN
P with another anti monotonous operator ΓS

P which is the Gelfond-
Lifschitz operator of a logic program PS obtained from P. Based on this semantics, in
[DP96] a well founded semantics for generalized logic programs is defined by trans-
forming a GLP into an extended logic program. We refer to this semantics as to the
transformational well founded semantics for GLPs.

We briefly summarize the definitions of the two semantics.
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Definition 14 Given any extended logic program P, the semi normal form of P, denoted PS is
defined as follows:

• For any clause
A← body

in P the clause
A← body, not ¬A

is in PS.

• For any clause
¬A← body

in P the clause
A← body, notA

is in PS.

• There are no others clauses in PS.

Definition 15 Let P be any extended logic program and X a set of atoms of the language of P.
We define the operators ΓE

P and ΓES
P in the following way.

ΓE
P = least(PX)

ΓES
P (X) = least(PX

S )

We use ΓE instead of ΓE
P and ΓESinstead of ΓES

P whenever the program P is clear from
the context.

Definition 16 Let P be an extended logic program and F any fixpoint of ΓEΓES, then

F ∪not (HP \ΓES(F))

is a paraconsistent partial stable model of P

We define the well founded model of P as the least partial stable model of P under set inclu-
sion order.

Definition 17 Let P be any generalized logic program. For the transformed of P we mean the
extended logic program Pnot where:

Pnot = R1∪R2∪ R3
R1 = Ap ← body. f or each rule A← body in P

R2 = An ← body. f or each rule not A← body in P

R1 = A← Ap. ¬A← An. f or each atom A in HP

We will use the notation PSnot for the semi normal for of Pnot .
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Definition 18 Let P be any generalized logic program in the extended language L and Pnot its
transformed. Let W1 be the well founded model of Pnot . We define the well founded model of P

under the transformational semantics as W1|L .

Any normal LP is also a generalized and extended logic programs and hence Defi-
nitions 16 and 18 hold for normal logic programs as well. It is important to notice that
the two semantics above extend the well founded semantics of normal logic programs
as formally state by the following results from, respectively, [AP96] and [DP96].

Theorem 2.4.5 Let P be a normal logic program and let W be the interpretation model com-
puted according to Definition 16. Then W coincides with the well founded model of P according
to Definition 12

Theorem 2.4.6 Let P be a normal logic program and let W be the interpretation model com-
puted according to Definition 18. Then W coincides with the well founded model of P according
to Definition 12

The transformational semantics for GLPs defined in [DP96] satisfies several desir-
able properties and, in our opinion, it behaves intuitively. Despite of this, the approach
used in the definition is based on a syntactical transformation and it introduces new
literals, hence it is nearer to an operational approach then to a declarative one. Cur-
rently, to the best of our knowledge, there exists no purely declarative definition of the
well founded semantics of GLPs.
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Chapter 3

A refined, well-supported semantics for
logic programs updates
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This chapter introduces the paradigm of dynamic logic programs which is the common
denominator of the whole thesis. We open the chapter by illustrating accomplished
results in the field, in particular the existing semantics based on the stable model ap-
proach and the fundamental causal rejection principle, and by presenting open issues.
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In particular we underline counterintuitive behavior of the existing semantics, espe-
cially in presence of tautologies and self-dependencies among literals. To better under-
stand these behavior we enounce the refined extension principle and show how exist-
ing semantics do not obey to this principle. Then we define the refined semantics for
dynamic logic programs as an extension of the stable model semantics for generalized
logic programs and prove that this semantics satisfies the refined extension principle.
As expected, the known counterintuitive behavior of the existing semantics disappear
in the refined semantics. We proceed our investigation on what is the most suitable se-
mantics for dynamic logic programs by presenting an extension of the well-supported
semantics to the dynamic case and show that it is an alternative characterization of the
refined semantics. Then we extend the refined well-supported semantics to the more
general class of multidimensional dynamic logic programs and provide a fixpoint char-
acterization analogue to the classical definition of the stable model semantics. The last
part of the chapter establishes an operational equivalent of the refined semantics in the
case of linear and multidimensional dynamic logic programs. Part of the results of this
chapter have been published in [ABBL04, ABBL05, FAA03, BAB05].
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3.1 Introduction and motivation

Until recently, most of the research in the field of logic programming for representing
knowledge that evolves with time has focused on changes in the extensional part of
knowledge bases (factual events or observations). This is what happens with the event
calculus [KS86], logic programming forms of the situation calculus [LPR98, MH69]
and logic programming representations of action languages [GL93]. In all of these, the
problem of updating the intensional part of the knowledge base (rules or action de-
scriptions) remains basically unexplored. In recent years considerable effort has been
devoted to explore the problem of how to update knowledge bases represented by
logic programs (LPs) with new rules. This allows, for instance, to better use LPs for
representing and reasoning with knowledge that evolves in time. This issue is usually
known as logic programs updates.

In this perspective, the object of study is not any longer a single logic pro-
gram but rather an arbitrary finite sequence of logic programs P1, . . . ,Pn called dy-
namic logic programs (DyLPs), each program in the sequence representing a super-
venient state of the world. The different states can be seen as representing differ-
ent time points, in which case P1 is an initial knowledge base, and the other Pis are
subsequent updates of the knowledge base. The different states can also be seen
as knowledge coming from different sources that are (totally) ordered according to
some precedence, or as different hierarchical instances where the subsequent pro-
grams represent more specific information. Different semantics have been proposed
[ALP+00a, BFL99, EFST02a, Lei03, LP97, SI99, ZF98, Sef00] that assign meaning to
DyLPs. The role of these semantics of DyLPs is to employ the mutual relationships
among different states to precisely determine the meaning of the combined program
comprised of all individual programs at each state. The various programs in the se-
quence belong to some class of logic programs (usually generalized or extended LPs
) allowing negative conclusion in the head of rules. This choice allows the possibility
(and the problem) that a newer rule may contradict an older one by negating its conclu-
sions. The choice of generalized or extended logic programs as basic class of programs
does not generate a substantial difference. As shown in [Lei03], it is possible to adapt
those semantics of dynamic logic programs based on ELPs to dynamic logic programs
based on GLPs. In the following we will consider DyLPs based on generalized logic
programs.

Intuitively, one can add, at the end of the sequence, newer rules or rules with prece-
dence (arising from newly acquired, more specific or preferred knowledge) leaving to
the semantics the task of ensuring that these added rules are in force, and that previous
or less specific rules are still valid (by inertia) only as far as possible, i.e. that they are
kept as long as they are not rejected. A rule is rejected whenever it is in conflict with a
newly added one whose body is true in the considered model. This concept of rejection
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was first introduced by by Leite and Pereira in [LP97] and then utterly fixed by Eiter et
al. in [EFST02a] that gave it the name of causal rejection principle.

Most of the semantics proposed in the past years (namely those appearing in
[ALP+00a, BFL99, EFST02b, Lei03, LP97]) accomplished with this principle. We pro-
vide here a simple and intuitive example of DyLPs involving causal rejection of rules.

Example 3.1.1 The initial program

P1 : wet ← rain.

rain.

Simply states that if it rains then it is wet and that currently it rains. We update this program
with the following:

P2 : not rain← sun.

sun.

Stating that it does not rain if there is the sun and indeed there is the sun. According to the
known semantics for updates based on causal rejection, the (stable) model associated to P1 is
{wet,rain} stating that it rains and hence is it is wet. However, if we consider the DyLP P1,P2

we have a rule in P2 which is in conflict with the rule (in this case it is simply a fact) rain and
whose body is true and hence the fact rain is rejected. According to this idea, the stable model
of the DyLP above is

{sun,not rain,not wet}

Indeed, all the semantics based on causal rejection agree in this example.

The causal rejection principle is one of the milestones of this work, although we
believe that, in its present form it could lead the reader to wrong conclusions that
a DyLP is, in general, equivalent to the union of all the programs in the sequence
minus a set of rejected rules. Although this could be the case in some examples, this
is generally false. The reason is that, according to the causal rejection principle, the
rejected rules are determined for each model hence a rule rejected according to a model
could be preserved according to another one. As a consequence, a DyLP is in general
not equivalent (i.e. does not have the same semantics) to a subset of the union of its
rules. We provide an intuitive example of this situation.

Example 3.1.2 Initially a restaurant is open every day. Later on, the owner decides not to
open it during holidays. A day can be either a working day or a holiday. As a consequence, a
restaurant is open during the working days and not open during the holidays. The example is
formalized by the following DyLP.

P1 : open(restaurant).
P2 : not open(restaurant)← holiday.

workday← not holiday.

holiday← not workday.
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According to all the semantics for DyLPs based on causal rejection, the program: P = P1,P2

has two (stable) models, namely:

M1 = {open(restaurant),workday} M2 = {holyday}

As the reader may notice, there is a potential conflict between the single rule of P1 and
the first rule of P2. If the predicate holiday is false in the selected model (M1), the body
of the rule not open(restaurant) ← holiday is false and hence the rule open(restaurant) is
not rejected. Otherwise, if holiday is true in the selected model (M2), the body of the rule
not open(restaurant) ← holiday is satisfied and hence the rule open(restaurant) is rejected.
There exists no subset of the program P1∪P2 with the same semantics. Indeed, the stable mod-
els of any subset containing the single rule of P1 satisfy the predicate open(restaurant), while
the stable models of any subset not containing the single rule of P1 do not satisfy the predicate
open(restaurant).

Although, for historical reasons, we maintain the expression causal rejection, the
reader could find it more intuitive to think to the principle in it terms of causal exception
which could be expressed in this way: a rule is fulfilled unless it is in conflict with a
newly added one whose body is true in the considered model. Basically the new rules
can specify exceptions to the old ones.

In this part of the work we focus our study on semantics generalizing the stable
models semantics and that are based on causal rejection of rules. Semantics not based
on causal rejection like the ones defined in [SI99, ZF98], or semantics which use more
general forms of rejection like the one presented in [Sef00] and their relation with se-
mantics based on causal rejection are subject of study of others works like [Lei03] and
are only mentioned in Section 4.8.

3.1.1 Open issues on semantics for DyLPs bases on causal rejections

While most of the existing semantics for DyLPs based on causal rejection coincide on a
large class of program updates (Cf. [EFST02b, Hom04]), there are situations in which
the set of (dynamic) stable models (SMs) differs from one semantics to the other. Usu-
ally such counter-examples show a counterintuitive behavior of the semantics when
dealing with particular kinds of recursive dependencies.

The first known and studied examples [EFST02a, Lei03] of different behavior w.r.t.
some apparently inoffensive updates involve tautologies1, as it is illustrated by the
following example.

Example 3.1.3 Let us consider the DyLP P1,P2 with:

P1 = a.

P2 = not a← not a.

1By a tautology we mean a rule of the form L← B with L ∈ B.
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Intuitively, one would expect the update of P1 with P2 not to change the semantics because the
only rule of P2 is a tautology. Hence, the unique model of the program P1,P2 should be {a}
(which is the unique stable model of P1). This is not the case according to the semantics of
justified updates [LP97] which admits, for the DyLP P1,P2, the models {a} and {}2. This
example is formally discussed in [Lei03].

The dynamic stable model semantics [ALP+98b, ALP+00b] was introduced for prop-
erly dealing with this kind of programs and, indeed, it provides the expected result on
example 3.1.3.

Unfortunately, there still remain examples involving tautological updates where
none of the existing semantics behaves as expected. Let us now show an example to
illustrate the problem.

Example 3.1.4 Let us consider the program P1 describing some knowledge about the sky. At
each moment it is either day time or night time. We can see the stars whenever it is night time
and there are no clouds; and currently it is not possible to see the stars.

P1 : day← not night.

night ← not day.

stars← night,not cloudy.

not stars.

The only dynamic stable model of this program is {day}. Let us suppose now the program is
updated with the following tautology:

P2 : stars← stars.

This tautological update introduces a new dynamic stable model. Indeed, besides the intuitively
correct dynamic stable model {day}, the dynamic stable model semantics also admits the model
{night,stars}. Technically, this happens because the rule in P2, which has a true body in the
latter model, causally rejects the fact not stars of P1. Furthermore, these results are shared by
all other existing semantics for updates based on causal rejection [ALP+98b, BFL99, EFST02a,
Lei03, LP97, LP98]. We argue that this behavior is counterintuitive as the addition of the
tautology in P2 should not add new models.

Typically, these tautological updates are just particular instances of more general
updates that should be ineffective but, in reality, cause the introduction of new models
e.g. those with a rule whose head is self-dependent 3 as in the following example.

Example 3.1.5 Let us consider again program P1 of Example 3.1.4, and replace P2 with

2Similar behavior is exhibited by the update answer-set semantics [EFST02a].
3A literal L1 depends from a literal L2 iff there exists a rule τ whose head is L1, and either L2 occurs

in the body of τ, or there exists a literal L3 occurring in the body of τ such that L3 depends from L2. A
literal is self-dependent iff it depends from itself.
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P2 : stars← venus.

venus← stars.

While P1 has only one model (viz., {day}), according to all the existing semantics for updates
based on causal rejection, the update P2 adds a second model,

{night,stars,venus}

Intuitively, this new model arises since the update P2 causally rejects the rule of P1 which stated
that it was not possible to see the stars.

The open issues at the time the present work started were hence the following:

• There were several semantics on DyLPs based on a stable model-like approach
and the causal rejection principle that. Although coinciding on large classes of
programs, the various semantics differ on examples involving self dependencies
among literals. There were no general agreement on what should be the stable
model semantics for DyLPs based on causal rejection.

• There were examples showing counterintuitive behavior of all the existing se-
mantics

• In particular, none of the existing semantics was immune from tautologies.

Our research focused on finding a common answer to these issues.

3.1.2 A principled based approach

At the time we started our research, there were some specific examples showing that
none of the existing semantics was completely satisfactory, but there was not a general
idea on what was not working in the existing semantics. Basically the questions were:
“what is not working exactly?" “Which principle is violated by the counterintuitive ex-
amples?". Somehow the answer to these questions could also suggest which was the
right semantics for DyLPs. The best answer available at the time was immunity from
tautologies (see [Lei03]), i.e. the addition or deletion of tautologies from a DyLP should
not modify its semantics. Nevertheless this property alone was less than adequate for
at least two reasons.

• The counterintuitive behavior in the existing semantics span beyond the mere
examples on tautologies.

• In principle it would have been simple to define a semantics immune from tau-
tologies by syntactically removing all the tautologies from a DyLP and then ap-
plying any of the existing semantics based on causal rejection. This would not
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have provided any hint on what should have been the proper semantics for
DyLPs.

On the basis of these considerations, it is our stance that, besides the principles
used to analyze and the semantics for DyLPs, (described in [EFST02a, Lei03] and in the
continue of the paper), another important principle was needed to test the adequacy
of semantics of logic program updates.

Examples 3.1.3, 3.1.4 and 3.1.5 show that the known counterintuitive behavior were
related to the unwanted generation of new dynamic stable models when certain sets
of rules are added to a dynamic logic program. It is worth noting, however, that an
update with the form of P2 in Example 3.1.5 may have the effect of eliminating previ-
ously existing models, this often being a desired effect, as illustrated by the following
example.

Example 3.1.6 Let us consider program P1 with the obvious intuitive reading: one is either
alone or with friends, and one is either happy or depressed.

P1 : f riends← not alone.

alone← not f riends.

happy← not depressed.

depressed ← not happy.

This program has four dynamic stable models, namely:

{ f riends,depressed} { f riends,happy} {alone,happy} {alone,depressed}

Let us suppose now that the program is updated with the following program (similar to P2 used
in Example 3.1.5):

P2 : depressed ← alone.

alone← depressed.

This update specified by P2 eliminates two of the dynamic stable models, leaving only
{ f riends,happy} and {alone,depressed}, this being a desirable effect.

Our intuition was that the evidenced counterintuitive behavior originates by the
violation of some principle guaranteeing that, under some conditions, the addition of
rules in a program does not introduce new models in the semantics (a sort of criterium
of weak monotonicity).

We started our investigation with the simple case of a single logic program and set
forth the refined extension principle which, if complied with by a semantics, specifies
conditions under which rules can be safely added without introducing new models
according to that semantics. Notably, the stable model semantics [GL88] complies with
this principle. Informally, the semantics based on stable models can be obtained by
taking the least model of the definite program obtained by adding some assumptions
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(default negations) to the initial program. Intuitively, the refined extension principle
states that the addition of rules that do not change that least model should not lead to
obtaining more (stable) models.

Subsequently, we generalize this principle by lifting it to the case of semantics for
dynamic logic programs. This si possible since all the existing semantics for DyLPs are
characterizable by specifying a set of default assumptions as in the case of single logic
programs and a set of rejected rules whose choice is consistent with the causal rejection
principle.

Not unexpectedly, given the examples above, it turns out that none of the existing
semantics for updates based on causal rejection complies with such principle.

This discrepancy demanded the introduction of a new semantics for dynamic logic
programs, namely the refined dynamic stable model semantics (or simply refined seman-
tics) which complies with the refined extension principle. The refined semantics is ob-
tained by refining the dynamic stable model semantics [ALP+98b, ALP+00b, Lei03]
which, of all the existing semantics, as shall be seen, is the one that complies with the
refined extension principle on the largest class of programs. This semantics is proved
to comply with the refined extension principle and to be immune to the addition and
deletion of tautologies.

3.1.3 Beyond linear dynamic logic programs and the refined exten-

sion principle

Multidimensional dynamic logic programs (MDyLPs) [BFL99, LAP01] generalize DyLPs
by considering, instead of sequences, finite partially ordered multisets of programs. This
generalization allows to combine in a single framework the possibility of having hi-
erarchically ordered knowledge bases, with evolution in time as shown in the next
example.

Example 3.1.7 We present an example of application of MDyLPs to legal reasoning taken from
the European legislation on food and dishes.

The European laws determining if a dish can be sold to the public overwrite the national
laws. The Italian law establishes that the selling of a dish is allowed if its ingredients are
allowed. All the ingredients in the list pms of ingredients of a pizza margherita (from now on
pm) are allowed. This is codified by the program

PI sell(D)← ingredients(D,Ds),allowed(Ds). ingredients(pm, pms). allowed(pms).

The very same law also holds for Portuguese dishes. All the ingredients lis of linguado
(from now on li) are allowed as it results from the following program

43



3. A REFINED, WELL-SUPPORTED SEMANTICS FOR LOGIC PROGRAMS UPDATES 3.1. Introduction and motivation

PP sell(D)← ingredients(D,Ds),allowed(Ds). ingredients(li, lis). allowed(lis).

Later on, in both countries, the concept of traditional dish is introduced. Both pizza
margherita and linguado are classified as traditional dishes. This is codified by updating the
programs PI and PP , respectively, with the updates

PI1 traditional(pm). PP1 traditional(li).

We consider now the European normative. According to these laws, it is not possible to
sell a dish if it is not cooked according to some standards. This is encoded by the single-rule
program

PE not sell(D)← not standard_cooked(D).

The linguado is cooked in a standard way, but the traditional pizza margherita is cooked in
a wood-oven which does not satisfies the European standards, hence standard_cooked(li) is
satisfied but standard_cooked(pm) does not and, as a consequence sell(li) holds but sell(pm)
is not satisfied. Later on, as a consequence of the complaints of various countries, the Euro-
pean normative is updated to allow traditional eishes to overcome this restrictive rules. This is
encoded by the update

PE1 sell(D)← traditional(D), ingredients(D,Ds),allowed(Ds).

As a consequence of this last update sell(pm) is again satisfied.
Note in this example how the partially ordered programs are used to represent precedence

among rules coming from different sources, as well as to represent updates of rules.

Another, equivalent, way to define MDyLPs is that of a finite a acyclic diagraph
with LPs associated to each node such that the program Pα is associated to the node α.
The two representations are equivalent. Given an acyclic diagraph and the associated
programs, a partial order ≺ is induced on the programs in the following way: for any
two programs Pα,Pβ associated to the distinct nodes α and β, Pα ≺ Pβ holds iff there
exists a directed path from α to β. On the other side, given a MDyLP with a partial
order ≺, the corresponding acyclic diagraph is defined as it follows: the nodes of the
graph are the indexes of the various programs. For any two nodes α, β there exists a
directed link from α to β iff Pα ≺ Pβ and there exists no program Pγ such that

Pα ≺ Pγ ≺ Pβ

The update answer-set semantics [EFST02a] and the dynamic stable model seman-
tics [ALP+98a] have extensions to the multidimensional case (see [BFL99] and [Lei03]
). Since MDyLPs extend the class of (linear) dynamic logic programs, the examples
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3.1.3, 3.1.4 and 3.1.5 of counterintuitive behavior involving self dependencies among
literals also apply to these semantics. As for DyLPs, the dynamic stable model seman-
tics is the one showing less cases of counter intuitive behavior. Nevertheless, even
for this semantics, there are more general classes of examples of such counterintuitive
behavior than in the case of DyLPs, as we see from the following example.

Example 3.1.8 Some sensors are located on a system of pipes. The sensor register whether
there is water in a specific pipe or not. Two distinct sensors are placed in the pipe number 5.
The first sensor detects water, while the second detects no water. Moreover we now the pipes
from 1 to 10 are interconnected in a circular way (piper 1 is connected with piper 2 and so on,
while pipe 10 is connected with pipe 1) and they are all at the see level. Hence, if there is water
in one of the pipes there is water in all of them. We represent this situation with the following
program

P1 : water(p(5)).
P2 : not water(p(5)).
P3 : water(p(n+1))← water(p(n)). 1≤ n≤ 9

water(p(1))← water(p(10)).

We assign the same degree of reliability to the information coming from the two sensors,
while the rules expressing the interconnection of the pipes are clearly more trustable than the
information coming from sensors which could even be broken. Hence we define the following
order among the programs.

P1 ≺ P3 P2 ≺ P3

and thus we obtain the multidimensional dynamic logic program M P . According to the se-
mantics defined in [LAP01, BFL99], the program M P has the model

{water(p(1)) . . .water(p(10))}

This does not seem a good conclusion, since the information coming from the two sensors
is clearly contradictory and there is no way to decide which source of information should be
trusted. We would hence expect that the semantics would have signaled the inconsistency by
admitting no model. What happened is that the cycle in P3 removed the contradiction of P1 and
P3 by rejecting not water(p(5)).

In general, when we merge information from several sources, without assigning a
total order among such sources, if potential contradictions are present these semantics
may admit undesired models.

Unfortunately, as exposed in the previous section, it is not possible to directly ex-
tend the definition of the refined semantics to the multidimensional case. An innova-
tive approach is needed.

The refined extension principle is enough for classifying the evidence class of coun-
terintuitive behavior of the existing semantics for DyLPs and to prove that the newly
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introduced refined semantics is more suitable than the others in the sense that it com-
plies with the principle. However, the principle is too weak for uniquely determining
one “right” semantics for DyLPs. For example, the trivial semantics that assigns to
each DyLP the empty set of models, satisfies the principle, which is obviously unsatis-
factory. Stronger criteria are thus needed for this purpose. Moreover, the principle is
valid only for those semantics that can be univocally determined in terms of sets of re-
jected rules and default assumptions. This last condition is too restrictive if we extend
our investigation to more general classes of Multidimensional dynamic logic programs
(MDyLPs). For these reasons we fell the need to introduce new theoretical notions for
characterizing semantics of DyLPs.

We found an answer to these issues by extending the notion of well-supported model
(WS model) [AB94, Fag94] to DyLPs and MDyLPs. Fages [Fag94] shows the equiv-
alence between the concept of stable model and WS model, i.e. given a program P,
an interpretation M is a stable model of P iff it is a WS model of P. We show that a
similar result holds for the refined semantics of DyLPs. For this reason we refer to this
semantics also as the well-supported semantics for DyLPs.

As expected, none of the existing semantics for MDyLPs coincides with the well-
supported model semantics. Well-supported models do already provide a semantics
for MDyLPs. Such a descriptive characterization, however, is not completely satisfac-
tory for several reasons, the main one being the problem of finding a reasonable al-
gorithm for the computation of such semantics. So we provide an alternative, though
equivalent and more traditional characterization based on a fixpoint operator. Since
the defined semantics coincides with the refined semantics in the case of DyLPs and ex-
tends such semantics to MDyLPs, we also refer to it as the refined semantics for MDyLPs.
We then establish relationships between the refined semantics and the existing seman-
tics for MDyLPs, and show that any WS model is also a model in the existing semantics.

The last part of the this chapter is oriented to implementations and establishes
an operational semantics that is proved to be equivalent to the refined semantics for
DyLPs and MDyLPs. For providing an operational definition for extensions of normal
LPs, a widely used technique is that of having a transformation of the original program
into a normal logic program and then to prove equivalence results between the two
semantics. In logic programs updates this methodology has been successfully used
several times (see, for instance, [ALP+00a, EFST02a]). Once such program transforma-
tions have been established (and implemented), it is then an easy job to implement the
corresponding semantics by applying existing software for computing the semantics of
normal LPs, like DLV [DLV00] or smodels [SMO00]. Following this direction, we pro-
vide transformations of DyLPs and MDyLPs into normal LPs and provide equivalence
results.

The shape of the transformations proposed for the refined semantics for DyLPs
is quite different from the ones proposed for the other semantics (see for instance
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[ALP+00a, APPP02, Lei97]). These differences are partially related to the different be-
havior of the considered semantics (none of the existing program transformation is
sound and complete w.r.t. the refined semantics) but they are also related to peculiar
properties of the presented program transformations. One of such properties is the
minimum size of the transformed program. Since the size of the transformed program
significantly influences the cost of computing the semantics (especially in case of the
stable model semantics), this topic is quite relevant. A drawback of the existing pro-
gram transformations is that the size of the transformed program linearly depends on
the size of the language times the number of performed updates. This means that,
when the number of updates grows, the size of the transformed program grows in a
way that linearly depends on the size of the language. This happens even when the up-
dates are empty. On the contrary, in our approach the size of the transformed programs
has an upper bound that does not depend on the number of updates, but solely (and
linearly) on the number of rules and the size of the original language (see Theorem
3.11.2).

A prototypical implementation for the refined semantics in the linear case that uses
the theoretical background of this chapter is available at[Ban05a] This implementation
take advantage of DLV and smodels systems to compute the semantics of the trans-
formed programs.

Due to its simplicity, the proposed transformation for the linear case is interesting
beyond the mere scope of implementation since it gives new insights on how the rejec-
tion mechanism works and how it creates new dependencies among rules. The trans-
formed programs provide an alternative description of the behavior of the updated
program.

We also proposed a transformational semantics for MDyLPs. Since the refined se-
mantics for DyLPs is a special case of the refined semantics for MDyLPs, the proposed
transformation is also sound and complete w.r.t the refined semantics for DyLPs, al-
though more complicated than the specific transformation presented for the linear case.

3.1.4 Structure of the chapter

The rest of the chapter is organized as follows. Section 3.2 recalls some preliminary
notions and previous works on DyLPs, MDyLPs an well-supported models and estab-
lishes notation. Section 3.3 is devoted to motivate and present the refined extension
principle, while in Section 3.4 a refined semantics for logic program updates that com-
plies with the principle is presented.

Section 3.5 is devoted to compare the new semantics with other existing seman-
tics for DyLPs, and to analyze these with respect to the refined extension principle.
Section 3.6 extends the concept of well-supported model to DyLPs and proves that
the refined dynamic stable models of a DyLP coincide with its well-supported mod-
els. Section 3.7 investigates further properties of the refined well-supported seman-
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tics. Section 3.8 utterly extends the notion of well-supported model to MDyLPs and
provides an equivalent fix-point characterization that extends the refined semantics to
MDyLPs and Section 3.9 provides an equivalent fixpoint characterization of the well
supported semantics for MDyLPs. Section 3.10 compares the new semantics with other
existing semantics for MDyLPs. Section 3.11 defines, by a program transformation, the
operational equivalent of the refines semantics and proves results of soundness, com-
pleteness and complexity of the semantics. Section 3.12 shows analogue results for the
multidimensional case. Finally, some concluding remarks are drawn in Section 3.13. In
Appendix A, the reader can find all the proofs of the results presented throughout the
chapter.

The figure below summarizes the main results of this Chapter pointing out to the
main definitions and the theorems relating them.

Ref. ext.
Principle
(Def 26)

Satisfied by
Ref.Sem.
(Def 27    )

Extend to MDyLPs
(Def   32 )

equivalent to

Well supp.
models
(Def  29  )

Well sup. models
MDyLPs
(Def  37   )

equivalent to

equivalent to equivalent to

Trasf. refined
Transf.
MDyLPs
(Def  39  )(Def  38   )

Extend to

Thm 3.4.1

Thm 3.6.2

Thm 3.9.1

Thm 3.11.1 Thm 3.12.1

3.2 Preliminaries and previous works on updates

A dynamic logic program P : P1 . . .Pn, (DyLP) is a sequence of generalized logic programs.
Let P = (P1, ...,Pn) and P ′ = (P′1, ...,P

′
m) be two DyLPs and k an index with 1≤ k ≤ n. By

P k we denote the DyLP formed by the first k elements (P1, . . . ,Pk) of P . We use P ⊕P ′

to denote the sequence of programs obtained by concatenating the elements of the two
sequences i.e.

P ⊕P ′ = P1, ...,Pn,P′1, ...,P
′
m

If n = m we use ρ(P ) to denote the set of all rules appearing in the programs P1, ...,Pn,
and P ∪P ′ to denote the DyLP (P1∪P′1, ...,Pn∪P′n). According to all semantics based on
causal rejection of rules, an interpretation M models a DyLP, according to a semantic
Sem iff

M = ΓSem (P ,M) (3.1)
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where
ΓSem (P ,M) = least

(
ρ(P )\Re jSem (P ,M)∪De f Sem (P ,M)

)

and where Re jSem (P ,M) stands for the set of rejected rules according to the seman-
tic Sem and De f Sem (P ,M) for the set of default assumptions according to the semantic
Sem, both given P and M. Intuitively, we first determine the set of rules from P that
are not rejected, i.e. ρ(P )\Re jSem (P ,M), to which we add a set of default assumptions
De f Sem (P ,M). Note the similarity to the way stable models of generalized logic pro-
grams (see Definition 13) are obtained, where default assumptions of the form not A are
added for every not A ∈M−.

A DyLP P = (P1, ...,Pn) represents not only the current knowledge but also the his-
tory of the knowledge. Given any Pk with k ≤ n, the sequence Pk = (P1, ...,Pk) represents
the evolution of P up to the moment when the update Pk was added to the knowledge
base. A straightforward generalization of the notion of semantic P is that of semantics
of P at the update Pk. A two-valued interpretation M is a model of P at Pk according to
the semantic Sem iff

M = ΓSem
(

P k,M
)

(3.2)

From [Lei03] it is easy to see that all existing semantics for updates based on
causal rejection are parameterizable using different definitions of Re jSem (P ,M) and
De f Sem (P ,M). The dynamic stable model semantics [ALP+98b, Lei03] for DyLP is de-
fined as follows.

Definition 19 Let P be a dynamic logic program and M an interpretation. M is a dynamic
stable model of P iff

M = Γ(P ,M)

where
Γ(P ,M) = least (ρ(P )\Re j (P ,M)∪De f (P ,M)) (3.3)

and

Re j (P ,M) =
{

r | r ∈ Pi,∃r′ ∈ Pj, i < j,r 1 r′,M ` B(r′)
}

De f (P ,M) = {not A | @r ∈ ρ(P ),H(r) = A,M ` B(r)}

Another semantics based on causal rejection is the justified update (J U) semantics
whose definition is as above [LP97].

Definition 20 Let P be a dynamic logic program and M an interpretation. M is a justified
update stable model of P iff

M = ΓJ (P ,M)
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where
ΓJ (P ,M) = least

(
ρ(P )\Re j (P ,M)∪M−)

)
(3.4)

Yet another proposal based on the same principle is the update programs semantics
(UP ) [EFST02b]. Inheritance programs (see [BFL99]) are defined for disjunctive logic
programs, but if we restrict to the non disjunctive case, this semantics coincides with
the update answer-set semantics of [EFST02a]. These semantics were originally de-
fined on top of the class of extended logic programs. We provide here a reformulation
of these semantics based on GLPs and originally presented in [Lei03].

Definition 21 Let P be a dynamic logic program and M an interpretation. M is an update
stable model of P iff

M = ΓU (P ,M)

where
ΓU (P ,M) = least

(
ρ(P )\Re jU (P ,M)∪M−)

)

and

Re jU (P ,M) =

{
τ ∈ Pi : ∃η ∈ Pj \Re jU (P ,M) , i < j

H(τ) = ¬H(η), M |= B(τ), M |= B(η)

}

where notation ¬H(τ) stands for the explicit complement of the head of τ (the atom A is the
explicit complement of ¬A and viceversa).

The dynamic stable model semantics (DS ) the justified update (J U) and the
update programs semantics (UP ) are all extensions of the stable model semantics
for normal and generalized LPs [GL88]; relations among them have been stud-
ied in [Hom04, Lei03], and the main result is as follows. Given any DyLP P , let
UP (P ),J U(P ) and DS(P ) be the set of models of P according to, respectively, the
update programs, the justified update, and the dynamic stable model semantics Then,
the following (possibly strict) inclusions hold:

UP (P )⊇ J U(P )⊇DS(P ) (3.5)

3.2.1 Well-supported models

The semantic analysis which we will make in this paper rests on the notion of level
mapping over a set of atoms L , where a level mapping ` is a function from L to the set
of natural numbers. We also lift ` to negative literals of the form not A, where A is an
element of L , by setting `(not A) = `(A). Given a conjunction of literals C = L1, . . . ,Ln

we further extend ` by assigning to C the value `(Li), where i is chosen such that the
value of `(Li) is maximal, i.e. `(C) = max({`(Li) : Li ∈ C}). For convenience — and by
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slight abuse of notation — we assign the value −1 to the empty conjunction of literals.
Our approach is stimulated by recent results on uniform characterizations of different
semantics for LPs in terms of level mappings as introduced in [HW05] and extended
in [Hit03, HS05]. This perspective provides an additional tool and guidelines on how
to obtain reasonable new semantics for new classes of programs.

A normal logic program over a language L is any (possibly countably infinite) set of
rules of the form A ← B, where A is any atom of L and B is any conjunction of literals
of L . Several different (two-valued) semantics are being used for assigning meaning to
programs, including the supported model semantics [AB94], the minimal supported model
semantics [AB94] and the stable model semantics [GL88].

3.2.2 Multidimensional dynamic logic programs

A Multidimensional dynamic logic program M P is any partially ordered finite multiset of
generalized logic programs. Let M be a set of indexes for the elements of M P , and
≺ the partial order defined over Multi. For any index i, by Pi we denote the element
(also called update) of M P associated with i. We often use the notation i≺ j instead of
Pi ≺ Pj. Let Pi and Pj be elements of M , we say Pi is less recent than Pj (or, alternatively,
that Pj is more recent than Pi ) iff i ≺ j. Let Pn be an update of M P . The genealogy of Pn,
denoted M P n, is the subset of the elements of M P which are less recent than Pj plus
Pn itself. By ρ(Pn) we denote the multiset of all rules of M P n.

Note that, if the order defined over the MDyLP M P consisting of m element is a
total order, M P is the DyLP P1, . . . ,Pm where Pi denotes the ith element of M P such that
Pi ≺ Pj iff i < j.

As we said in the introduction of this chapter, many of the known semantics for
DyLPs has been extended to the multidimensional case [BFL99, LAP00]. In [LAP00]
MDyLPs are propose with a different though equivalent formulation using directed
acyclic graphs (or diagraphs) instead of partially ordered sets.

Indeed, given any finite partially order set S, a graph G is naturally associated to S

in the following way.. The nodes of G are exactly the elements of S. If n1 and n2 are
nodes of G, a directed edge exists from n1 to n2 iff n2 is a successor of n2. It is easy to
prove that G is acyclic i.e., there exists no directed cyclic path in G. On the other way,
let G be a diagraph and S the sets of its elements. We define the relation ≺ other the
elements of S in the following way: n1 ≺ n2 iff there exists a directed path from n1 to n2.
It is easy to prove that the relation ≺ is a partial order.

We present here a definition of dynamic multi stable models semantics which is equiv-
alent to the definition given in [LAP00].

Definition 22 Let M P be any multidimensional dynamic logic program in the language L ,
Pn and element of M P and M any two-valued interpretation over L . The ΓD operator is defined

51



3. A REFINED, WELL-SUPPORTED SEMANTICS FOR LOGIC PROGRAMS UPDATES 3.3. Refined extensions

as follows.

ΓD
(M P ,n)(M) = least(ρ(M P n)\Re j(M P n

,M)∪De f ault(M P n
, I))

Where Re j(M P n
,M) is defined as follows

Re j(M P n
,M) = {τ ∈ Pi : ∃η ∈ Pj, i≺ j : τ ./ η, M |= B(η)}

Definition 23 Let M P be any multidimensional dynamic logic program in the language L ,
Pn and element of M P and M any two-valued interpretation over L . We say M is a dynamic
multi stable model of M P at Pn iff:

M = ΓD
(M P ,n)(M)

In [Lei03] and [Hom04] the author proves that any dynamic stable model of a
MDyLP M P at Pn is also a model of M P at Pn w.r.t. the semantics proposed in
[BFL99, LP97].

3.3 Refined extensions

We are interested in exploring conditions guaranteeing that the addition of a set of
rules to a (dynamic) logic program does not generate new (dynamic) stable models.
In this section, we motivate and introduce the notion of refined extension for both the
case of single logic programs and dynamic logic programs, which, together with the
results proven, constitute a step in such direction.

3.3.1 Refined extensions of generalized logic programs

Informally, the semantics based on stable models are obtained by taking the least
model of the definite program obtained by adding some assumptions (default nega-
tions) to the initial program i.e., the stable models of a generalized logic program P are
those interpretations M such that M coincides with the least model of the program

P∪{not A | A 6∈M}

In general, several semantics share the characteristic that the models of a program
P can be characterized as the least model of the program

P∪Assumptions(P,M)

where Assumptions(P,M) is simply a set of default literals whose definition depends
on the semantics in use. Note that all of the stable models [GL88], the well founded
[GRS91] and the weakly perfect model semantics [PP88] can be defined in this way. As
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mentioned above, the stable model semantics of normal and generalized programs can
be obtained by establishing that

Assumptions(P,M) = {not A | A 6∈M} .

In the sequel, if Sem is a semantics definable in such a way, by Sem(P) we denote
the set of all models of a given program P, according to Sem.

With the intention of defining the refined extension principle, we first need to set
forth some intermediate notions, namely that of syntactic extension of a program. Intu-
itively we say that P∪E is a syntactic extension of P iff the rules in E have no effect on
the least model of P. Formally:

Definition 24 Let P and E be generalized logic programs. We say that P∪E is a syntactic
extension of P iff least (P) = least (P∪E).

Let us consider now a generalized program P, and a set of rules E. A model M of
P∪E according to Sem is computed as the least model of the definite logic program
obtained by adding the set of default assumptions to P∪E. We can then apply the
concept of syntactical extension to verify whether the addition of the rules in E does
not influence the computation of M. If this is the case for all models of the program
P∪E, according to Sem, we say that P∪E is a refined extension of the original program
P.

Definition 25 Let P and E be generalized logic program, M an interpretation, and Sem a
semantics for generalized logic programs. We say that P∪E is an extension of P with respect
to Sem and M iff

P∪Assumptions(P∪E,M)∪E

is a syntactic extension of
P∪Assumptions(P∪E,M)

We say that P∪E is a refined extension of P with respect to Sem iff P∪E is an extension of
P with respect to Sem and all models in Sem(P∪E).

Example 3.3.1 Let P1 and P2 be the programs of example 3.1.4:

P1 : day← not night.

night ← not day.

stars← night,not cloudy.

not stars.

P2 : stars← stars

It is clear that irrespective of what the set Assumptions(P1∪P2,M) of added assumptions is,
given any model M, we have that the least model of P1 ∪Assumptions(P1∪P2,M) coincides
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with the least model of P1∪Assumptions(P1∪P2,M)∪P2. Thus, P1∪P2 is a refined extension
of P1.

We are now ready to formulate the refined extension principle for semantics of gen-
eralized logic programs. Intuitively, a semantics complies with the refined extension
principle iff a refined extension of a program P does not have more models than P.

Principle [Refined extension – static case] A semantics Sem for generalized logic pro-
grams complies with the refined extension principle iff for any two generalized logic
programs P and E, if P∪E is a refined extension of P then

Sem(P∪E)⊆ Sem(P).

♦

As one may expect, the principle properly deals with the case of adding tautologies,
i.e., for any semantics Sem that complies with the principle, the addition of tautologies
does not generate new models.

Proposition 3.3.1 Let Sem be a semantics for generalized programs, P a generalized program,
and τ a tautology. If Sem complies with the refined extension principle then

Sem(P∪{τ})⊆ Sem(P). (3.6)

Most importantly, the stable model semantics complies with the refined extension
principle, as stated in the following proposition.

Proposition 3.3.2 Let P be any generalized logic program, P∪E be a refined extension of P,
and M a stable model of P∪E. Then M is also a stable model of P.

As an immediate consequence of these two propositions, we get that the addition
of tautologies to a generalized program does not introduce new stable models. The
converse is also true i.e. the addition of tautologies to a generalized program does not
eliminate existing stable models.

3.3.2 Refined extensions of dynamic logic programs

We now generalize the refined extension principle to the case of dynamic logic pro-
grams, so as to guarantee that, according to the semantics that comply with it, certain
updates do not generate new models.
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Definition 26 Let P and E be two dynamic logic programs4, Sem a semantics for dynamic
logic programs and M an interpretation. We say that P ∪E is an extension of P with respect
to M iff

ρ(P )\Re jSem (P ∪E ,M)∪De f Sem (P ∪E ,M)∪ρ(E)\Re jSem (P ∪E ,M)

is a syntactical extension of

ρ(P )\Re jSem (P ∪E ,M)∪De f Sem (P ∪E ,M)

We say that P ∪E is a refined extension of P iff P ∪E is an extension of P with respect to all
models in Sem(P ∪E).

Note that the Definition 26 is the straightforward lifting of Definition 25 to the
case of dynamic logic programs. Roughly speaking, we simply replaced P and E with
ρ(P ) \Re jSem (P ∪E ,M) and ρ(E) \Re jSem (P ∪E ,M), respectively. The refined exten-
sion principle is then formulated as follows.

Principle[Refined extension principle]A semantics Sem for dynamic logic programs
complies with the refined extension principle iff for any dynamic logic programs P
and P ∪E , if P ∪E is a refined extension of P then

Sem(P ∪E)⊆ Sem(P ).

♦

Again, this principle amounts to the straightforward lifting of Principle 3.3.1 Un-
fortunately, none of the existing semantics for dynamic logic programs based on causal
rejection complies with the refined extension principle.

Example 3.3.2 Let us consider again the program P1 and P2 of Example 3.1.5. The presence of
the new model contrasts with the refined extension principle. Indeed, if we consider the empty
update P/0, then the dynamic logic program (P1,P/0) has only one stable model (viz., {day}).
Since, as the reader can check, (P1,P2) is a refined extension of (P1,P/0) then, according to the
principle, all models of (P1,P2) should also be models of (P1,P/0). This is not the case for existing
semantics.

If we consider infinite logic programs, there is also another class of examples where
all the previously existing semantics based on causal rejection fail to satisfy the refined
extension principle. This class of examples consists of sequences of updates containing

4Here, and elsewhere, we assume that the sequences of GLPs (or DyLPs) P and E are of the same
length.
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an infinite number of conflicting rules whose bodies are satisfied i.e., an infinite num-
ber of potential contradictions where each is removed by a later update, of which the
following example serves as illustration.

Example 3.3.3 Let us consider an infinite language consisting of the constant 0 and of the
unary function successor. The set of terms of such a language has an obvious bijection to the
set of natural numbers. In this context, given a term n, we will use the expression n + 1 for
successor(n). Let q be an unary predicate and H the set of propositional atoms consisting of all
the predicates of the form q(n).

Let us consider the following programs:

P1 : q(X).
not q(X).

P2 : q(X)← q(X +1).

Since P1 and P2 contain the variable X , in order to compute the stable model semantics,
we have to consider the ground versions of the two programs i.e., the following two infinite
programs:

Pground
1 : q(n). ∀ n ∈ N

not q(n). ∀ n ∈ N

Pground
2 : q(n)← q(n+1). ∀ n ∈ N

All existing semantics based on causal rejection admit the interpretation I = A , consisting
of all the predicates of the form q(n), as a model of the program (Pground

1 ,Pground
2 ). Since the

program (Pground
1 ,P/0) is clearly contradictory, hence having no stable models, and the program

(Pground
1 ,Pground

2 ) is a refined extension of (Pground
1 ,P/0), then, according to the refined extension

principle, it should be taken as contradictory and have no models.

As for the case of generalized programs, if we consider a semantics Sem for dynamic
logic programs that complies with the principle, the addition of tautologies does not
generate new models. This is stated in the following proposition that lifts Proposition
3.3.1 to the case of dynamic logic programs.

Proposition 3.3.3 Let Sem be a semantics for dynamic logic programs, P a dynamic logic
program, and E a sequence of sets of tautologies. If Sem complies with the refined extension
principle then

Sem(P ∪E)⊆ Sem(P ).

3.4 Refined semantics for dynamic logic programs

We define a new semantics for dynamic logic programs that complies with the refined
extension principle.
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Before proceeding we take a moment to analyze the reason why the dynamic sta-
ble model semantics fails to comply with the refined extension principle in Example
3.1.4. In this example, the extra (counterintuitive) dynamic stable model {night,stars}
is obtained because the tautology stars← stars in P2 has a true body in that model,
hence rejecting the fact not stars of P1. After rejecting this fact, it is possible to consis-
tently conclude stars, and thus verify the fixpoint condition (Equation 3.3), via the rule
stars← night,not cloudy of P1.

Here lies the matrix of the undesired behavior exhibited by the dynamic stable
model semantics: One of the two conflicting rules in the same program (P1) is used
to support a later rule (of P2) that actually removes that same conflict by rejecting the
other conflicting rule. Informally, rules that should be irrelevant may become relevant
because they can be used by one of the conflicting rules to defeat the other.

A simple way to inhibit this behavior is to let conflicting rules in the same update
inhibit each other. This can be obtained with a slight modification to the notion of
rejected rules of the dynamic stable model semantics, namely by also allowing rules
to reject other rules in the same update. Since, according to the dynamic stable model
semantics, rejected rules can reject other rules, two rules in the same update can reject
each other, thus avoiding the above described behavior.

Definition 27 Let P be a dynamic logic program and M an interpretation. M is a refined
dynamic stable model (or simply a refined model) of P iff

M = ΓR (P ,M)

where
ΓR (P ,M) = least

(
ρ(P )\Re jR (P ,M)∪De f (P ,M)

)

and
Re jR (P ,M) =

{
r | r ∈ Pi,∃r′ ∈ Pj, i≤ j,r 1 r′,M ` B(r′)

}

At first sight this modification could seem to allow the existence of models in cases
where a contradiction is expected (e.g. in a sequence where the last program contains
facts for both A and not A): if rules in the same update can reject each other then the
contradiction is removed, and the program could have undesirable models. Notably,
the opposite is actually true (cf. Theorem 3.5.1 below), and the refined dynamic stable
models are always dynamic stable models, i.e., allowing the rejection of rules by rules
in the same update does not introduce extra models.

To better understand this behavior, consider a DyLP P with two conflicting rules
(with heads A and not A) in one of its programs Pi. Take an interpretation M where
the bodies of those two rules are both true (as nothing special happens if a rule with
false body is rejected) and check if M is a refined dynamic stable model. By Definition
27, these two rules reject each other, and reject all other rules with head A or not A
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in that or in any previous state. Moreover, not A cannot be considered as a default
assumption, i.e., does not belong to De f (P ,M) because of the rule with head A and true
body. This means that all the information about A (a rule with head A or not A) with
origin in Pi or any previous state is deleted. Since M must contain either A or not _A,
the only possibility for M to be a stable model is that there exists a rule τ, in some later
update, whose head is either A or not A, and whose body is true in M. This means that a
potential inconsistency can only be removed by some later update. If such later update
does not exist, then, even though the two rules that cause the contradiction reject each
other, we still do not obtain any models.

Finally, as this was the very motivation for introducing the refined semantics, it
is worth observing that the refined semantics does comply with the refined extension
principle, as stated by the following Theorem.

Theorem 3.4.1 The refined semantics complies with the refined extension principle.

By Proposition 3.3.3, it immediately follows from this theorem that the addition of
tautologies never adds models in this semantics. Note that the converse is also true: the
addition of tautologies does not eliminate existing models in the refined semantics i.e.,
the refined semantics is immune to tautologies, as stated by the following Theorem.

Theorem 3.4.2 Let P be any DyLP and E a sequence of sets of tautologies. M is a refined
stable model of P iff M is a refined stable model of P ∪E .

To give an insight view on the behavior of the refined semantics, we now illustrate
how the counterintuitive results of example 3.1.4 are eliminated.

Example 3.4.1 Let us consider again the DyLP P = (P1,P2) of example 3.1.4

P1 : day← not night.

night ← not day.

stars← night,not cloudy.

not stars.

P2 : stars← stars

This DyLP has one refined dynamic stable model, M = {day}. Thus the conclusions of the
semantics match with the intuition that it is day and it is not possible to see the stars.

We now show that M is a refined dynamic stable model. First of all we compute the sets
Re jR (P ,M) and De f (P ,M):

Re jR (P ,M) = {stars← night,not cloudy.}
De f (P ,M) = {not night,not stars,not cloudy}
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Then we check whether M is a refined dynamic stable model according to Definition 27. Indeed:

ΓR (P ,M) = least
(
(P1∪P2)\Re jR (P ,M)∪De f (P ,M)

)
=

= {day,not night,not stars,not cloudy}= M

As mentioned before, the dynamic stable model semantics, besides M, also admits the inter-
pretation N = {night,stars} as one of its models, thus violating the refined extension principle.
We now show that N is not a refined dynamic stable model. As above we compute the sets:

Re jR (P ,N) = {not stars; stars← night,not cloudy.}
De f (P ,N) = {not day,not cloudy}

Hence:

ΓR (P ,N) = least
(
(P1∪P2)\Re jR (P ,N)∪De f (P ,N)

)
=

= {night,not day,not cloudy} 6= N

From where we conclude, according to Definition 27, that N is not a refined dynamic stable
model.

On the other hand we have

Re j (P ,N) = {not stars}

and hence

Γ(P ,N) = least ((P1∪P2)\Re j (P ,N)∪De f (P ,N)) =

= {night,not day,stars,not cloudy}= N

Which, according to Definition 19 means that N is a dynamic stable model. This implies
that the dynamic stable model semantics does not coincides with the refined semantics.

Moreover, if we consider the DyLP P ′ = P1,P/0 i.e. the DyLP obtained by deleting
the tautology in P2, we have:

Re j
(
P ′,N

)
= {}

De f
(
P ′,N

)
= {not day,not cloudy}

and hence

Γ
(
P ′,N

)
= least

(
(P1∪P/0)\Re j

(
P ′,N

)∪De f
(
P ′,N

))
=

= {night,not day,stars,not starsnot cloudy} 6= N
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So is a not dynamic stable model of P ′ but it is a stable model of P , although the two
differs only for the addition of one tautology. By this example and Proposition 3.3.3 we
conclude that the dynamic stable model semantics does not comply with the refined extension
principle. The same conclusions holds for the other semantics based on causal rejection
as we shall see in the sext section.

3.5 Relationship with other semantics for dynamic logic

programs

As shown from the discussion of example 3.4.1 above, the dynamic stable model se-
mantics does not coincide with the refined semantics and, it does not respect the re-
fined extension principle. It is clear from the definitions that the refined semantics
coincides with the dynamic stable model semantics [ALP+98b, ALP+00b, Lei03] for
sequences of programs with no conflicting rules in a same program. This means that
the dynamic stable model semantics complies with the refined extension principle for
such class of sequences of programs, and would have no problems if one restricts its
application to that class. However, such limitation would reduce the freedom of the
programmer, particulary in the possibility of using conflicting rules to represent in-
tegrity constraints. Another limitation would result from the fact that updates also
provide a tool to remove inconsistency in programs by rejecting conflicting rules. Such
feature would be completely lost in that case.

With respect to the other semantics based on causal rejection, it is not even the
case that the principles is satisfied by sequences in that restricted class. We can verify
this as in the case of the dynamic stable models semantics by relying on Proposition
3.3.3 since update answer-set semantics [EFST02a] and the justified update semantics
[LP97, LP98] fail to be immune to tautologies even when no conflicting rules occur in
the same program as shown in the examples below whose detailed discussion can be
found in [Lei03].

Example 3.5.1 Let us consider the DyLP P = (P1,P2,P3) where:

P1 : day.

P2 : not day.

P3 : day← day.

stating that initially it is day time, then it is no longer day time, and finally (tautologically)
stating that whenever it is day time, it is day time. While the semantics of justified updates
[LP97, LP98] and the dynamic stable model semantics [ALP+98b, Lei03] select {day} as the
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only model, the update answer set semantics of [EFST02a] (as well as inheritance programs of
[BFL99]) associates two models, {day} and {}, with such sequence of programs5.

While the semantics of justified updates [LP97, LP98] works properly for the above
example, there are classes of programs where its behavior shows its failure to comply
with the refined extension principle.

Example 3.5.2 Let us consider the DyLP P = (P1,P2) where:

P1 : day.

P2 : not day← not day.

According to the semantics of justified updates, (P1,P2) has two models, M1 = {day} and M2 =
{}, whereas (P1,P/0) has the single model M1, thus violating the refined extension principle.

Finally, observe that the refined semantics is more credulous than all the other se-
mantics, in the sense that the set of its models is always a subset of the set of models
obtained with any of the others thus making its intersection larger. Comparing first
with the dynamic stable model semantics.

Theorem 3.5.1 Let P be a DyLP, and M an interpretation. If M is a refined dynamic stable
model then M is a dynamic stable model.

This result generalizes to all the other semantics since the dynamic stable model is
the most credulous of the existing semantics. Hence we had the refined stale models
of a DyLP P (denoted R S(P ) as another element at the bottom of the chain of set
inclusions 3.5 obtaining the following chain of inclusions.

UP (P )⊇ J U(P )⊇DS(P )⊇ R S(P ) (3.7)

In [EFST02a] the authors define a refinement of the justified updates semantics
named minimal updates semantics. Since this semantics is strongly linked to a prop-
erty called minimality of change we will discuss its link with the refined semantics in
Section 3.7 discussing further properties of the refined semantics.

3.5.1 Semantics for DyLPs not based on causal rejection

For sake of completeness, we briefly discuss two approaches to logic programs updates
not based on causal rejection. Namely Program Updates through induction from Inoue
and Sakama (see [SI99]) and Program Updates through Priorities from Zhang and Foo

5Notice that, strictly speaking, the semantics [BFL99, EFST02a] are actually defined for extended logic
programs, with explicit negation, rather than for generalized programs. However, the example can be
easily adapted to extended logic programs.
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(see [ZF98]). A more complete analysis and comparisons can be found, for instance, in
[EFST02a, Lei03]. Both the frameworks are based on extended logic programs rather
than on generalized logic programs.

The approach of Sakama and Inoue to updates is based on abduction. Given two
(extended) logic programs P and Q the result of updating P with Q is obtained by
making every rule of P defeasible and then eliminating such rules from the program
P∪Q until the resulting program is consistent.

A first consideration that can be done is that, this way Idempotence (see Section 3.7
for further details) cannot be guaranteed, i.e. it is not always true that P⊕ P/0 ≡ P.
Indeed, if the program P is contradictory, the semantics automatically removes the
rules in P causing the contradiction. This result comes since the approach of Inoue and
Sakama mixes the separate concepts of theory update and theory revision (see [KM91] for
a discussion on the difference between the two concepts.)

A second problem appears when successive updates are considered. If a rule τ is
removed to solve a contradiction with an updated rule η with a true body, and later on
the body η is falsified by another update, the rule τ is not resumed. For instance, let
us consider the following example paraphrased by [Lei03]. Initially there it is a sunny
day. Then clouds come with the wind and we know that if there are clouds, there can
not be the sun. Finally the clouds are drawn away by the wind. This is formalized by
the following DyLP (with explicit negation) P : P1,P2,P3.

P1 : sun. P2 : ¬sun← clouds. clouds. P3 : ¬clouds.

If we replace explicit negation by default negation in the head we obtain a DyLP
(with default negation in the head) whose only refined model at P2 is {clouds} and
whose only refined model at P3 is {sun}matching the intuitive meaning of the program.
According to the approach of Inoue and Sakama, if we first update P1 with P2 and then
we update the resulting program with P3, it is not possible to conclude the fact sun

since it was rejected from the program after performing the first update P2.
The approach of Zang and Foo is based on a mixture of models updates and pref-

erences. The result is that, given two programs P1 and P2 the result of updating P1 with
P2 is a set of logic programs rather than a single program related to the set of stable
models of P1. It is important to notice that successive updates determine an exponen-
tial explosion of the total number of programs. This aspect compromises the efficiency
of the approach.

3.6 Well-supported models for DyLPs

The refined semantics of DyLP of Definition 27 complies with the refined extension
principle. However, the refined semantics only covers the case of DyLPs while the
more general multidimensional case remains uncovered. Moreover, as we will see in
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Section 3.9 it is not possible to directly extend Definition 27 to the multidimensional
case in order to obtain a refined semantics for multidimensional dynamic logic pro-
grams.

A parallel problem is that of establishing whether the refined semantics can be con-
sidered a final step in the research of a proper semantics for DyLPs. As we see from the
chain of inclusions (3.7), the existing semantics for DyLPs can be ordered in a sequence
where each semantics is a refinement of the previous one. Going right in the sequence,
the conditions for an interpretation to be accepted as a model become stricter. It seems
that research is trying to discard bad models from the semantics and to keep only good
models. Is this really the case? Moreover, can we consider the sequence ended by the
refined semantics or do we need to further refine it? To answer these questions we
need a formal definition of what we mean by good model. Recalling Sections and 2.4.1
and 2.4.1 we can see an interesting historical parallel between the evolution of seman-
tics for DyLPs and the evolution of two-valued semantics for normal LPs, where the
supported, minimal supported and stable model semantics are successive refinements.

Given any program P, the set of all supported models (SU(P)), the set of all minimal
supported models (MSU(P)) and the set of all stable models (SM(P)) of P are related by
SU(P)⊇MSU(P)⊇ SM(P). The similarities are even more notable iff we consider some
examples of strict inclusions of the sets of supported, minimal supported and stable
models of a logic program.

Example 3.6.1 Let us consider the program P : A ← A. The program P has unique SM /0
which coincides with the unique minimal supported model. It has {A} as a second supported
model. All the cited semantics have /0 as unique model of the program consisting of the empty
set of clauses. Hence, for the supported model semantics adding tautologies of the form A← A

to a program may change its semantics.

Example 3.6.2 Let us consider now the program

P1 : A← not A.

A← A.

Program P1 has no stable models but has {A} as unique minimal supported model. The program

P2 : A← not A

has no minimal supported model. Again, the introduction of the tautology A← A has changed
the semantics of the program.

The concepts of supported and minimal supported model are successive approxi-
mations towards the concept of well-supported model. Let us consider, for instance,
the examples 3.6.1 and 3.6.2. Regarding the first example, {A} is a supported model
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but not a well-supported model. Indeed, for every level mapping the head of the rule
A ← A is equal to the level of its body, hence this rule cannot be used to derive A un-
der the assumption of well-supportedness. The same reasoning can be applied to the
second example. These examples show that the supported and the minimal supported
model semantics sometimes allow to derive conclusions that are not well-supported.
The reader may notice similarities between examples 3.1.4 and 3.6.1, 3.6.2. In both
cases, rules that should not play any semantic role change the behavior in some se-
mantics by introducing more models. In the static case, this behavior is rectified by
the introduction of the concept of well-supported model. Guided by this historical
perspective, we extend the notion of WS model to DyLPs and MDyLPs. As shown by
Theorem 3.6.2 this result will also provides an extension of the refined semantics to
MDyLPs.

We first note that in the definition of well-supported models for normal LPs only
the level of the positive literals in the body of a rule is considered. This happens be-
cause within normal LPs only positive literals are derived by rules, and the negative
ones follow by negation by default. For DyLPs and MDyLPs, however, also negative
literals can be derived by rules, since we allow negative literals in rule heads. More
importantly, in the static case a rule plays a role only for deciding whether or not a
given literal should be true or not. In the dynamic case, a rule is also used for rejecting
other rules. Hence the concept of well-supportedness should be applied not only to
the derivation of literals but also to the rejection of rules. More precisely, we require
well-supported rejection: a rule can reject another rule in a previous update iff the body
of the rejecting rule is true and the level of the body of the rejecting rule is less than the
level of its head. The following definition formalizes this idea using level mappings.

Definition 28 6 Let P be any DyLP over a language L , ` any level mapping over L and M

any interpretation over L , we define the set of rejected rules w.r.t. ` as:

Re j`(P ,M) = {τ ∈ Pi : ∃ η ∈ Pj, i < j τ ./ η,M |= B(η), `(hd(η)) > `(B(η))}

In the following we omit the argument P whenever the considered DyLP is clear from
the context.

Given the considerations above and Definition 28, it is now quite simple to ex-
tend the concept of well-supported model to the dynamic case. An interpretation is a
well-supported model if it is possible to find a level mapping such that the considered
interpretation is a model of all the rules that are not rejected w.r.t. the given level map-
ping and such that, for each atom A which is true in the interpretation a non rejected
rule with head A exists, whose body is true and the level of such body is less than the
level of A.

6Hereafter we use the simplified notation Re j`(M) whenever this causes no ambiguity.
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Definition 29 (Well-supported semantics of DyLPs) Let P be any DyLP in the language
L and M any two-valued interpretation over L . We say M is a well-supported (WS) model
iff there exists a level mapping ` over L such that :

i) M is a model of ρ(P)\Re j`(M)

ii) ∀ A ∈M ∃ τ ∈ ρ(P)\Re j`(M) such that hd(τ) = A, `(A) > `(B(τ)) and M |= B(τ).

It is quite easy to see that Definition 29 coincides with Definition 11 when the con-
sidered DyLP is the single normal logic program P.

Theorem 3.6.1 Let P be a DyLP consisting of a single update and let P be a normal logic
program in the language L . Moreover let and M a two-valued interpretation, over L . M is a
WS model according to Definition 29 iff it is a WS model according to Definition 11.

proof Let M be a WS model of P according to Definition 29 and let ` be a level mapping
satisfying conditions i) and ii) of Definition 29. Since P is a single program, the set
of rejected rules w.r.t. ` is empty, hence ρ(P) \Re j`(M) = P. Hence, by condition i) of
Definition 29, M is model of P, and hence condition i of Definition 11 is satisfied. Since `

satisfies condition ii) of Definition 29, it also trivially satisfies condition ii) of Definition
11.

Let now M be a WS model of P according to Definition 11 and let `′ be a level
mapping satisfying condition ii) of Definition 11. Let further ` be the level mapping
obtained from `′ in the following way. If A ∈ M, then `(A) = `(A)′ + 1, otherwise
`(A) = 0 The set of rejected rules w.r.t. ` is empty and hence ρ(P)\Re j`(M) = P. Hence,
by condition i) of Definition 29, M is model of ρ(P) \ Re j`(M), and hence condition
i of Definition 29 is satisfied. Clearly ` satisfies condition ii) of Definition 11, i.e.
∀ A ∈M ∃ τ ∈ P such that hd(τ) = A, `(A) > `(A1), . . . `(An), for each Ai, where the Ais and
are the positive literals belonging to the body of τ and M |= B(τ). Let the not B js be the
negative literals in the B(τ). By definition of `, we know `(A) > `(not B j) for each j.
Hence `(A) > `(B(τ)) and hence ` satisfied condition ii) of Definition 29. Hence M is a
WS model according to Definition 29. ♦

Theorem 2.4.3 states the equivalence between well-supported and stable models,
thus providing both an alternative and characterization and a further legitimation of
the stable models semantics. In the same way it is possible to prove a similar results
in the dynamic case, precisely The well-supported models of a DyLP are exactly its refined
models.

To prove this result we need two technical lemmata.

Lemma 3.6.1 Let P be any DyLP over the language L , ` any level mapping defined on L and
M any interpretation over L . Then the following inclusion holds.

ρ(P)\Re jR(M)⊆ ρ(P)\Re j(M)⊆ ρ(P)\Re j`(M)
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proof It is trivial to prove that Re j(M) ⊆ Re jR(M), since the condition for a rule
to be rejected in Re j is stronger than in Re jR. By Definition 28 it is also clear
that Re j`(M) ⊆ Re j(M), since the former set of rejected rules is defined as the
former one plus an extra condition based on level mappings. Hence we obtain:
Re j`(M)⊆ Re j(M)⊆ Re jR(M). The thesis trivially follows from this inclusion. ♦

Lemma 3.6.2 Let P be any DyLP over the language L , ` any level mapping defined on L , M

a well-supported model of P and L ∈ M. Then, either L ∈ De f ault(M) or there exists a rule
L← B in ρ(P)\Re jR(M) such that M |= B and `(L) > `(B).

proof We proceed by cases.

• Let L = not A for some atom A and there exists no rule A ← B such that M |= B.
Then, by definition, M ∈ De f ault(M) and the thesis is satisfied.

• Let L = A and there exists no rule with head not A whose body is true in M. Then,
by ii) there exists a rule τ : A ← B such that M |= B and `(A) > `(B). Clearly τ ∈
ρ(P)\Re jR(M) since there is no rule that can reject τ and the thesis is satisfied.

• Finally, let us suppose there exists a rule with head not L and true body in M. Let
α be the maximum index such that such a rule ηα exists in Pα. Since L ∈ M then
M is not a model of ηα. This means ηα ∈ Re j`(M) i.e. there exists a rule τβ with
head L in Pβ : α < β, such that M |= B(τβ) and l(L) > l(B(τβ)). Since α is maximal,
there exists no rule with head not L and true body in Pβ or any successive update,
hence τβ ∈ ρ(P)\Re jR(M) as desired.

♦

We are now ready to prove the equivalent of Theorem 2.4.3 in the dynamic case.

Theorem 3.6.2 Let P be any DyLP . Any interpretation M is a refined stable model (RSM) of
P iff it is a well supported model of P .

proof In the following we will use the notation GS(M) for ρ(P)\Re jR(M) ∪ De f ault(M).
We first suppose M is a RSM of P , i.e. M = least(GS(M)). We have to prove that M is a
well-supported model.

For this we have to prove conditions i) and ii) of Definition 29. We define the level
mapping ` as follows: Let TGS be the immediate consequence operator of the definite
logic program GS(M) Moreover, let T m

GS be the mth application of TGS to the empty set. If
not A is in De f ault(M) then `(A) = 1, otherwise `(A) is the minimum m such that either
A or not A is in T m

GS. Formally:

`(A) = min({m : A ∈ T m
GS or not A ∈ T m

GS})
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• First of all we prove condition ii) We proceed by induction on the value of `(L)

Basic step. Let A be any atom in M, if `(A) = 1 then, by lemma 28, A is a fact of
ρ(P) \Re jR(M), and hence, by lemma 3.6.1, A is a fact of ρ(P) \Re j`(M) and
hence ii) is satisfied.

Inductive step. If `(A) = m + 1 where m is positive, there exists a rule τ : A ← B

in GS(M) such that B ⊆ T m
GS, then, `(A) > `(B) and M satisfies B. By lemma

3.6.1, τ is also a rule of ρ(P)\Re j`(M) and condition ii) is satisfied

• We prove now condition i) i.e. M is a model of ρ(P) \Re j`(M). It is sufficient to
prove that if τi is a rule in any Pi such that M is not a model of τi, then τi ∈ Re j`(M).

If τi is such a rule and L is its head, then in M |= B(τi) and L 6∈ M. Then, since
M is two-valued, not L ∈ M. Let us consider `(L). By definition of ` there have
to be a rule η j : not L ← B in GS(M) such that B is true in last(GS(M)) = M and
`(L) > `(B). Since the body of τi is true, not L does not belong to De f ault(M). Then
η j belongs to some Pj. Moreover j > i, since τi rejects any rule whose head is not L

in any update Pk with k ≤ i. We conclude, by Definition 28, that τi ∈ Re j`(M) as
desired.

Let now M be a WS model of P . We have to prove that

M = least(GS(M))

• We start proving least(GS(M)) ⊆ M. First of all we notice that De f ault(M) ⊆ M.
Indeed, if not A ∈De f ault(M) then it does not exist in P a rule A←B such that M |=
B hence, A is not supported and hence A 6∈M, which means not A ∈ M. Moreover,
by hypothesis we know M is a model of P\Re j`(M) and by what previously said
and lemma 3.6.1, it also follows that M is a model of GS(M), this implies that
least(GS(M))⊆M as desired.

• We have now to prove that, for any L ∈ least(GS(M)) it also holds L ∈ M. We
proceed by induction on `(L).

Basic step. Let us suppose `(L) is minimal. By lemma 3.6.2 either L∈De f ault(M)
or there exists a rule τ : L← B in ρ(P)\Re jR(M)⊆GS(M) such that M |= B and
`(L) > `(B).

In the former case, since De f ault(M) ⊆ GS(M), L ∈ least(GS(M)) as desired.
In the latter, by minimality of `(L) it follows that τ is the fact L, and hence,
since τ ∈ GS(M), L ∈ least(GS(M)) as desired.

Inductive step. We suppose the thesis is proved for `(L) ≤ m and prove it for
`(L) = m + 1. Again by lemma 3.6.2 either L ∈ De f ault(M) or there exists a
rule τ : L← B in ρ(P)\Re jR(M)⊆ GS(M) such that M |= B and `(L) > `(B).
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In the former case, by definition of GS(M), L ∈ least(GS(M)) as desired. In
the latter, we know τ ∈GS(M). Since `(L) > `(B) and every literal in B is true
in M, by inductive hypothesis, we conclude least(GS(M)) |= B, and hence
L ∈ GS(M). This concludes the proof.

♦

We have hence obtained an alternative characterization of the refined semantics for
DyLPs. From Theorems 3.6.2 and 3.6.1, it is trivial to prove that the refined semantics
for DyLPs coincides with the stable models semantics for normal logic program when-
ever the considered program P is a single normal logic program. We prove a stronger
result saying that this is also the case if P is a generalized logic program.

Theorem 3.6.3 Let P be a DyLP consisting of the single generalized logic program P over the
language L and M be an interpretation over L . M is a refined stable model of P iff M is a stable
model of P.

proof We have to prove that M is a refined stable model of P iff M is a stable model of
P.

Let M be a refined stable model of P . Theorem 3.5.1 states that M is also a dynamic
stable model of P . As proved in [Lei03], if P is the single generalized logic program P,
than any dynamic stable model M is also a stable model of P.

Let now M be a stable model of P . We prove that M is a well-supported model of P
and obtain, by Theorem 3.9.1 that M is a refined model of P . Let P′ be the normal LP
obtained from P by deleting all the rules whose head is a negative literals. It is proved
in [Rei87], that M is stable model of P′ (and hence it is a WS model of P′) and that M is a
model of P. Then, there exists a level mapping `′ satisfying conditions ii) of Definition
11.

Let further ` be the level mapping obtained from `′ in the following way. If A ∈M,
then `(A) = `(A)′+ 1, otherwise `(A) = 0 The set of rejected rules w.r.t. ` is empty and
hence ρ(P) \ Re j`(M) = P. Since M is a model of P, condition i) of Definition 29 is
satisfied.

regarding condition ii) of Definition 29, clearly ` satisfies condition ii) of Definition
11, i.e. ∀ A ∈M ∃ τ ∈ P such that hd(τ) = A, `(A) > `(A1), . . . `(An), for each Ai, where the
Ais and are the positive literals belonging to the body of τ and M |= B(τ). Let the not B js

be the negative literals in the B(τ). By definition of `, we know `(A) > `(not B j) for each
j. Hence `(A) > `(B(τ)) and hence ` satisfied condition ii) of Definition 29. Hence M is
a WS model of P according to Definition 29. ♦

We proved that the WS models coincide with the refined stable models of a DyLP.
Since a refined model of a DyLP is also a model according to any other stable models-
like semantics for DyLPs based on causal rejection we obtain the following result.
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Corollary 3.6.1 Let P be a dynamic stable model. If an interpretation M is a well-supported
model of P , it is also a model according to update programs, justified update, and dynamic
stable models semantics.

The notion of well-supported model clarifies the different (and counterintuitive)
behavior of the considered semantics. Two distinguished semantics differ for those
cases when one semantics is a better approximation of the semantics of well-supported
models than the other one. Let us consider for instance example 3.1.4. The unique well-
supported model (and hence the unique refined model) is {day}. The rule not stars is
rejected by τ : stars← stars. Since, according to any level mapping, the level of the head
of τ is equal to the level of its body, and hence τ can never reject any rule, it follows that
/0 is not a WS model.

3.7 Further properties of the refined semantics

In the following we address relevant notions and properties that have been used in
other works (in particular [Lei03, EFST02a]) study other semantics for DyLPs based on
causal rejection.

Surely, an important point is to establish a notion of equivalence between two
DyLPs. A natural form of equivalence considered, for instance, in [EFST02a] is that
of semantic equivalence. Two dynamic logic programs are equivalent iff they have the
same set of models according to the considered semantics. Another, more strict notion
of equivalence is that of update equivalence (see [Lei03] for further details) requiring the
same set of models (according to the considered semantics) despite of any subsequent
updates equal for both programs. This notion of equivalence is useful for studying
possible simplifications, like deletion of rules preserving the meaning of a program.
Formally:

Definition 30 Let P1 and P2 be two DyLPs. Then P1 and P2 are update equivalent (denoted
P1 ≡⊕ P2) according to the refined semantics iff for any (possibly empty) DyLP Q :

R S(P1⊕Q ) = R S(P2⊕Q )

By considering the special case of Q = /0 (i.e. Q is the empty sequence of programs)
two update equivalent programs have the same set of refined models i.e. they are
semantically equivalent according to the refined semantics.

Since relation ≡⊕ is only based on equality between sets of interpretations, by the
properties of equivalence of equality we immediately obtain that also ≡⊕ is an equiv-
alence relation.

Proposition 3.7.1 Let P1,P2 and P3 be three DyLPs. Then:

Reflexivity P1 ≡⊕ P1;
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Symmetry If P1 ≡⊕ P2 then P2 ≡⊕ P1;

Transitivity If P1 ≡⊕ P2 and P2 ≡⊕ P3 then P1 ≡⊕ P3.

Another property that directly follows from the definition is that updating update equivalent
programs with the same updates we still obtain update equivalent programs.

A first and fundamental property allowing simplification of programs is that is a
rule L← B belongs to an update Pi, then any rule with either head L or not L with body
B2 such that B1 ⊆ B2 in any previous update can be removed.

Proposition 3.7.2 Let P : P1, . . . ,Pn be any DyLP and let τ be a rule in any Pi. If γ is a rule
in any Pj with hd(τ) = hd(γ) or τ ./ γ and B(τ) ⊆ B(γ) then P ≡⊕ P ′ where P ′ is the DyLP
obtained by removing the rule γ from Pi.

As a particular case, if a literal (i.e. a rule with empty body) belongs to some Pi we
can remove any previous rule whose head is either the literal or its default negation.

Corollary 3.7.1 Let P : P1, . . . ,Pn be any DyLP and let L be a literal in any Pi. If γ is a rule
in any Pj with L = hd(γ) or L = not (hd(γ)) then P ≡⊕ P ′ where P ′ is the DyLP obtained by
removing the rule γ from Pi.

A rule with negative head in an update Pi can be removed if there are no conflicting
rules in Pi nor in any less recent update.

Proposition 3.7.3 Let P : P1, . . . ,Pn be any DyLP and let τ : not A← B be a rule in any Pi with
negative head. If there exists no rule η any Pj such that j ≤ i such that τ ./ η then P ≡⊕ P ′

where P ′ is the DyLP obtained y removing the rule τ from Pi.

It is also possible to move a set of rules K from one update Pi to another update Pj

with i ≤ j or viceversa if there is no rule conflicting with a rule of K in any update Pz

with i≤ z≤ j.

Proposition 3.7.4 Let P : P1, . . . ,Pn be any DyLP, Pi and Pj two updates of P with i < j and
let K be a subset of Pj such that there exist no rule τ, not belonging to K, in Pz with i ≤ z ≤ j

conflicting with a rule in K. Then P ≡⊕ P ′ where P ′ is the DyLP obtained by removing the
rule τ from Pi.

proof It immediately follows from Definition 29 that any interpretation I is a well
supported model of P iff it is a well supported model of P ′. ♦

Yet Another possible simplification is the possibility to remove empty updates.
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Proposition 3.7.5 Let P , be a DyLP. Then:

P ⊕P/0 ≡⊕ P

P/0⊕P ≡⊕ P

P ⊕P/0 ≡⊕ P

proof It immediately follows from the Definition 29 since updates with no rules do
not concur in any way to the definition of a well-supported model. ♦

The first two equivalences of Proposition 3.7.5 are referred in [EFST02a] as Idem-
potence and Initialization although the notion of equivalence used in the text is that of
semantic equivalence (which is a weaker notion of equivalence as we have seen above).

Another simplification property is that repeated programs can be deleted, formally:

Proposition 3.7.6 Let Q and P be two DyLPs. Then:

P ⊕P ≡⊕ P

Q ⊕P ⊕P ≡⊕ Q ⊕P

proof It trivially follows from Definition 29 that any well-supported model of P ⊕P
(Q ⊕P ⊕P ) is a well-supported model of P (Q ⊕P ) and viceversa. ♦

The first equivalence of Proposition 3.7.6 is referred in [EFST02a] as Absorption.

In the literature there are some attempts to define properties and postulates that
should be satisfied by a semantics for logic programs updates, see for instance
[EFST02a, KM91, MC07]. We have seen some properties satisfied by the refined se-
mantics that were illustrated in [EFST02a]. We will come back on this general issue in
Section 3.13.

We would like to discuss a further property enounced in [EFST02a] which is not
satisfied in the refined semantics: that of minimality of changes. This property can be
generally enounced as follows: the models admitted in the semantics are only those
that minimize the set of rejected rules. Informally, if we consider a semantics that
satisfies this property, given two models M1 and M2 of a DyLP P the rules of P that are
rejected according to M1 cannot be a subset of the rules rejected according to M2 and
viceversa. The principle behind this property is that of incorporating a new update P

into an existing program P with as little changes as possible. As a particular case, if
P1∪P2 has at least one stable model, then the models of P1,P2 should be a subset of the
models of P1∪P2, since the models of P1∪P2 do not require any rejection of rules to be
allowed.

Let us consider again example 3.1.2 where the situation is that of a restaurant that
is initially open every day and later not open during the holidays (a day can be either
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a working day or a holiday). The DyLP of this example is:

P1 : open(restaurant).
P2 : not open(restaurant)← holiday.

workday← not holiday.

holiday← not workday.

This DyLP has two refined models (and hence two models according to any seman-
tics based on causal rejection).

M1 = {open(restaurant),workday} M2 = {holiday}

The result formalizes the intuition that the restaurant is open during the working days
and not open during the holidays. Indeed, regarding M1:

Re jR (P ,M1) = {}
De f (P ,M1) = {not holiday}

ΓR (P ,M1) = least
(
(P1∪P2)\Re jR (P ,M1)∪De f (P ,M1)

)
=

= {open(restaurant),workday,not holiday}

Regarding M2:

Re jR (P ,M2) = {open(restaurant)}
De f (P ,M2) = {not workday}

ΓR (P ,M2) = least
(
(P1∪P2)\Re jR (P ,M2)∪De f (P ,M2)

)
=

= {not open(restaurant),holiday,not workday}

We see that the set of rejected rules according to M1 and hence this set is a subset
of the rejected rules according to M2. The property of minimality of changes is then
violated in this example. Since every refined model is also a model according to any of
the semantics based on causal rejection, the example above also implies that minimality
of changes is not satisfied by any of these semantics.

In [EFST02a] the authors define a refinement of the justified updates semantics
called minimal updates that satisfies the property of minimality of changes. This is done
by selecting those models for which the set of rejected rules is minimal. It would be
clearly possible to apply this idea also to the refined semantics, According to minimal-
ity of changes, the only admitted model should be M1. The reader may notice that this
conclusions is counterintuitive in this example, since it excludes the possibility that
a day is a holiday. The reason is that the update P2 encodes the exception to the initial
rules given by the changes. In this perspective, in our opinion, minimality of changes is
not always required. Moreover, it is proved in [EFST02a] that the computational com-
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plexity of determining whether a predicate is true in any minimal update model of a
DyLP is a ΠP

2 − complete problem while the same problem is co−NP-complete in the
refined semantics (see Theorem 3.11.3). These differences in the results and complexity
suggest that the two approaches are targeting different applications.

3.8 Refined well-supported semantics for multidimen-

sional dynamic logic programs

As already said MDyLPs represent an extension of DyLPs. While DyLPs are sequences
of logic programs, MDyLPs are partially ordered multisets of programs. The notion of
well-supported model we have used for clarifying which semantics for DyLPs can be
straightforwardly extended to the multidimensional case.

Definition 31 Let M P be any MDyLP over a language L , Pn an update of M P , ` any level
mapping over L and M any two-valued interpretation over L , we define the set of rejected rules
w.r.t. ` as7:

Re j`(M P ,M,n) = {τ ∈ Pi : ∃η ∈ Pj, i≺ j ¹ n,τ ./ η,M |= B(η), `(hd(η)) > `(B(η))}

Definition 32 (Well-supported semantics for MDyLPs) Let M P be any multidimen-
sional dynamic logic program in the language L and M interpretation over L , Pn an update
of M and M any interpretation over L . We say M say M is a well supported model of
M P at Pn iff there exists a level mapping ` over L such that

i) M is a model of ρ(P)\Re j`(M,n)

ii) ∀ A ∈ M ∃ τ ∈ ρ(P) \Re j`(M,n) such that hd(τ) = A, `(A) > `(B(τ)) and τ is supported
by M.

This way, we obtain a descriptive characterization of a semantics for MDyLPs. A
first question is whether this characterization coincides with either the update pro-
grams or the dynamic stable models semantics for MDyLPs. The answer is clearly
negative, since these semantics are generalization of semantics for DyLPs whose mod-
els do not always coincide with the well-supported models.

Moreover, it is important to notice that class of programs where these semantics
do not coincide with the well-supported model characterization is quite more general
then in the case of DyLPs.

Let us consider again the MDyLP M P of example 3.1.8. This program has no well-
supported model at P3 and hence we conclude the program is not consistent. This
seems to be a good conclusion, since the information coming from the two sensors is

7Hereafter we use the simplified notation Re j`(M,n) instead of Re j`(M P ,M,n) whenever this causes
no ambiguity.
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clearly contradictory and there is no way to decide which source of information should
be trusted. What most likely happened is that one of the two sensors is broken. The
well-supported characterization detects this anomaly by saying the program has no
well-supported model.

If, instead, we compute the update programs and the dynamic stable models se-
mantics of M P at P3 we find that the program has one model, according to these se-
mantics, precisely the program {water(p(1)), . . . , water(p(10))}. What happened is that
the cycle in P3 has removed the contradiction of P1 and P3 by rejecting not water(p(5)).

In general, when information from several sources is merged without assigning a
total order among such sources, if potential contradictions are present the other seman-
tics for MDyLPs may admit undesired models.

3.9 Fixpoint characterization for well-supported models

of MDyLPs

Well-supported models define a semantics for MDyLPs. However, this characteriza-
tion is purely descriptive, which is obviously not entirely satisfactory for computa-
tional purposes. Moreover, to understand, from this definition, whether a given inter-
pretation is a WS model of a given MDyLP, we have to face the problem of finding a
corresponding level mapping or show that such a level mapping does not exist. This is
not a reasonable approach for computing the semantics, and furthermore may not lead
to quick ways of testing whether a given interpretation is a well-supported model or
not. For these reasons, we present an alternative characterization based on a fixpoint
operator. We characterize our models as the fixpoints of an operator defined from in-
terpretations to interpretations, in the spirit of the Gelfond-Lifschitz operator [GL88].

Before providing a fixpoint characterization for the well-supported semantics we
illustrate by examples how the dynamic stable model semantics of Definition 32 dif-
fers from well-supported models on a wider class of programs and the failure of naive
attempts to generalize the Definition 27 that justifies the necessity of a more sophisti-
cated approach.

Example 3.9.1 Let M P be the MDyLP: formed by the programs: Pa, Pb, Pt with the following
rules:

Pa : A. Pb : not A. Pt : A← A.

and the following partial order relation:

Pa ≺ Pt Pb ≺ Pt

There exists no well-supported model of M P at Pt , since there can be no well-supported rejection
and the union of Pa and Pb contains a contradiction. Nevertheless M = {A} is a multidimen-
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sional dynamic stable model of M P at Pt . Indeed, according to Definition 22 we have:

De f ault(M P t
,M) = {}

Re j(M P t
,M) = {not A}

ΓD
(M P ,n)(M) = least(ρ(M P t)\Re j(M P t

,M)∪De f ault(M P t
,M)) =

least({A, A← A}) = {A}= M

which implies, according to Definition 32 that M is a dynamic stable model of M P at Pt .

Example 3.9.1 illustrates that examples of MDyLPs for which the dynamic stable
model semantics differs from the well-supported span over the class of MDyLPs with
conflict among rules from not comparable programs, i.e. programs with no mutual prece-
dence order.

This is a generalization to the linear case, where counterexamples belong to the class
of DyLPs with conflicting rules in the same program. In the linear case the behavior
was corrected by the refined semantics by allowing mutual rejection among rules in
the same program. Hence, to correct the illustrated behavior, the naive attempt for
extending the refined semantics to MDyLPs would be to also allow mutual rejection
among rules belonging to non comparable programs formally:

Definition 33 (Naive refined multi stable model) Let M P be any multidimensional dy-
namic logic program in the language L , Pn and element of M P and M any two-valued inter-
pretation over L . The ΓD operator is defined as follows.

ΓLF
(P ,n)(M) = least(ρ(M P n)\Re jF(M P n

,M)∪De f ault(M P n
, I))

Where Re j(M P n
,M) is defined as follows

Re jF(M P n
,M) = {τ ∈ Pi : ∃η ∈ Pj, j 6≺ i τ ./ η, M |= B(η)}

We say M is a naive-refined multi stable model of M P at Pn iff:

M = ΓD
(M P ,n)(M)

However, this semantics (that we called the naive-refined semantics for MDyLPs) in
not equivalent to the well-supported semantics as shown by the following example 8.

Example 3.9.2 Let M P be the MDyLP: formed by the programs: Pa, Pb, Pa1, Pa2,P/0 with the
following rules:

Pa : A. Pb : A. Pa1 : not A. Pb1 : not A. P/0 :

8We acknowledge Joao Leite for this example.
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and the following partial order relation:

Pa ≺ Pa1 Pb ≺ Pb1 Pa1 ≺ P/0 Pb1 ≺ P/0

There interpretation M = {not A} is the unique well-supported model of M P at P/0, since the
facts A in Pa and Pb are rejected by the facts not A in Pa1 and Pb1

Nevertheless M is not a naive-refined multi stable model M P at P/0. Indeed, according to
Definition 33 we have:

De f ault(M P /0
,M) = {}

Re jF(M P /0
,M) = {A, A,not A, not A}

ΓD
(M P ,n)(M) = least(ρ(M P /0)\Re jR(M P /0

,M)∪De f ault(M P /0
,M)) =

least({}) = /0 6= M

which implies, that M is a well-supported model but not a naive-refined multi stable of M P at
P/0.

The failure of the naive approach for a fixpoint characterization of well-supported
models of MDyLPs turned our research towards a more sophisticated approach. To
better understand the relation of the well-supported semantics we also provide an al-
ternative formulation of the dynamic multi stable model semantics of Definition 23.

As in the existing stable models-like semantics for MDyLPs, we define our models
as the fixpoints of an operator defined from interpretations to interpretations, some-
how similar to the Gelfond-Lifschitz operator [GL88]. Given a program M P and an
update Pn with index n, we associate to the pair (M P ,n), two distinct operators, namely
Γ(M P ,n) and ΓR

(M P ,n) of Definition 36. We obtain an alternative characterization of well-
supported models as the fixpoints of the ΓR operator of Definition 36. We call such
semantic the refined semantics for MDyLPs. Regarding the operator of Definition 36, we
will in lemma 3.10.1 that this operators coincides with the operator ΓD of Definition 22.
Hence we obtain an alternative definition of the dynamic stable models semantics for
MDyLPs as the fixpoints of the Γ operator of Definition 36. This alternative definition
will be useful in Section 3.10 for comparing the refined and the dynamic stable models
semantics for MDyLPs.

The semantics of a MDyLP M P is given with respect to an update Pn of M P . To
establish the semantics we consider just the genealogy of Pn i.e. the updates Pi such
that Pi ¹ Pn. To take this into account it is sufficient, as we show in Definition 36, to
apply the following definitions to the program M P n instead of M P

Let M P be a multidimensional DyLP over L , Pj, Pk be programs of M P and j ≺ k.
If there exists a rule γ in Pk with head L, then every rule in Pj with head not L could
be rejected, depending whether the body of γ is true or not. We formalize this concept
with a logic program in an extended language.
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Definition 34 Let M P be any multidimensional dynamic logic program in the language L .
Let the atoms of the form re j(L, i), where L is a literal in L and i ranges over the indexes of the
updates of M P , be new atoms not belonging to L . The set of rejecting rules over an extended
language is defined as follows.

R j(M P ) = {re j(not L, j)← B. | L← B. ∈ Pk ∧ j ≺ k}

Let M P be a multidimensional DyLP over L , n an index, L a literal of L , M an inter-
pretation over L , Pi, Pj and Pk be programs of M P n and τi and η j rules in, respectively
Pi and Pj. We say η j is a threat for L in i, or alternatively that L is threatened by η j iff the
head of η j is not L, its body is true in M, and j 6≺ i. We say η j is a threat for another rule
τi in Pi iff it is a threat for its head in i.

It is clearly possible that two rules threaten each other, this happens whenever these
two rules belongs to the same update or to non comparable updates and their bodies
are both true in M. A literal (rule) is considered safe, if all its threats in more recent
updates are rejected. A literal (rule) is considered strictly safe in Pi iff all its threats are
rejected. Intuitively only safe rules should be allowed to derive conclusions. The no-
tion of safeness we adopt determine the semantics for MDyLPs. The main idea behind
our definition is that a rule can be used to derive consequences iff it has been already
established that such rule is safe. To achieve this result, we first consider the GLP given
by the union of all the rules in M P with a new atom in the body of each rule which is
satisfied only if the considered rule is safe. Then we introduce rules specifying which
threatens should be rejected in order to consider a literal (rule) as safe. Finally we
introduce rules determining when a threat is rejected.

Definition 35 Let M P be any multidimensional dynamic logic program in the language L .
Let the atoms of the form sa f e(L, i), where L is a literal in L and i ranges over the indexes of
the updates of M P , be new atoms not belonging to L . We denote by Σ(M P ) the following set
of rules.

Σ(M P ) = {L← B,sa f e(L, i)|L← B ∈ Pi,}

Let M be an interpretation over L . The set of conditions for a literal L to be safe (resp. strictly
safe) at Pi are defined as follows.

cond(M P ,M,L, i) = {re j(not L, j) : i≺ j : ∃η ∈ Pj |M |= B(η), ∧ hd(η) = not L}
condR(M P ,M,L, i) = {re j(not L, j) : j 6≺ i : ∃η ∈ Pj |M |= B(η) ∧ hd(η) = not L}

The set of condition rules and strictly condition rules are defined as follows

Sa f e(M P ,M)) = {sa f e(L, i)← cond(M P ,M,L, i)| ∃ τ ∈ Pi : hd(τ) = L}
Sa f eR(M P ,M)) = {sa f e(L, i)← condR(M P ,M,L, i)| ∃ τ ∈ Pi : hd(τ) = L}

In the following we write condR(L, i) and condR(L, i) instead of condR(M P ,M,L, i) and
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cond(M P ,M,L, i) whenever M P and M are clear from the context. Clearly the follow-
ing inclusion always holds.

cond(L, i) ⊆ condR(L, i) (3.8)

Having specified the conditions for a rule to be allowed to derive literals, both by
the introduction of extra literals and rules, we add the set of default assumptions and
compute the least model of the obtained program. Note that the safe rules and the
rejected ones are determined along with the computation of the model. Finally we
discard the auxiliary literals computed, and obtain the resulting interpretation.

Definition 36 Let M P be any multidimensional dynamic logic program in the language L ,
Pn an update of M P and M any interpretation over L . We We define the operators Γ(M P ,n) and
ΓR

(M P ,n) from interpretations over L to interpretations over L in the following way:

Γ(M P ,n)(I) = least(Σ(M P n)∪Sa f e(M P n
, I)∪R j(M P n) ∪De f ault(M P n

, I))|L
ΓR

(M P ,n)(I) = least(Σ(M P n)∪Sa f eR(M P n
, I)∪R j(M P n)∪De f ault(M P n

, I))|L

In the remainder we will use the notation Γ and ΓR whenever M P and n are clear from
the context.

We are finally ready to define the refined semantics for MDyLPs. A refined multi
stable model(RMSM) of a MDyLP at Pn is any fixpoint of the ΓR

(M P ,n) operator.

Definition 37 (Refined Semantics for MDyLPs) Let M P be any multidimensional dy-
namic logic program in the language L , Pn and element of M P and M any interpretation
over L . We say M is a refined multi stable model of M P at Pn iff:

M = ΓR
(M P ,n)(M)

The semantics of Definition 37 corresponds with the the well-supported semantics
of Definition 32 as shown by the following Theorem.

Theorem 3.9.1 Let M P be any multidimensional dynamic logic program in the language L ,
n an index and M any two-valued interpretation over L . Then, M is a refined multi stable
model of M P at Pn iff M is a multi update well supported model of M P at Pn.

3.10 Relationship to other semantics for MDyLPs

As an immediate consequence of Theorem 3.9.1 we obtain that the refined multi stable
models semantics of Definition 37 is an extension of the refined stable models seman-
tics defined for the linear case.
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Proposition 3.10.1 Let M P be a MDyLP consisting of m elements and let the partial order
≺ defined over M P be a total order. For each natural number i, i≤ m, let Pi be the ith element
of M P . Then for each n≤ m an interpretation M is a multi refined stable model of M P iff it is
a refined stable model of P1, . . . ,Pn.

proof The proof is immediate. By Theorem 3.9.1 M is a multi refined stable model at
Pn iff it is a well-supported model of M P n. Since ≺ is a total order, this is equivalent to
say that M is a well-supported model of P1, . . . ,Pn. By Theorem 3.6.2 this is equivalent
to say that M is a refined stable model of P1, . . . ,Pn. ♦

We want further to establish a relationship between the refined semantics and the
existing semantics for MDyLPs. First of all we prove that the dynamic stable mod-
els semantics for MDyLPs can be defined in terms of the Γ operator of Definition 36.
To prove this, we need to prove first that the ΓD operator of Definition 22 and the Γ
operator of Definition 36 are the same operator defined in two different ways.

Lemma 3.10.1 Let M P be any multidimensional dynamic logic program in the language L ,
Pn an update of M ulti and I any set of literals over L Then:

Γ(M P ,n)(I) = ΓD
(M P ,n)(I)

An alternative definition of the dynamic stable models semantics follows as a corollary
of Lemma 3.10.1

Theorem 3.10.1 Let M P be any multidimensional dynamic logic program in the language
L , Pn an update of M ulti and M any two-valued interpretation over L . Then M is a multi
dynamic stable model as defined in [Lei03] iff

M = Γ(M P ,n)(M)

Since the dynamic stable models and the refined semantics for MDyLPs are exten-
sions, respectively, of the dynamic stable models and the refined semantics for DyLPs,
we would expect that, also in the multidimensional case, any refined stable model of a
given program is also a dynamic stable model. Indeed, this result holds, but to prove
this we first need one further technical result.

Lemma 3.10.2 Let M P be any multidimensional dynamic logic program in the language L ,
Pn an update of M ulti and I any interpretation over L . Then

Γ(M P ,n)(I)⊆ ΓR
(M P ,n)(I)

proof We know that

Γ(M P ,n)(I) = least(Σ(M P n)∪Sa f e(M P n
, I)∪R j(M P n) ∪De f ault(M P n

, I))|L
ΓR

(M P ,n)(I) = least(Σ(M P n)∪Sa f eR(M P n
, I)∪R j(M P n)∪De f ault(M P n

, I))|L
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Hence, it is sufficient to prove

R = least(Σ(M P n)∪Sa f eR(M P n
, I)∪R j(M P n)∪De f ault(M P n

, I))⊆
H = least(Σ(M P n)∪Sa f e(M P n

, I)∪R j(M P n) ∪De f ault(M P n
, I))

By definition, H is a model of Σ(M P n), R j(M P n), and De f ault(M P n
, I). We prove

that H is also a model of Sa f eR(M P n
, I). Let r : sa f e(L, i)← condR(L, i,M) be a rule of

Sa f eR(M P n
, I). Then the rule r′ : sa f e(L, i)← cond(L, i,M) belongs to Sa f e(M P n

, I). If
sa f e(L, i) belongs to H, then H is a clearly model of r. Otherwise , if sa f e(L, i) 6∈H, then,
since H is a model of r′, cond(L, i) is false. By inclusion 3.8, this implies condR(L, i) is
also false and hence H is a model of r. Since r can be any rule in Sa f eR(M P n

, I) we
conclude H |= Sa f eR(M P n

, I). Hence H is a model of

GS(M) = Σ(M P n)∪Sa f eR(M P n
, I)∪R j(M P n)∪De f ault(M P n

, I)

Since R is the least model of GS(M) we conclude R⊆ H and this concludes the proof ♦

We are now ready to prove that the refined stable semantics for MDyLPs is indeed
a refinement of the dynamic semantics.

Theorem 3.10.2 Let M P be any multidimensional dynamic logic program in the language L ,
Pn an update of M ulti and M a refined multi stable model of M P at Pn. Then

M = Γ(M P ,n)(M)

proof We have to prove the two inclusions.

a) M ⊆ Γ(M P ,n)(M) b) M ⊇ Γ(M P ,n)(M)

• The proof of a) is trivial. By definition, M = ΓR
(M P ,n)(M). By lemma 3.10.2 we

obtain M = ΓR
(M P ,n)(M)⊆ Γ(M P ,n)(M)

• It remains to prove b). Let G(M) be the program

Σ(M P n)∪Sa f e(M P n
, I)∪R j(M P n)∪De f ault(M P n

, I)

Let TG be the immediate consequences operator related to the program G(M) and
T m

G the mth application of TG to the empty set. Since Γ(M P ,n)(M) =
S

T m
G |Lm, it is

sufficient to prove that, for each natural number m, T m
G |Lm ⊆ M. We proceed by

induction on m

Basic step. T 0
G = /0, hence the thesis is trivially satisfied

Inductive step. Let us suppose T m
G |L ⊆ M, and prove that T m+1

G |L ⊆ M. If
L ∈ De f ault(M) then, since M is a refined multi stable model, then L ∈ M.
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Otherwise there exists a rule τi : L ← B in some update Pi, such that L ←
B,sa f e(L, i) ∈ G(M), T m

G |= B (and hence, by inductive hypothesis, M |= B)
and sa f e(L, i) ∈ T m

G . Let us assume that i is the maximum index for which
such a rule belongs to Pi.

By contradiction Let us suppose L 6∈ M, then , by Theorem 3.9.1, τi ∈
Re j`(M). This means there is a rule η j with head not L and true body
in M, in some Pj with i ≺ j. Then η j threatens τi. Since sa f e(L, i) ∈ T m

G ,
then re j(not L, j) ∈ T m

G i.e. there exists a rule re j(L, j)← B′ in G(M) which
means, there exists a rule L← B′,sa f e(L,k) in G(M) for some kÂ i. Since
i ≺ k, then cond(L, j,M) ⊆ cond(L,k,M). Hence sa f e(L,k) ∈ T m

G . This is
inconsistent with the hypothesis of maximality of i.

Hence L ∈M as desired. Then Γ(M P ,n)(M)⊆M as desired and this concludes
the proof.

♦

It is clear now where the matrix of the counterintuitive behavior of the dynamic
stable models semantics in example 3.1.8 lies. The adopted concept of safeness is too
weak. Indeed, the rule water(p(5)) in the update P1 is considered as safe even if it is
threatened by the rule not water(p(5)) and this threat is not defeated.

Since a dynamic multi stable model is also a model according to the semantics de-
fine in [BFL99, LP97], by Theorem 3.10.2 it follows that a refined stable model of a
given program is also a model according to any of the existing semantics for MDyLPs
based on causal rejection.

Theorem 3.10.3 Let M P be any MDyLPs in the language L , Pn be an update of M P and
M be a refined multi stable model of M P at Pn. Then M is also a model of M P in any of the
semantics for MDyLPs defined in [LAP01, BFL99].

3.11 A program transformation for the refined semantics

of DyLPs

The refined transformation defined in this Section turns a DyLP P in the language L
into a normal logic program P T (called the refined transformational equivalent of P ) in an
extended language. We provide herein a formal procedure to obtain the transforma-
tional equivalent of a given DyLP.

Let L be a language. By LT we denote the language whose elements are either
atoms of L , or atoms of one of the following forms: u, A−, re j(A, i), re j(A−, i), where
i is a natural number, A is any atom of L and none of the atoms above belongs to L .
Intuitively, A− stands for “A is false", while re j(A, i) (resp. re j(A−, i) ), stands for: “all
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the rules with head A (resp. not A) in the update Pi are rejected". For every literal L, if L

is an atom A, then L denotes A itself, while if L is a negative literal not A then L denotes
A−. For extension, given a set of literals K , by K we denote the following set of atoms:

K = {L : L ∈ K }

Given conjunction of literals B = L1, . . .Ln, by B we denote the conjunction L1, . . . ,Ln.
Given a rule τ : L← B, by τ we denote the rule L← B and given a program P, by P we
denote the following set of rules:

P = {τ : τ ∈ P}

Finally, u is a new atom not belonging to L which is used for expressing integrity
constraints of the form u← not u,L1, . . . ,Lk (which have the effect of removing all stable
models containing L1, . . . ,Lk).

Definition 38 Let P be a Dynamic Logic Program whose language is L . By the refined trans-
formational equivalent of P , denoted P T, we mean the normal program PT

1 ∪ . . .∪ PT
n in the

extended language LT , where each PR
i exactly consists of the following rules:

Default assumptions For each atom A of L appearing in Pi, and not appearing in any other
Pj, j ≤ i a rule:

A−← not re j(A−,0)

Rewritten rules For each rule L← B in Pi, a rule:

L← B, not re j(L, i)

Rejection rules For each rule L← B in Pi, a rule:

re j(not L, j)← B

where j≤ i is the largest index such that Pj has a rule with head not L. If no such Pj exists,
and L is a positive literals, then j = 0, otherwise this rule is not part of PR

i . Moreover, for
each rule L← B1 in Pi, a rule:

re j(L, j)← re j(L, i)

where j < i is the largest index such that Pj also contains a rule L ← B2. If no such Pj

exists, and L is a negative literal, then j = 0, otherwise this rule is not part of PR
i .

Totality constraints For each atom A in Loccurring in a rule of Pi, the constraint:

u← not u, not A, not A−

Unless the constraint above already appears in some other PT
k with k < j.
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Let us briefly explain the intuition and the role of each of these rules. The default as-
sumptions specify that a literal of the form A− is true (i.e. A is false) unless this initial
assumption is rejected. The rewritten rules are basically the original rules of the se-
quence of programs with an extra condition in their body that specifies that in order
to derive conclusions, the considered rule must not be rejected. Note that, both in the
head and in the body of a rule, the negative literals of the form not A are replaced by the
corresponding atoms of the form A−. The role of rejection rules is to specify whether the
rules with a given head in a given state are rejected or not. Such a rule may have two
possible forms. Let L← B be a rule in Pi. The rule of the form re j(L, j)← B specifies that
all the rules with head not L in the most recent update Pj with j ≤ i must be rejected.
The rules of the form re j(L, j)← re j(L, i) “propagate" the rejection to the updates be-
low Pj. Finally, totality constraints assure that, for each literal A, at least one of the atoms
A, A− belongs to the model. This s done to guarantee that the models of transformed
program are indeed two-valued.

The role of the atoms of the extended language LT that do not belong to the original
language L is merely auxiliary, as we see from the following Theorem. Let P be any
Dynamic Logic Program and Pk and update of P . Remember that a refined model of P
at Pk is a refined model of P k (see Section 3.2 for further details). We use the notation
P T k for PR

0 ∪ . . .∪PR
k .

Theorem 3.11.1 Let P be any Dynamic Logic Program in the language L , Pi an update of P ,
and let P Ti be as above. Let M be any interpretation over L . Then M is a refined stable model
of P at Pi iff there exists a two-valued interpretation MT such that MT is a stable model of P T k

and M ≡L MT . Moreover, M and MT satisfy the following conditions (3.11.1):

A ∈ M ⇔ A ∈ MT not A ∈ M ⇔ A− ∈ MT

not A ∈ De f ault(P i,M)) ⇔ re j(A−,0) 6∈ MT

τ ∈ re jR(M,P i)∧ τ ∈ Pi ⇔ re j(hd(τ), i) ∈ MT

For illustration, we present an example of the computation of the refined transfor-
mational equivalent of a DyLP.

Example 3.11.1 Let P : P1, P2 be the following DyLP:

P1 : a← b.

P2 : b. c.

P3 : not a← c.
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The transformational equivalent of P is the following sequence PR
1 , PR

1 , PR
2 :

PR
1 : a−← not re j(a−,0). b−← not re j(b−,0).

a← b, not re j(a,1). re j(a−,0)← b.

PR
2 c−← not re j(c−,0).

re j(b−,0). re j(c−,0).
b← not re j(b,2). c← not re j(c,2).

PR
3 : a−← c, not re j(a,3). re j(a,1)← c.

For computing the refined semantics of P at P2 we just have to compute the stable model
semantics of the program PR

1 ∪PR
2 . This program has a single stable model MT consisting of the

following set9.
MT = {a−, a, b, c, re j(a−,0), re j(b−,0), re j(c−,0)}

We conclude that P has M = {a, b, c} as the unique refined model. at P2. To compute the
refined semantics of P we have to compute, instead, the stable model semantics of the program
PR = PR

1 ∪PR
2 ∪PR

3 . Let us briefly examine the transformed program PR and see how it clarifies
the meaning of the related DyLP. Since there exist no rules with head re j(b,2) and re j(c,2), we
immediately infer b and c. Then we also infer re j(a,0), re j(b,0) and re j(c,0), and so that all
the default assumptions are rejected. The last rule of PR

3 implies re j(a,1), thus the rule a ← b

in P1 is rejected and we do not infer a. Indeed, we infer a− by the first rule of PR
3 . Hence, the

program has the single stable model MT which means P as the unique refined model {b, c}.

To compute the refined semantics of a given DyLP P1, . . . ,Pn at a given state, it is suf-
ficient to compute its refined transformational equivalent PR

1 , . . .PR
n , then to compute

the stable model semantics of the normal logic program P Ti and, finally, to consider
only those literals that belong to the original language of the program. A feature of
the transformation of Definition 38 is that of being incremental i.e., whenever a new
update Pn+1 is received, the transformational equivalent of the obtained DyLP is equal
to the union of PR

n+1 and the refined transformational equivalent of the original DyLP.
The efficiency of the implementation relies largely on the size of the transformed pro-
gram compared to the size of the original one. We present here a theoretical result that
provides an upper bound for the number of clauses of the refined transformational
equivalent of a DyLP.

Theorem 3.11.2 Let P = P1, . . .Pn be any finite ground DyLP in the language L and let P T n

be the set of all the rules appearing in the refined transformational equivalent of P . Moreover,
let m be the number of clauses in ρ(P ) and l be the cardinality of L10. Then, the program P T n

consists of at most 3m+ l rules.

9As usual in the stable model semantics, hereafter we omit the negative literals
10Since L contains the positive and the negative literals, l is equal to two times the number of predi-

cates appearing in P .
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proof It follows directly from Definition 38. The number of defaults assumptions
is at most the size of the set of atoms in L i.e. l/2. Also the number of totality
constraints is at most the number of atoms in L (l/2). The number of rewritten rules
is exactly the number of all the rules in any update Pi i.e. m. Each rule L ← B

in any Pi generates at most two rejection rules, one of the form re j(not L, j) ← B

and another one of the form re j(L, j) ← re j(L, i). Hence there are at most 2m rejec-
tion rules. There are no other rules in P T n. Hence there are at most 3m+ l rules in P T n ♦

The size of the refined transformational equivalent of a DyLP depends linearly and
solely on the size m of the program and of the language, and it can be computed in
polynomial time w.r.t. to the size itself. The size of the transformed program has an
upper bound which does not depend on the number of updates performed. Thus,
we gain the possibility of performing several updates of our knowledge base without
losing too much on efficiency. From Theorem 2.4.2, we obtain the following results on
the complexity of the refined semantics.

Theorem 3.11.3 Let P be a DyLP over the language L , m the total number of rules appearing
in any update of P and l the size of L . Then:

• Deciding whether P has a refined dynamic stable model is a NP-complete problem w.r.t.
m+ l.

• Deciding whether an interpretation M refined dynamic stable model of P is a linear prob-
lem w.r.t m+ l.

• Deciding whether a given literal is true in at least one refined dynamic stable model of P
is a NP-complete problem w.r.t. m+ l.

• Deciding whether a given literal is true in all the refined dynamic stable models of P is a
co−NP-complete problem w.r.t. m+ l.

The refined transformation presents some similarities with the ones presented in
[ALP+00a] and [EFST02a]. The three transformations use new atoms to represent re-
jection of rules. A fundamental difference between these transformations is that they
are not semantically equivalent. The transformation in [ALP+00a] is defined for im-
plementing the dynamic stable model semantics of DyLPs of [ALP+00a], while the one in
[EFST02a] implements the Update semantics [EFST02a]. These semantics are not equiv-
alent to the refined one, which was, indeed, introduced for solving some counterintu-
itive behavior of the previously existing semantics for DyLPs (cf. [ABBL05]). In partic-
ular, it is proved in [ABBL05] that every refined stable model is also a dynamic stable
model and an update stable model but the opposite is not always true. Moreover, the
size of the transformation defined in [ALP+00a] is 2m+ l(n+2) where l and m are as in
Theorem 3.11.2 and n is the number of updates of the considered DyLP. Hence, a single
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(even empty or single rule) update adds at least l rules to the transformed program. A
similar result also holds when considering the transformation of [EFST02a] (here the
size of the transformed program is 2m + nl). The size of the refined transformational
equivalent is instead independent from n. Hence, for DyLPs with many updates, the
transformed programs of these transformation become considerably larger then the
ones of the refined transformation, especially in cases where each of these updates has
few rules.

Moreover, the transformations of [ALP+00a] and [EFST02a] approach the problem
of computing the semantics at different updates by introducing an extra index on the
body of the transformed program. On the contrary, when using the refined transfor-
mation, it is sufficient to ignore the rules of the transformed program that are related to
the updates after Pi. Apart from computational aspect, the use of extra indexes and the
proliferation of rules make these semantics unsuitable for the purpose of understand-
ing the behavior of the updated program.

3.12 Transformational semantics for MDyLPs

Definition 37 and 32 provides two distinct characterizations of the refined semantics
for MDyLPs. Anyway it would not be an easy task to directly implement algorithms
to compute the semantics of a MDyLP. We adopt, instead, a different approach to the
implementation of the refined semantics for MDyLPs. We provide a syntactical trans-
formation that, starting from an MDyLP M P defined over a language L , and a specific
node n, gives a transformed normal logic program PT in an extended language, such
that the refined stable models of M P at node Pn are exactly the stable models of PT

restricted to the original language L . We obtain then a third characterization of the
defined semantics. Using this transformational approach, it is possible to use efficient
implementations of the stable models semantics for normal logic programs like smod-
els [SMO00] and DLV [DLV00] for computing the refined semantics of a MDyLP.

Definition 39 Let M P be a MDyLP over language L and n be the index of a node Pn in M P .
and let L−, in f (L, i), ok(L, i), and sa f e(L, i) for each pair i, where L ∈ L and i is a node of M P
with i¹ j, be new atoms not appearing in L . The transformational equivalent of M P at Pn

is the normal logic program

Tr(M P n) = De f R(M P n)∪ In f (M P n)∪Prog(M P n)∪OK(M P n)∪Cons(M P n)

over the language LT , where the sets De f R(M P n), In f (M P n), Prog(M P n), OK(M P n) and
Cons(M P n) are defined as follows

• The set De f R(M P ) of default rules is the set consisting of a rule

A−← not in f (A, i1), . . . ,not in f (A, in).
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for any atom A in the language L , where not in f (A, i1), . . . ,not in f (A, in) is the conjunc-
tion of all not in f (A, is) such that is ≤ n.

• The set In f (M P ) of local inference rules is the set consisting of a rule

in f (L, i)← B

for for each rule L← B. in any Pi.

• The set Prog(M P ) of program rules is the set consisting of a rule

L← B,sa f e(L, i)

for for each rule L← B. in any Pi.

• The set OK(M P n) of OK rules is the set consisting of a rule

sa f e(L, i)← ok(L, j1), . . .ok(L, jm)

for each js such that i 6≺ js and js ¹ n. a rule

ok(L, i)← B

for each rule re j(not , i)← B in R j(M P n) and a rule

ok(L, i)← not in f (not L, i)

for for each pair (L, i) such that L is a literal over L and i is a node st. i¹ n.

• The set R j(M P ) of threat rejection rules r j(L, i) ← in f (not L, j),below(i, j) for each
triple (L, i, j) such that L is a literal over L and i, j are nodes.

• An atom below(i, j) for each pair of nodes i, j such that Pi ≺ Pj.

• And finally the set Cons(M P ) of consistency check rules. ← A, A− for each atom A

in L .

We prove that the refined stable models of a MDyLP at a given nodes are in one-to-
one correspondence with the stable models of its the transformational equivalent.

Theorem 3.12.1 Let M P be a MDyLP over the language L , Pi any update of M P , Tr(M P n)
the transformational equivalent of M P n defined over the language LT and M an interpretation
over L . Then M is a refined stable model of M P at Pn iff there exists a stable M∗ of Tr(M P n)
such that M ≡ |LM∗. If M∗ is a stable model of Tr(M P n), there does not exist another stable
model M∗

2 of Tr(M P n) such that M∗
2 ≡ |L M∗
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3.13 Concluding remarks

The chapter explores the framework of dynamic logic programs focusing on semantics
based on the causal rejection principle. We have started by motivating and introducing
a new general principle – the refined extension principle – that can be used to compare
semantics of logic programs that are obtainable from the least model of the original
program after the addition of some (default) assumptions. The principle states that the
addition of rules that do not change the least model of the program together with the
assumptions can never generate new models. A special case of this principle concerns
the addition of tautologies. Not surprisingly, the stable model semantics for normal
and generalized logic programs complies with this principles.

We have generalized this principle for the case of dynamic logic programs, notic-
ing that none of the existing semantics complies with it. A clear sign of this, already
mentioned in the literature [EFST02a, Lei03], was the fact that none of these existing
semantics is immune to tautologies. We have illustrated how, among these existing
semantics, the dynamic stable model semantics [ALP+98b, ALP+00b, Lei03] is the one
that complies with the principle for a wider class, viz., the class of dynamic logic pro-
grams without conflicting rules in a same program in the sequence.

To remedy this problem, exhibit by the existing semantics, and guided by the re-
fined extension principle, we have introduced a new semantics for dynamic logic pro-
grams – the refined dynamic stable model semantics – and shown that it complies with such
principle. Furthermore, we have proved that this semantics is immune to tautologies.

We have compared the new semantics with extant ones and have shown that, be-
sides the difference regarding the principle, this semantics is more credulous than any
of the others, in the sense of admitting a smaller set of stable models (thus yielding a
larger intersection of stable models).

A further objective was to establish whether the refined semantics can be properly
considered as the stable models-like semantics for DyLPs based on causal rejection.
Our idea was to extend the definition of well-supported model to the dynamic case.
It turns out that, for DyLPs, our characterization coincides with the refined semantics.
Strong of the two equivalent characterizations we have extended our investigation of
the new semantics by considering notions and properties form existing works.

Then we extended our investigation to multidimensional dynamic logic programs
that generalize DyLPs by replacing the condition of total order among programs with
the less restrictive condition of a partial order. We defined a well-supported semantics
for MDyLPs which extends the refined well-supported semantics for DyLPs, provided
a fixpoint characterization of such semantics and established relationships between
the new semantics for MDyLPs and existing ones. Finally we provided operational
equivalent of the semantics by program transformations of DyLPs and MDyLPs into
normal logic programs.
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An aspect not explored by our work is the to define classes of logic programs for
which the various semantics based on causal rejection (especially the refined semantics
presented herein) coincide. This is the main subject of a paper from Martin Homola
[Hom04] that also extends the refined semantics in order to allow both explicit negation
and default negation in the head.

We believe that the main question to solve in the future is: is it possible to conclude
that the refined semantics is the proper extension of the SMs semantics to DyLPs and
MDyLPs? Unfortunately there exists no theoretical result which is equivalent to the
statement “this is the correct semantics". Nevertheless we claim that the characterizations
given herein provides some evidence that further refinements of the semantics will not
be necessary at least if we restrict the requirement to the causal rejection principle.

In Section 3.7 we informally illustrated the property of minimality of change and
shown, from one side, that the refined semantics and the others semantics based on
causal rejection do not satisfy this property and from the other side that there are ex-
amples suggesting that this property is not always desirable. The discussion opens
a new kind of issues: which are the desirable properties or postulates that a proper
semantics for updates should satisfy? There are several works like, for instance,
[EFST02a, KM91, MC07] trying to fix properties that should be satisfied by semantics
for updates. Nevertheless it is not always clear whether a property should be satisfied
and what could be the area of applications of updates that demands for the specific
properties. Relevant areas of investigation in the future could then be:

• To individuate a set of relevant properties for semantics of dynamic logic pro-
grams.

• To specify to which areas of application the various properties are related.

• To understand which of these properties are satisfied by the refined semantics
and in case, which are the eventual needed refinement for obtaining a semantics
satisfying the desirable properties.

This investigation on the basic properties should be then extended to the multi-
dimensional case. For instance it could be relevant to know whether it is possible to
reformulate the refined extension principle in order to apply it to MDyLPs. Another
work that is in order for MDyLPs is the implementation of the operational semantics
shown in Section 3.12.
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As mentioned in chapter 3, before the present work various semantics have been
proposed for dealing with updates in the setting of logic programs. Despite of this
considerable work, very few attempts had been made to establish a well founded se-
mantics for logic programs updates, since the efforts of researchers had concentrated
on the stable model approach. As we motivate in the beginning of the chapter, in
some potential areas of applications of Dynamic Logic Programs a well founded ap-
proach seems to be more suitable than a stable model one, mainly for computational
efficiency reasons. In this chapter we propose a well founded semantics for Dynamic
Logic Programs. Various theoretical results show how our proposal is related to the
stable model approach and how it extends the well founded semantics of generalized
logic programs. Moreover we show strong links between the well founded and the
refined semantics proposed, the former being a skeptical approximation of the latter.
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As a side effect of our efforts, we define also a declarative characterization of the well
founded semantics of generalized logic programs. We will also prove properties re-
lated to the computational efficiency of the semantics, such as relevance and the poly-
nomial computational complexity of the approach. As for the refined semantics, we
also present an operational equivalent definition of the semantics, based on a program
transformation in normal logic programs. Part of the results of this chapter have been
published in [BAB04, BAB05].
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4.1 Introduction

In the previous chapter we have discussed several semantics for logic programs up-
dates and, to overcome existing limitations, proposed a new one called the refined (or
well supported) semantics.

All the semantics presented so far, included our proposal, are extensions of the
stable models semantics of extended or generalized logic programs. This is a natural
choice given the appropriateness of stable models for knowledge representation, and
the simplicity of the definition of stable model semantics for normal LPs, which allows
various extensions in a natural way.

However, it is our stance that there are application domains for logic programs
updates with requirements demanding a different choice of basic semantics, such as
the well founded semantics [GRS91].

Many practical applications require treatment of huge amount of data, and any
reasonable outlook promises an enforcement of this tendency in the future. More-
over, data is frequently collected from heterogeneous sources. When some forms of
logic structure and deductions on this data is required, KR in general, and specifically
Logic Programming, come into play. In particular DyLPs could be a tool for man-
aging updates that frequently occur in highly dynamic environments, automatically
incorporating new knowledge within the existing information, without falling into an
inconsistency each time the new knowledge is in conflict with previous one. An ap-
plication domain showing all the characteristics listed above (huge amount of data,
heterogeneity, structured information, need for knowledge processing and querying,
frequent updates) is, for instance, the Semantic Web. In [Sem07] the authors list the
desired requirement of a semantic web services language. Among these requirements
there is the capability to handle updates and queries of data, knowledge representation
and automated reasoning capabilities, the capability of supporting multi-party activi-
ties across organizational boundaries, robustness in the sense of continuing to operate
despite abnormalities in inputs (like, for instance, inconsistencies) and a declarative
semantics.

However, any KR paradigm (and specifically DyLPs) aiming to address applica-
tions with the discussed characteristics must face some specific problems. The first
and most important one is complexity. When dealing with an overwhelming mass of
information, it is very important to be able to quickly process such information, even
at the cost of losing some inference power. A problem posed by heterogeneity is the
presence of contradictions. In a KB with a great amount of large and distributed in-
formation, some errors may occur, that generate inconsistencies. Even in absence of
errors, usually the knowledge comes from various sources. When merging together
such knowledge, mutual conflicts are possible. A possible way to solve the problem
is to use some mechanism of belief revision [RF89, Gär92]. Unfortunately, as it is well
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known, the belief revision techniques are computationally expensive. This is in con-
flict with our fundamental request for efficient ways of processing knowledge. A less
computationally expensive way to address contradictions is to adopt a paraconsistent
semantics [DP98], i.e. a semantics where contradictions are detected, isolated, which
means they do not prevent the KB to have a (non trivial) semantics, but not removed.

Stable models related approaches to DyLPs (included the refined semantics) seem
not to be the proper answer to these issues, since they inherit the features of the sta-
ble model semantics (and corresponding implementations [DLV00, SMO00]). In the
stable-models approaches to DyLPs, the meaning of the whole program is obtained at
once. For this reasons it is not appropriate when we are only interested about specific
information. Indeed, the stable model semantics does not complies with Relevance
[Dix95b], making it hard to use query driven approaches. Moreover it does not assign
a meaning to every program, even in absence of contradictory information. This is a
drawback since irrelevant information may prevent a specific query to have an answer
by making the whole program meaningless. Last but not least, inference in all the
semantics discussed in chapter 3 is at least a Co-NP-complete problem.

On the other hand, in our opinion the well founded semantics for logic programs is
an adequate answer to the issues of complexity and treatment of contradictions raised
above. The well founded semantics has a polynomial complexity. Moreover it com-
plies with the Property of Relevance [Dix95b], making it possible to implement query
driven proof procedures that, for any given query, only need to explore a part of the
whole KB. The well founded conclusions are sound with respect to the stable models
semantics, i.e. the well founded semantics is a skeptical approximation of the stable
model semantics. Paraconsistency has been already incorporated in the well founded
semantics [AP96, DP96], and for any logic program its paraconsistent well founded
semantics is always uniquely determined. Moreover, in a paraconsistent well founded
semantics we can ignore the semantics of the program as a whole, and concentrate on
the meaning of a specific query.

Hence, to address the issues of complexity and contradiction treatment within logic
programs updates, we define a well founded paraconsistent semantics for dynamic
logic programs.

As for the refined semantics, the approach here in is also based on the causal rejec-
tion principle. However, since the well founded semantics is not limited to two-valued
interpretations, we extend such principle from the case of two valued semantics to
the three valued case. Between the well founded and refined stable model seman-
tics, for DyLPs there are the same relations that are proved to exist between the well
founded and stable model semantics of normal logic programs [GRS91]. Indeed, any
well founded conclusions is part of any refined model and the two semantics coincide
whenever the well founded model of a DyLP is two valued. Moreover, the same rela-
tions do not hold for any other semantics based on causal rejection. It is also proved
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here that the well founded semantics of DyLPs coincides with the well founded se-
mantics of generalized logic programs [LW92, DP96] when the considered sequence of
updates is a single logic program. Hence the former can be considered as an extension
of the latter which is itself an extension of the well founded semantics for normal logic
programs. As a side effect of our research, we present also a purely declarative defini-
tion of the well founded semantics for generalized logic programs. Another similarity
with the static case is that the well founded semantics for DyLPs is relevant [Dix95b]
which implies that inference over a particular conclusion is possible, in general, by
considering only a subset of all the rules in the considered DyLP. The well founded
semantics for DyLPs is paraconsistent and as such, it is always defined, even for con-
tradictory programs.

Finally, as for the refined semantics, we also present an operational equivalent defi-
nition of the semantics, based on a program transformation in normal logic programs.
We use this result to prove that the well founded semantics for DyLPs has polynomial
complexity.

Prototypical implementations for the well founded semantics in the linear case that
use the theoretical background of this chapter are available at [Ban05b]. This imple-
mentation takes advantage of XSB-Prolog language to compute the semantics of the
transformed programs.

The rest of the chapter is organized as follows. Section 4.2 is devoted to present
the extension of the causal rejection principle to the three valued case, while in Sec-
tion 4.3 the well founded semantics for DyLPs is motivated and presented. Section
4.4 illustrates the behavior of the semantics by some specific examples and show how
it is computed in practice. Sections 4.5 shows properties of the well founded seman-
tics, in particular its relation with causal rejection principle, the relationship with the
refined semantics and other stable model-like semantics based on causal rejection. Sec-
tion 4.6 shows how the well founded semantics for DyLPs extends the well founded
semantics for generalized and normal logic programs [DP96]. Section 4.7 describes
the operational semantics for DyLPs. In Section 4.8 we compare our work with other
approaches for defining a well founded semantics for DyLPs. In Section 4.9 we draw
conclusions and sketch possible future works. In Appendix B, the reader can find the
proofs of the results presented throughout the chapter.

4.2 The notion of causal rejection for three-valued se-

mantics

According to the causal rejection principle introduced in chapter 3, a rule from an older
program in a sequence is kept (by inertia) unless it is rejected by a more recent conflict-
ing rule whose body is true. On the basis of this, the very basic notion of model has to
be modified when dealing with updates. In the static case a model of a program is an
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interpretation that satisfies all the rules of the program, where a rule is satisfied if its
head is true or its body is false. If we want to adapt this idea to the dynamic setting,
taking into consideration the causal rejection principle, we should only require non
rejected rules to be satisfied.

In chapter 3 we have seen how the concept of supported model (see chapter 2)
has to be revisited when dealing with updates. In the static case, a model M of P is
supported iff for every atom A ∈ M, there is a rule in P whose head is A and whose
body is satisfied in M. If we extend the concept of supportedness to DyLPs, it would
be unnatural to allow rejected rules to support a the truth of a literal.

The causal rejection principle was defined for 2-valued semantics. We want now to
extend it to a three-valued setting, in which the truth value of literals can be unde f ined,
besides being true or f alse. In the 2-valued setting, a rule is rejected iff there is a con-
flicting rule in a later update whose body is true in the considered interpretation. In
this context, this is the same as saying that the body of the rejecting rule is not false.
In a three-valued setting this is no longer the case, and the following question arises:
should we reject rules on the basis of rejecting rules whose body is true, or on the basis
of rules whose body is not false? We argue that the correct answer is the latter. In the
remainder of the section, we give both practical and theoretical reasons for our choice,
but we want now to give an intuitive justification. Let us suppose initially we believe a
given literal L is true. Later on we get the information that L is false if some conditions
hold, but those conditions are (for now) undefined. As usual in updates, we prefer
later information to the previous one. On the basis of such information, can we be sure
that L remains true? It seems to us we cannot. The more recent source of information
says if some conditions hold then L is false, and such conditions may hold. We should
then reject the previous information and consider, on the basis of the most recent one,
that L is undefined.

On the basis of these intuitions, we extend the definition of update model and up-
date supported model to the three-valued setting.

Definition 40 Let P be any DyLP, and M a three-valued interpretation. M is an update
three-valued model of P iff for each rule τ in any given Pi, M satisfies τ (i.e. hd(τ) ∈ M or
B(τ) 6⊆M) or there exists a rule η in Pj, i < j such that τ ./ η and B(η) is not false in M. We
say M is a supported three-valued update model of P iff it is an update three-valued model
and

1. for each atom A ∈ M, ∃ τ ∈ Pi with head A such that B(τ)⊆M and 6 ∃ η ∈ Pj, i < j such
that τ ./ η, and B(η) is not false in M.

2. for each negative literal not A, if not A ∈ M, then for each rule A ← body ∈ ρ(P ) such
that body is true in M, there exists a rule η, in a later update whose head is not A, and
such that B(η) is true in M.
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We illustrate, via an example, the intuitive meaning of the defined concepts.

Example 4.2.1 Sara, Cristina and Bob, are deciding what they will do on Saturday. Sara
decides she is going to a museum, Cristina wants to go shopping and Bob decides to go fishing
in case Sara goes to the museum. Later on they update their plans: Cristina decides not to go
shopping, Sara decides she will not go to the museum if it snows and Bob decides he will also
go fishing if it is a sunny day. Moreover we know from the forecast that Saturday can be either
a sunny day or a raining day. We represent the situation with the DyLP P1,P2, where:

P1 : museum(s).
shopping(c).
f ish(b)← museum(s).

P2 : f ish(b)← sunny.

sunny← not rain.

rain← not sunny.

not shopping(c).
not museum(s)← snow.

The intended meaning of P1,P2 is that it does not snow on Saturday, but we do not know if it
does rain or not, we know Sara goes to the museum on Saturday, Bob goes fishing and, finally,
Cristina does not go shopping. Indeed, every three-valued update model of P1,P2 contains
{museum(s),not shopping(c), f ish(b)}. Suppose now Bob decides that, in the end, he does
not want to go fishing if it rains, i.e our knowledge is updated with: P3 : not f ish(b)← rain.
Intuitively, after P3, we do not know whether Bob will go fishing since we do not know whether
Saturday is a rainy day. According to Definition 40, there is a supported three-valued update
model of P1,P2,P3 in which shopping(c) is false, museum(s) is true and f ish(b) is undefined.

It can be checked that, according to the refined semantics (and all the existing stable models
based semantics for DyLPs), P1,P2,P3 has two stable models: one where rain is true and f ish(b)
is false, and another where rain is false and f ish(b) is true. A notable property of the well
founded model in the static case is that of being a subset of all stable models. If one wants to
preserve this property in DyLPs, in the well founded model of this example one should neither
conclude f ish(b) nor not f ish(b). If a rule would only be rejected in case there is a conflicting
later one with true body (rather than not false as we advocate), since the body of not f ish(b)←
rain is not true, we would not be able to reject the initial rule f ish(b)←museum(s), and hence
would conclude f ish(b). Hence, to preserve this relation to stable models based semantics, the
well founded model semantics for DyLPs must rely on this notion of three-valued rejection.

4.3 The Well founded semantics for DyLPs

On the basis of the notion of causal rejection extended to three-valued interpretations,
we define the Well Founded Semantics for DyLPs. Formally, our definition is made
in a way similar to the the definition of the well founded semantics for normal LPs
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in [Gel92], (see chapter 2) where the well founded model is characterized by the least
alternating fixpoint of the Gelfond-Lifschitz operator ΓN (i.e. by the least fixpoint of
ΓNΓN). Following the approach illustrated in chapter 2 for normal LPs, we could select
one of these two operators and define the well founded semantics in terms of the least
fixpoint of the double application of either the Γ operator of Definition 19 or the ΓR

operator of Definition 27. Indeed, as stated in the following lemma, both the operators
are anti monotonous.

Lemma 4.3.1 The operators ΓP and ΓR
P are both antimonotonous.

Unfortunately, if we apply literally this idea, i.e. define the well founded model
as the least alternating fixpoint of the operator used for the dynamic stable (or refined
stable) models of DyLPs, the resulting semantics turns out to be too skeptical as shown
by the following example.

Example 4.3.1 It is either day or night (but not both). Moreover, if the stars are visible it is
possible to make astronomical observations. This knowledge is updated with the information
that: if it is night the stars are visible and the stars are not visible. Finally we make a further
update stating that if the observatory is closed if it is not possible to make observations and that
it is a ugly night if the stars are not visible.

P1 : observe← stars. day← not night. night ← not day.

P2 : stars← night. not stars.

P3 : closed ← not observe. ugly← not stars.

The intended meaning of P = P1,P2,P3 is that currently the stars are not visible, it is not
possible to make astronomical observations and, hence, the observatory is closed. However, it is
easy to check, the least alternating fixpoint of ΓP is {not stars,ugly}, in which one is not able
to conclude that the observatory is closed. We show the computation of the least fix point of ΓP

by iterating from the empty interpretation.

De f ault(P , /0) =

{
not day,not night,not observe,

not closed,not stars,not ugly

}
.

Re j(P , /0) = {}

Then

Γ( /0) = least (P1∪P2∪P3∪De f ault(P , /0)) =





not day,not night,not closed,

not ugly,not stars,

not observe,day,night,

stars,observe,closed





We iterate again:
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De f ault(P ,Γ( /0)) = {}
Re j(P ,Γ( /0)) = {}

ΓΓ( /0) = least(P1∪P2∪P3) = {not stars,ugly}

And found the least alternating fixpoint F = {not stars,ugly}. Indeed:

De f ault(P ,F) =

{
not day,not night,not observe,

not closed,not stars,

}
.

Re j(P ,F) = {}

Γ(F) = least(P1∪P2∪P3∪De f ault(P ,F)) =

{
not day,not night,not observe,

not closed,not stars,ugly

}
= F1

De f ault(P ,F1) = {}
Re j(P ,F1) = {}

Γ(F1) = least(P1∪P2∪P3) = {not stars,ugly}= F

Also the least alternating fixpoint of ΓR yields to too skeptical results, since its least alter-
nating fixpoint is {not observe,closed} and hence ugly is not derived.

Indeed:
Re jR(P , /0) = {stars← night}= R1

Then

ΓR( /0) = least ((P1∪P2∪P3)\R1∪De f ault(P , /0)) =





not day,not night,

not observe,not closed,

not ugly,not stars,

day,night,closed,ugly





We iterate again:

De f ault(P ,ΓR( /0)) = {not observe}= D

Re jR(P ,ΓR( /0)) = {stars← night,not stars,}= R2

ΓRΓR( /0) = least ((P1∪P2∪P2)\R2∪D) = {not observe,closed}= G

and G is the least alternating fixpoint of ΓR. As it results from the computation below.
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De f ault(P ,G) =

{
not observe,not day,not night,

not ugly,not stars

}

Re jR(P ,G) = R1

ΓR(G) = least ((P1∪P2∪P2)\R1∪De f ault(P ,G)) =





not observe,not day,

not night,not ugly,

not starsday,

night,closed,ugly





De f ault(P ,ΓR(G)) = {not observe,}= D

Re jR(P ,ΓR(G)) = R2

ΓRΓR(G) = least ((P1∪P2∪P2)\R1∪D) = {not observe,closed}= G

And hence G is the least alternating fixpoint of ΓR.

In order to overcome this excess of skepticism, we define the well founded semantic
as the least fixpoint of the composition of two different (anti monotonous) operators.
Such operators have to deal with the causal rejection principle described above, in
which a rule is to be rejected in case there is a later conflicting one whose body is not
false. In the well founded semantics of normal logic programs, if there exists a rule
A ← body (where A is an atom), such that body is not false in the well founded model,
then A is not false as well. Consider now the same situation in an update setting with
a rule L ← body1, where body1 is not false. In this situation we should conclude that L

is not false unless there exists a rule not L ← body2, where body2 is true in the same or
in a later program in the sequence. Indeed, note that the rule for not L is not rejected
by the one for L. Since the body of the former is true, according to the causal rejection
principle not L should be true (i.e. L should be false) unless the rule is rejected by some
later rule. In any case, L← body1 is no longer playing any role in determining the truth
value of L. For this reason we allow rules to reject other rules in previous or in the same
update while determining the set of non-false literals of the well founded model and,
accordingly, we use ΓR

P , as the first operator of our composition.
For determining the set of true literals according to the causal rejection principle,

only the rules that are not rejected by conflicting rules in later updates should be put in
place. For this reason we use ΓP as the second operator, the well founded model being
thus defined as the least fixpoint of the ΓΓR.

Definition 41 The well founded model WFDy(P ) of a DyLP P is the (set inclusion) least
fixpoint of ΓP ΓS

P .

Since both Γ and ΓR are anti monotonous (see lemma 4.3.1), ΓΓR is monotonous, and
so it always has a least fixpoint. By the results illustrated in chapter 2 on monotonous
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operators, WFDy is uniquely defined for every DyLP. Moreover WFDy(P ) can be ob-
tained by (transfinitely) iterating ΓΓR, starting from the empty interpretation.

There is a notable difference between the well founded semantics of Definition 41
and the well founded semantics for normal logic programs as defined in Definition
12. While in the former the well founded model is the least fixpoint of the considered
operator, in the latter the least fix pint is the set of well founded atomic (and hence
positive) conclusions.

This difference is due to the fact that while the operator ΓD of Definition 12 is de-
fined for sets of atoms operators Γ and ΓR are defined for set of literals (i.e. interpre-
tations) and hence their composite iteration directly computes the set of (positive and
negative) well founded conclusions.

The least fixpoint of ΓΓR is the most credulous binary combination of the operators
Γ and ΓR. To prove this we first state a technical lemma on the relationship between
the two operators.

Lemma 4.3.2 Let X , Y be two interpretations with X ⊆ Y . Then:

ΓR(Y )⊆ Γ(X)

From lemma 4.3.2 it follows that any fixpoint F of a binary combination of Γ and ΓR is
a prefixpoint of ΓΓR:

Let F be a fixpoint of ΓΓ Then by lemmata 4.3.2and 4.3.1:

Γ(F)⊇ ΓR(F) ⇒ F = ΓΓ(F)⊆ ΓΓR(F)

Let F be a fixpoint of ΓRΓR Then by lemma 4.3.2:

F = ΓRΓR(F)⊆ ΓΓR(F)

Let F be a fixpoint of ΓRΓ Then by lemmata 4.3.2and 4.3.1:

Γ(F)⊇ ΓR(F) ⇒ F = ΓRΓ(F)⊆ ΓΓR(F)

Hence by the results on monotonous operators illustrated in 2.4.2 it follows that the
least fixpoint of any prefix binary combination of Γ and ΓR is a subset of the least fix-
point of ΓΓR. Hence having adopted the well founded semantics as the least fixpoint
of ΓΓR we opted for the most credulous solution. As shown in example 4.4.1 the inclu-
sions above may be strict.
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4.4 Illustrative examples

Here we show by some illustrative examples how the well founded model is con-
structed. We being by computing the well founded model of the dynamic logic pro-
gram of example 4.3.1 showing that it leads to the expected results.

Example 4.4.1 Let P the the DyLP of example 4.3.1. Then its well founded model is W =
{not stars,not observe,closed,ugly} thus matching the intuitive meaning of the program. We
show the computation of the well founded model. We already know that

ΓR( /0) = least ((P1∪P2∪P3)\R1∪De f ault(P , /0)) =





not day,not night,

not observe,not closed,

not ugly,not stars,

day,night,closed,ugly





Regarding the second iteration:

De f ault(P ,ΓR( /0)) = {not observe}= D

Re j(P ,ΓR( /0)) = {}
ΓΓR( /0) = least (P1∪P2∪P2∪D) = {not observe,closed,not stars,ugly}= W

And W is the well founded model of P . Indeed, by iterating again:

De f ault(P ,W ) = {not observe,not night,not day}= D1

Re jR(P ,W ) = {stars← night}= R1

ΓR(W ) = least ((P1∪P2∪P2)\R1∪D1)

ΓR(W ) =

{
not day,not night,not observe,

day,night,closed,not stars,ugly

}
= W1

and

De f ault(P ,W1) = {not observe}= D

Re j(P ,W1) = {}
ΓΓR(W ) = least (P1∪P2∪P2∪D1) = {not observe,closed,not stars,ugly}= W

In chapter 3 we underlined that, with the exception of the refined semantics, all the
semantics for DyLPs based on causal rejection show criticality with DyLPs containing
conflicting rules in the same program updated by a program containing a tautology.
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We show now by an example (and we will state it formally by Theorem 4.5.2) that such
criticality is not shared by the well founded semantics.

Example 4.4.2 Let P = P1,P2,P3 be the DyLP in example 4.3.1. If we add a tautology to P3,
i.e. we consider the program P′3 = P3∪{stars← stars} and P ′ = (P1,P2,P′3) we may found that
the well founded semantics of P ′ and P coincides (as it results from Theorem 4.5.2 stating that
the addition of tautologies does not change the semantics of a program).

The reader may notice that P ′ of example 4.4.2 is a simple elaboration of example
3.1.4 used for showing the problem of tautologies with the stable model-based seman-
tics based on causal rejection. It is immediate to verify that the DyLP P of example 4.3.1
in any stable model-like semantics based on causal rejection has one model namely:

M1 = {day,not observe,closed,not stars,ugly}

and that WFDy(P ) ⊆ M1 (see example 4.4.1). The program P ′ with a tautological rule
has instead two models in any semantics based on causal rejection except the refined
one namely:

M1 = {day,not night,not observe,closed,not stars,ugly}
M2 = {night,not day,not observe,not closed,stars,not ugly}

and WFDy(P ) 6⊆ M2. Hence: with the exception of the refined semantics, the well founded
model of a DyLP is not always a subset of the all the models of that DyLP according to the stable
model based semantics for DyLPs based on causal rejection. As stated in Theorem 4.5.1 the
well founded model is indeed a subset of any refine model.

In Section 4.2 we introduced the notion of three-valued update model (see Defi-
nition 40). The example below illustrated where the well founded model is a three-
valued update model (we refer the reader to Theorem 4.5.1 for the general case when
this is true).

Example 4.4.3 Let P = (P1,P2,P3) be the DyLP of example 4.2.1. As expected, the well
founded model of P is, W = {not snow, museum(s),not shopping(c)} as shown by the com-
putation below.

De f ault(P , /0) = {not sunny,not rain,not snow}
Re jR(P , /0) = {not shopping(C)}= R1

ΓR( /0) =





not sunny,not rain,

not snow, f ish(b),not f ish

museum(s),not shopping(c)
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We iterate again and find:

De f ault(P ,ΓR( /0)) = {not snow}= D

Re jR(P , /0) = {shopping(c), f ish(b)← museum(s), f ish(b)}= R1

W = ΓΓR( /0) =
{

not snow,not shopping(c),museum(s)
}

Where W is the well founded model of P . Note that W is a supported three-valued update
model.

We examine now a case when the given DyLP has a contradiction coming from the
presence of conflicting rules in the same update. In this case the well founded is not
an update model. As it results from Theorem 4.5.1 this is the only case when a well
founded model is not an update model.

Example 4.4.4 We know that the street is wet when it is raining, actually it is not wet. Then
we update our knowledge with the information that it is raining and that the street is slippery.

P1 : Wet ← Rain. not Wet.

P2 : Rain. Slippery←Wet.

It is clear that P = P1,P2 has no two valued model, since it contains contradictory information.
The well founded model of P is:

W = {Rain, Wet, not Wet, Slippery, not Slippery}

As already pointed out, WFDy is defined for any DyLPs. As we see, the implicit
contradiction in (P1,P2) is detected but it does not prevent the program to have a se-
mantics, then WFDy is a inconsistent interpretation. From the example it also clear
that the inconsistency i.e. the presence of a pair (A, not A) in the well founded model
propagates to other literals that depend on the literals A and not A . This behavior of
the semantics allows a more easy detection of contradictions. We say that any Dy-
namic Logic Program P is consistent (or non contradictory) iff WFDy(P ) is consistent.
In Section 4.5.2 we show a complete characterization of consistent DyLPs.

We end-up with an example involving a large database system.

Example 4.4.5 A deductive database collects data on companies. Information about company
is provided by predicates whose first argument is the key-name of the company and the oth-
ers are information about the company. For instance, the predicate employ(Cname,E) is true
whenever E is the number of employers of the company whose key name is Cname, while
turnover(Cname,T ) is true whenever T is the turnover (expressed in millions of Euros) of
Cname. As an example, the company reptile_112 has 70 employers and a turnover of 12
millions of Euros, hence the predicates employ(reptile_112,70) and turnover(reptile_112,12)
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hold. A medium company is a company with at least 50 and at most 200 employers. This is
translated by the following rule:

mediumC(Cname)← employ(Cname,E), E ≥ 50, E ≤ 200.

This definition of medium company is later updated. The new definition of a medium company
requires that the turnover of the company is at least of 15 millions of Euros. The database may
be represented by the following DyLP P = P1,P2,P3.

P1 : . . . employ(reptile_112,70). turnover(reptile_112,12). . . .

P2 : mediumC(Cname)← employ(Cname,E), E ≥ 50, E ≤ 200.

P3 : not mediumC(Cname)← turnover(Cname,T ), T ≥ 15.

where P1 contains all the stored data (with the dots representing the data we are not inter-
ested in), P2 the initial rule and P3 its update. According to P , the company reptile_112 is not
a medium company. The fragment of the well founded model of P we are interested in is:

{employ(reptile_112,70), turnover(reptile_112,12),not mediumC(reptile_112)}

By resorting, for instance, to the implementation of the well founded semantics for DyLPs
[Ban05b] it is possible to query the DyLP on, for instance, the truth value of the single predicate
mediumC(reptile_112). The implementation takes advantages of the program transformation
described in Section 4.7 where a DyLP is turned into a normal logic program with the same
semantics. The cited implementation does not need to compute the whole well founded model of
P in order to answer to a query like the one above.

Example 4.4.6 The updates showed in this example may either represent temporal updates or
different degrees of importance among rules, when rules with different degrees are conflicting,
priority is assigned to rules with the higher one. This is achieved simply by putting rules in
different updates, the higher is their degree of importance, the more recent is the update they
belong to:

Vampire is an agent whose function is to crawl through the web searching for information,
and downloading interesting files and web pages. The KB of Vampire contains knowledge, in
the form of logic programming rules, about the degrees of importance of the found material.
This knowledge is important for the agent in order to select which files and web pages it should
download. Let us suppose, for instance, that the following rule is part of an update P1

Download(X)← File(X), Sub ject(X ,Matrix_movie).

This rule states that any file X should be downloaded if its subject is related to the movie “The
Matrix". Another rule in the update P2 states that a file should not be downloaded if the process
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is estimated to require more then 10 minutes.

not Download(X)← File(X),Greater(Dowloading_time(X),10_min).

For instance, the file enter_matix.zip, containing the zipped game “Enter the Matrix" has an
estimated downloading time of 2 hours and is then not downloaded according to the program
P1,P2. Let us suppose now that, a higher update P3, contains the following rule.

Download(X)← File(X), Sub ject(X ,Matrix_movie), Is_a(X ,game)

The meaning of this rule is that a video game whose subject is “The Matrix", had to be
downloaded. Since Is_a(enter_matrix.zip,game) is true and the later rule has an higher prior-
ity than the one in P2, the former rejects the latter. Hence Vampire downloads the file, even if it
will take time.

Example 4.4.7 Health care has been designed has a major application area for the Semantics
Web by the W3C and an official W3C Interest Group has been found for promoting its develop-
ment [W3C04]. The purpose is to automatically merge knowledge and activities on the subject
by the Web. In the following scenario, a health care system is responsible for detecting and
responding to emerging public health problems. The system collects data and knowledge from
different sources like hospitals and medical researcher teams, by automatic updates though the
Web. A similar Semantics Web application really exists and it is called SAPPHIRE [sap04]
although it is not currently implemented by resorting on logic programming.

The considered fragment attempts to make diagnosis on a possible infections of a specific
kind of influenza say, for instance, the Spanish Influenza (shortly si) by the symptoms of the
patient. Since knowledge is collected from different sources, contradictions among rules may
arise. For instance, an empirical rule suggested by hospital A says that it is likely that any
patient (shortly Pa) has the Spanish Influenza if it has high fever (shortly h f ), and diarrhea
(shortly di). Another empirical rule suggested by hospital B says that it is likely that the patient
does not have the Spanish Influenza if it has dry cough (shortly dc).

This disease taxonomy is encoded by the following program P

disease(si,Pa) ← symptom(h f ,Pa),symptom(di,Pa).
not disease(si,Pa) ← symptom(dc,Pa).

The patient Jonathan has both high fever (symptom(h f , jonathan) is true) and diarrhea
(symptom(di, jonathan) is true), but it has no dry cough (symptom(dc, jonathan) is false).
Hence, according to the rules above, a Spanish Influenza is diagnosed and, indeed, according to
the well founded model of the program P, disease(si, jonathan) is true.

Another patient Jacqueline, still has both high fever and diarrhea symptoms
(symptom(h f , jacqueline) and symptom(di, jacqueline) are both true) but it has also dry
cough (symptom(dc, jacqueline) is also true). According to the well founded seman-
tics of P, disease(si, jacqueline) is contradictory, since both disease(si, jacqueline) and
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not disease(si, jacqueline) belong to its well founded model.
Note that, although P is a contradictory program, this does not prevent a user to query P

and obtain consistent answers about the non contradictory part of its knowledge. On the other
side, it is possible to detect the contradictions in the system by asking if both the literals A and
not A belong to the well founded model of the program.

It is also important to note that, since the system collects data on possibly thousands of
patients, it is necessary to have an inference system capable of quickly and selectively querying
a huge amount of data and rules. Moreover, since the rules are automatically collected by
different sources through the web, it is virtually impossible to guarantee its global consistency.

Since contradictions can be detected, it is also possible to further update the program in
order to remove such inconsistencies. In our case, a research team detects the inconsistency and
remove it by updating the system with the single-rule program P1

disease(si,Pa)← symptom(h f ,Pa),symptom(di,Pa),symptom(h f ,dc).

According to the well founded semantics of P,P1 the literal disease(si, jacqueline) is true.
The reader may notice that, since the system is supposed to collect data and rules from

different sources, the best way to implement it by LP updates would be to resort on multidi-
mensional rather than simply linear DyLPs also enabling the developer to establish priorities
among the various sources. This would require an extension of the well founded semantics pre-
sented herein to the case of multidimensional DyLPs. Although this issue is beyond the scope of
this work, we will trace a possible route to this generalization of the framework in Section 4.9.

4.5 Properties of the well founded semantics of DyLPs

In Section 4.2 we introduced the notion of three-valued update model (see Definition
40) example 4.4.3 illustrates a DyLP whose well founded model is a three-valued up-
date model, while example 4.4.4 shows a DyLP whose well founded model is contra-
dictory and it is not a well supported model. This is the only existing contradiction,
whenever the well founded model does not contain any pair of complementary literals
it is a three-valued update model of the considered DyLP.

Theorem 4.5.1 Let P be a DyLP and W its well founded model. Then, if W contains no pair
of complementary literals, W is a supported three-valued update model of P .

The proviso of W not containing any pair of complementary literals is due to the fact
that, since the notion of interpretation we use allows contradictory sets of literals, the
well founded model of a DyLP can be contradictory. We say that a DyLP P is consistent
(or non contradictory) iff WFDy(P ) is consistent, i.e. it does not contain any pair of
complementary literals.

We show now two important properties of the proposed semantics that extends
well known results for the well founded semantics of normal logic programs, namely
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that the well founded model is a subset of any refined stable model and that whenever
the well founded model is two-valued it coincides with the unique refined stable mod-
els, thus establishing a strong link between the well founded and the refined stable
model semantics of DyLPs.

Proposition 4.5.1 Let P be any DyLP and M a stable model of P in the refined semantics. The
well founded model of P is a subset of M.

Proposition 4.5.2 Let P be any Dynamic Logic Program. Let us suppose WFDy(P ) is a two
valued interpretation, i.e. for every atom A in HP exactly one of the two literals A and not A

belongs to WFDy(P ). Then WFDy(P ) coincides with the unique stable model of P .

proof Presented as a consequence of Corollary 4.5.1. ♦

As it follows from example 4.4.2, and the further discussion on it, the results above
are no longer true if, instead of the refined semantics, we consider any other semantics
for DyLPs based on causal rejection.

Proposition 4.5.3 The well founded model of a given DyLP is not always subset of each stable
model in any of the stable models semantics for logic programs updates defined in [ALP+98b,
BFL99, EFST02a, LP97, LP98, ZF98, Lei03]

Another similarity between the refined and well founded semantics for DyLPs is
that both are immune to tautologies, i.e. the equivalent of Theorem 3.4.2 holds for the
well founded semantics as well.

Theorem 4.5.2 Let P be any DyLP and E a sequence of sets of tautologies. W is the well
founded model of P iff W is the well founded model of P ′ = P ∪E .

In the following we study some properties of the fixpoints of the ΓΓR operator.
Since the well founded model is the least fix of such points, these properties hold for
the well founded model as well.

4.5.1 Properties of the fixpoints of ΓΓR

In the following, given a Dynamic Logic Program P , F will be a fixpoint of the ΓΓR

operator.
This initial proposition is a fundamental result, since it establishes a strong link

between a fixpoint F and ΓR(F).

Proposition 4.5.4 Let F be any fixpoint of ΓΓR
P . For each literal L

L ∈ F ⇔ not L 6∈ ΓR(F)

Clearly we can reason by contradiction and obtain the following result.
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Corollary 4.5.1 Let F be any fixpoint of ΓΓR
P . For each literal L

L 6∈ F ⇔ not L ∈ ΓR(F)

The results of Proposition 4.5.4 and Corollary 4.5.1 also applies to the well founded
model.

Let C be any conjunction or disjunction of literals. From Proposition 4.5.4 and Corol-
lary 4.5.1 it follows that

WFDy(P ) |= C ⇔ ΓR(WFDy(P )) 6|= not C

and
WFDy(P ) 6|= C ⇔ ΓR(WFDy(P )) |= not C

These results constitute a valid tool to prove properties of WFDy. In the following
we see two very simple but significant consequences of the results above.
Proof of Proposition 4.5.2:

let W be the well founded model of P . Given a literal L, form Corollary 4.5.1 and
from the fact that W is two valued interpretation, we know that

L ∈ ΓR(W )⇔ not L 6∈ W ⇔ L ∈ W

Then W = ΓR(W ), and then, by definition, W is a refined model of P . By Proposition
4.5.1 W is a subset of each stable model, but since W is two valued, W coincide with
each stable model, hence W is the unique stable model of P . ♦

In the well founded semantics for normal logic programs, given the least fixpoint W

of the ΓΓ operator, the set of negative conclusion is obtained computing not(HP\Γ(W )).
In WFDy such conclusion are derived directly from the least fixpoint. Nevertheless
it is easy to prove that such conclusion are the same obtained in the “normal logic
programs" way.

Proposition 4.5.5 Let F be a fixpoint of ΓΓR
P . For each negative literal not A

not A ∈ F ⇔ not A ∈HP \ΓR(F)

proof This proposition cames as a particular case of Proposition 4.5.4. ♦

In the case of normal logic programs, a fixpoint F of the ΓΓ operator is called a
partial stable models iff F ⊆ Γ(F). The well founded model is the least partial stable
model. When negation in the head is possible, as for ELPs, since two different anti
monotonous operators are used, the definition has to be refined, and F is a partial
stable model iff F ⊆ ΓR(F). In this case the well founded model W is also a partial
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stable model iff W is consistent i.e. it contains no contradictions.

We prove similar results for DyLPs, but here we obtain a more general conclusion.

Definition 42 Let P be any Dynamic Logic Program. A set of literals S is a partial stable
model iff it is a fixpoint of ΓΓR and S⊆ ΓR(S).

It turns out that partial stable models are the consistent fixpoints.

Proposition 4.5.6 Let F be a fixpoint of ΓΓR. F is a partial stable model if and only if it is
consistent.

proof Let F be any fixpoint of ΓΓR. Let us further suppose F is consistent. Then L ∈ F

implies not L 6∈ F . Then by Corollary 4.5.1 L ∈ ΓR(F).

Let us suppose now F is a subset of ΓR(F). Then L ∈ F implies L ∈ ΓR(F). Then
by Corollary 4.5.1 not L 6∈ ΓR(F). Since this follows for every L, F is consistent by
definition. ♦

Since W is a subset of each fixpoint of ΓΓR, if W is not consistent there are no con-
sistent fixpoints, i.e. no partial stable models.

If a DyLP has one update P it is a generalized logic program. Moreover if P contains
no rule with a negative literal in the head it is a normal logic program. In the next Sec-
tion we will show that Definition 41 coincides with the, respectively, the transforma-
tional well founded and the well founded of generalized and normal logic programs.

4.5.2 Characterization of consistent DyLPs

As stated in Section 4.3, WFDy is a paraconsistent semantics, i.e. it admits the possi-
bility of having some inconsistent conclusions. In Section 4.3 we have defined the case
when a program is consistent. Now we characterize the class of consistent DyLPs. In-
tuitively we show that the only situations where consistency is violated is when there
are two conflicting rules in the same update which are supported, and none of them is
rejected by some later update.

Theorem 4.5.3 Let W be the well founded model of P . W is consistent iff

∀τ,η ∈ Pi, (τ ./ η,W |= body(τ),W |= body(η)) ⇒

∃γ ∈ Pj i < j such that γ ./ τ or γ ./ η and ΓR(W ) |= body(γ)

As for the refined semantics, it is possible to define an operational equivalent of
Definition 41 by a program transformation of a DyLP into a normal logic program
preserving the well founded semantics.
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4.6 Relations with the well founded semantics of GLPs

In this section we prove that the well founded semantics for DyLPs coincides with the
transformational well founded semantics of GLPs [DP96] when the considered DyLP
is any single program P. In the single update case it is possible to simplify the def-
inition of the set of default assumption. This gives a definition of the well founded
semantics for GLPs that is purely declarative i.e. it does not use any kind of program
transformation or extension of the language.

Let X be any set of literals and H the Herbrand base. In the following we use the
notation NH(X) for not (H \X).

Definition 43 Let P be any GLP. The well founded model WFG(P) of P is the least fixpoint of
the monotonous operators ΓG

P ΓGR
P where ΓG

P and ΓGR
P are so defined:

ΓG
P (X) = least(P∪NH(X))

ΓGR
P (X) = least(P\Re jR(P,X))∪NH(X))

The following equivalence result holds.

Theorem 4.6.1 Let P be any DyLP of one single update. The well founded semantics of P as a
generalized logic program coincides with WFDy(P).

Moreover the semantics of Definition 43 is equivalent to the semantics proposed in
[DP96].

Theorem 4.6.2 The well founded semantics of generalized logic programs coincides with the
transformational one.

If the considered program P is a normal logic programs, by Theorem 2.4.6 we obtain
as a corollary that the well founded semantics for DyLPs also generalizes the well
founded semantics for normal logic programs.

Corollary 4.6.1 Let P be any DyLP of one single update and let P be a normal logic program.
The well founded semantics of P according to Definition 12 coincides with WFDy(P).

4.7 Transformational well founded semantics

The well founded transformation turns a given DyLP P in the language L into a normal
logic program P TW in an extended language LW called the well founded transformational
equivalent of P .

Let L be a language. By LW we denote the language whose atoms are either atoms
of L , or are atoms of one of the following forms: AR A−S, re j(A, i), re j(AR, i), re j(A−, i),
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and re j(A−S, i), where i is a natural number, A is any atom of L and no one of the
atoms above belongs to L . Given a conjunction of literals C, use the notation CR for the
conjunction obtained by replacing any occurrence of an atom A in C with AR.

Definition 44 Let P be a Dynamic Logic Program on the language L . By the well founded
transformational equivalent of P , denoted P TW , we mean the normal program PW

1 ∪ . . .∪ PW
n

in the extended language LW, where each Pi exactly consists of the following rules:

Default assumptions For each atom A of L appearing in Pi, and not appearing in any other
Pj, j ≤ i the rules:

A−← not re j(A−S,0) A−S ← not re j(A−,0)

Rewritten rules For each rule L← body in Pi, the rules:

L← body, not re j(LR
, i) LR ← body

R
, not re j(L, i)

Rejection rules For each rule L← body in Pi, a rule:

re j(not L, j)← body

where j < i is the largest index such that Pj has a rule with head not L. If no such Pj

exists, and L is a positive literals, then j = 0, otherwise this rule is not part of PW
i .

Moreover, for each rule L← body in Pi, a rule:

re j(not LR
,k)← body

R
.

where k ≤ i is the largest index such that Pk has a rule with head not L. If no such Pj

exists, and L is a positive literals, then j = 0, otherwise this rule is not part of PW
i .

Finally, for each rule L← body in Pi, the rules:

re j(LR
, j)← re j(LR

, i) re j(L, j)← re j(L, i)

where j < i is the largest index such that Pj also contains a rule L← body. If no such Pj

exists, and L is a negative literal, then j = 0, otherwise these rules are not part of PW
i .

As the reader can see, the program transformation above resembles the one of Defi-
nition 38. The main difference is that the transformation of Definition 44 duplicates the
language and the rules. This is done for simulating the alternate application of the two
different operators, Γ and ΓR, used in the definition of WFDy. The difference between
these two operators is on the rejection strategies: the ΓR operator allows rejection of
rules in the same state, while the Γ operator does not. In the transformation above this
difference is captured by the definition of the rejection rules. Let L← body be a rule in
the update Pi. In the rules of the form re j(L, j)← body

R and re j(LR
, j)← body

R, j is less
than i, in the first case, and less or equal than i in the second one. A second difference
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is the absence of the totality constraints. This is not surprising since the well founded
model is not necessarily a two valued interpretation. Note however, that the introduc-
tion of any rule of the form u← not u, body would not change the semantics. As for the
refined transformation, the atoms of the extended language LW that do not belong to
the original language L are merely auxiliary. Let P be any Dynamic Logic Program, Pi

and update of P , and let ρ(P )Wi = PW
0 ∪ . . .∪PW

i .

Theorem 4.7.1 Let P be any Dynamic Logic Program in the language L , Pi and update of P ,
and let ρ(P )Wi be as above. Moreover, Let Wi be the well founded model of the normal logic
program ρ(P )Wi and WFDy(P i) be the well found model of P at Pi. Then:

WFDy(P i) = {A | ∈Wi} ∪ {not A| A− ∈ Wi}

To compute the well founded semantics of a given DyLP P1, . . . ,Pn at a given state, it
is hence sufficient to compute its well founded transformational equivalent PW

1 , . . .PW
n ,

then to compute the well founded model of the normal logic program ρ(P )Wn and,
finally, to consider only those literals that belong to the original language of the pro-
gram.

We present here a result analogous that of Theorem 3.11.2 that provides an upper
bound to the size of the well founded transformational equivalent.

Theorem 4.7.2 Let P : P1, . . .Pm be any finite ground DyLP in the language L and let ρ(P )Wn

be the set of all the rules appearing in the transformational equivalent of P . Moreover, let m

be the number of clauses in ρ(P ) and l be the cardinality of L . Then, the program ρ(P )Wn

consists of at most 6m+ l rules.

The problem of computing the well founded model of a normal LP has a polyno-
mial complexity [GRS91]. Hence, from Theorems 4.7.1 and 4.7.2, it follows that such a
problem is polynomial also under the well founded semantics for DyLPs.

Moreover, the transformed programs are normal logic programs that can be queried
by proof procedures like the one implemented in XSB-Prolog. This is the base of the
implementation of the well founded semantics for DyLPs that can be found in ap-
pendix [Ban05b]. Since the well founded semantics for normal logic programs comply
with the Property of Relevance (see [Dix95b]) in general only a subset of all the rules
in the program must be processed in order to establish the truth value of a literal (or of
a conjunction of literals).

4.8 Related works

The existing attempts in the literature (see [Lei97, APP+99]) for defining a well founded
semantics are fallouts of the research for a stable model-like operational semantics for
DyLPs based on causal rejection analogous to the program transformation of Section
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3.11. The basic idea is to define the well founded model of a DyLP as the well founded
model, limited to the language of the original DyLP, of the extended or generalized
logic program obtained by the considered program transformation.

• In the master thesis [Lei97] the author defines a semantics for DyLPs where the
various updates are extended, rather than generalized logic programs. A part
from the basic choice of logic programs the defined semantics is equivalent to
the justified updates semantics of [LP97]. This proposed semantics is based on a
program transformation of a DyLP into an extended logic program and the model
of a DyLP, according to this semantics, are the stable models of the transformed
program (previous a limitation to the language of the original DyLP).

Then the author proposed a notion of partial stable model as the partial stable
models of the transformed program. Although not directly stated in the work, a
notion of well founded model naturally follows as the least partial stable model.

• In [APP+99] the authors propose a three-valued interpretation of the transfor-
mational semantics of the update language LUPS [APPP02] (see Chapter 5 for
a brief description). Since the semantics of LUPS is based on the the dynamic
stable model semantics, the transformational semantics of LUPS also provide a
transformational semantics for DyLPs.

The two semantics cited above are based on a complex syntactical transformation
of DyLPs into single programs with many more rules and auxiliary literals than the
original one, making it difficult to grasp what the declarative meaning of a sequence
is. Moreover, being based on the operational equivalent of semantics for DyLPs dif-
ferent from the refined one, the obtained semantics share the same counter intuitive
underlined for the related stable model-like semantics for DyLPs. In the case of stable
model-like semantics based on causal rejection, the addition of tautologies or rules in-
ducing self-dependencies among literals may introduce unwanted models. In the case
of their well founded equivalents, the candidate well founded model fails to conclude
some literals derived by the well founded semantics for DyLPs of Definition 41, i.e.
the semantics proposed in [ALP+00b, APPP02, Lei97] are more skeptical than the well
founded semantics for DyLPs.

For instance, in all the cited semantics, the candidate well founded model of the
DyLP P ′ of example 4.4.2 fails to derive conclusions not star and observe 1 exactly as it
happens for the corresponding stable model semantics.

1The semantics proposed in [Lei97], is based on extended LP, rather then on generalized LP, hence in
the example the rule not star must be replaced with the fact (¬star)

114



4. A WELL FOUNDED SEMANTICS FOR DYNAMIC LOGIC PROGRAMS 4.9. Concluding remarks

4.9 Concluding remarks

Guided by the potential needs of some application areas, in this chapter we defined a
well founded semantics for DyLPs.

Our first step was to extend the causal rejection principle from two-valued to three-
valued interpretations. This formally results in the definition of three-valued sup-
ported model.

On the basis of these concepts we defined a well founded semantics for DyLPs. The
well founded semantics for DyLPs is defined as the least fixpoint of an monotonous
operator obtained as the combination of the two anti monotonous operators used for
the definition of the dynamic stable model and the refined semantics for DyLPs.

The well founded model is always defined, even for contradictory DyLPs, in which
case, the well founded model is an inconsistent interpretation. Whenever the well
founded model is not three-valued, it is a three-valued well supported update model.

The well founded model is a subset of any refined stable model and it coincides
with the unique refine model whenever the well founded model is two-valued. On the
other hand, there are DyLPs for which the well founded model is not a subset of the
models according to the other stable model-like semantics based on causal rejection.
Indeed, unlike these semantics (and like the refined one) the well founded semantics
is not affected by the additions of tautologies in the DyLP.

The well founded semantics is a generalization of the well founded semantics of
generalized (or normal) logic programs, and it coincides with them when the DyLP
consists of a single generalized (or normal) logic program.

The computation of the well founded semantics has polynomial complexity. We
provided an operational equivalent of the well founded semantics by a program trans-
formation of a DyLP into a normal logic program preserving that preserves the well
founded model. This transformation is the basis of an XSB-based implementation al-
lowing to query a DyLP.

There are still a number of open questions on the subject.

A level mapping characterization of the well founded semantics In Chapter 3 we
provided an alternative characterization of the refined semantics as the well
supported model semantics which is in turn based on the notion of level map-
pings. Definition 40 extends the definition of supported model to the update
three-valued setting and Theorem 4.5.1 states that the well founded model is a
three-valued update models whenever it is consistent. Moreover, there exists an
alternative definition of the well founded semantics of normal logic programs
based on level mappings (see [HW05]). These facts suggest that it should possi-
ble to find an alternative characterization of Definition 41 based on the notion of
level mappings.
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4. A WELL FOUNDED SEMANTICS FOR DYNAMIC LOGIC PROGRAMS 4.9. Concluding remarks

Strong and weak properties of the well founded model In [Dix95a, Dix95b] the au-
thor proposes a list of properties for semantics of logic programs. One such
property is that of Relevance (see [Dix95b]). Most of these properties are good
for implementation reasons, others are more suited for testing whether a given
semantics behaves intuitively. These properties are clearly satisfied by the trans-
formational well founded equivalent of a DyLP according to Definition 44. Nev-
ertheless it is not yet clear which of the properties listed in [Dix95a, Dix95b], or
their equivalent for the update setting, hold in the case of the well founded se-
mantics.

The well founded semantics for multidimensional dynamic logic programs.
Definition 41 provides a well founded semantics for DyLPs. It remains to
establish a well founded semantics for MDyLPs. As we argued in the end of
Example 4.4.7 this extension could be particularly suitable for those applications
requiring to merge and update knowledge from different sources. The well
founded model is defined as the least fixpoint of the ΓΓR where Γ and ΓR are
the operators used for defining, respectively, the dynamic and the refined stable
model semantics for DyLPs. These two operators have been generalized for
the multidimensional case by the homonymous operators of Definition 36 that
extend the dynamic and refined semantics to the multidimensional case. A
natural way to extend Definition 41 to MDyLPs would be to define the well
founded model of an MDyLP as the least fixpoint of the composition of the
two operators above. However, it is still unclear whether such a semantics
would behave properly and extend the properties of the well founded semantics
mentioned in the chapter to the multidimensional case.

116



Part II

Reasoning about and executing actions
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Chapter 5

Reasoning about actions

Contents
5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 120

5.2 An overview of LP updates and action description languages . . . . . 122

5.3 Evolving action programs . . . . . . . . . . . . . . . . . . . . . . . . . . 127

5.4 Relationship to existing action languages . . . . . . . . . . . . . . . . 134

5.5 Updates of action domains . . . . . . . . . . . . . . . . . . . . . . . . . 136

5.6 Conclusions and future work . . . . . . . . . . . . . . . . . . . . . . . . 140

Having defined the basic semantics for dynamic logic programs, in this chapter we
explore the knowledge representation and reasoning capabilities of updates languages
specifying when and how to update a program and, in particular, we focus on Evolp
[ABLP02] as the most simple, but yet very expressive logic programming updates lan-
guage.

An important branch of investigation in the KR field has been the definition of
high level languages for representing effects of actions, the programs written in such
languages being usually called action programs.

In this chapter, we define evolving action programs as collections of macros of
Evolp rules. Then, we provide translations of some of the most known action de-
scription languages into evolving action programs. This means that evolving action
programs (and thus, in general, Evolp) are at least as expressive as these other action
description languages and it can thus be used for reasoning about actions. We also un-
derline some peculiar features of this newly defined paradigm. One of such features is
that evolving action programs can easily express changes in the rules of the domains,
including rules describing changes. Part of the results of this chapter have been pub-
lished in [ABB04].
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5.1 Introduction

While in the previous chapter we provided a meaning to logic program updates, de-
scribed by semantics of logic programs (named dynamic logic programs) nothing has
been said so far about how the various updating programs are generated, nor have the
intrinsic knowledge representation capabilities of the framework been explored.

The first issue has been faced in the literature by defining logic programming up-
dates languages (see [APPP02, EFST01, Lei03, ABLP02]), i.e. languages for specifying,
by statements, how an existing program should be updated. The second issue is a
whole area of exploration which, in our opinion, has been only touched by the ex-
isting research (see for instance [EFST01, Lei03, APP+99]). For instance, in [APP+99]
the authors show, by examples, a possible usage of the LP updates language LUPS
[APPP02] for representing effects of actions. We view this possibility as an important
and promising area of research.

The concept of action is a key issue in AI fields like reactive systems and agents.“An
agent is just something that acts" [RN95]. Given the importance of the concept, ways of
representing actions and their effects on the environment have been studied. A branch
of investigation in this topic has been the definition of high level languages for rep-
resenting effects of actions [BGP97, GL93, GLL+97, GLL+03], the programs written in
such languages being usually called action programs. Action programs specify which
facts (or fluents) change in the environment after the execution of a set of actions. Sev-
eral works exist on the relation between these action languages and Logic Program-
ming (e.g. [APP+99, GL93, Lif99]). However, despite the fact that LP has been suc-
cessfully used as a language for declaratively representing knowledge, the mentioned
works basically use LP for providing an operational semantics, and corresponding im-
plementation, for action programs. This is so because normal logic programs, and most
of their extensions, have no built in means for dealing with changes, something that is
quite fundamental for action languages.

Even if the, already cited, “Preliminary exploration on actions as updates" [APP+99]
provides a hint for the possibility of using LP updates languages as an action descrip-
tion paradigm, it does not provide a clear view on how to use LP updates for represent-
ing actions, and it does not establish an exact relationship between this new possibility
and existing action languages. Thus, the possible advantages of the LP updates lan-
guages approach to actions are still not clear.

In this chapter we clarify these points through a more structural approach. Our
investigation starts from the Evolp language [ABLP02]. The reason of our choice is
the simplicity of the language and its semantics (which, unlike other languages for
updates is based on a single command called assert). While Evolp is illustrated in this
chapter, the discussion of the other LP updates languages is postponed to Chapter
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6. The rationale for this choice is that a detailed discussion of these languages is not
required here, while it is necessary in Chapter 6 where these languages are compared
to ERA, a language extending Evolp newly defined here.

On top of Evolp we define a new action description language, called evolving ac-
tion programs (EAPs), as a macro language for Evolp. More specifically, we define the
syntax and the semantics of an action descriptions language based on LP updates. We
then focus on the basic problem in the field, i.e. the prediction of the possible future
states of the world given knowledge of the current state and the performed actions.
Our purpose is to check, already at this early stage, the potentiality of an action de-
scription language based on the Evolp paradigm. However, a complete framework
for action description would require more than that. It would require to establish a
framework for querying an action program about various aspects of the environment
described by the program and its possible evolutions. While the basic problem of pre-
diction is addressed, other problems such as prediction with incomplete knowledge,
post-diction and planning (both possibly with complete and incomplete knowledge)
are not treated here and left for future work. Usually these querying problems are
addressed by defining specific action query languages [GL98a]. We briefly discuss in
Section 5.6 these other issues related to the framework of reasoning about actions.

We illustrate the usage of EAPs by an example involving a variant of the classical
Yale Shooting Problem. An important point to clarify is the comparison of the expres-
sive capabilities of the newly defined language with that of the existing paradigms. We
consider the action languages A [GL93], B [GL98a] (which is a subset of the language
proposed in [GLL+97]), and (the definite fragment of) C [GLL+03]. We provide sim-
ple translations of such languages into EAPs, hence proving that EAPs are at least as
expressive as the cited action languages.

Coming to this point, the next natural question is what are the possible advan-
tages of EAPs over the extant languages. The underlying idea of action frameworks
is to describe dynamic environments. This is usually done by describing rules that
specify, given a set of external actions, how the environment evolves. In a dynamic
environment, however, not only the facts but also the “rules of the game" can change,
in particular the rules describing the changes. The capability of describing such kind of
meta level changes is, in our opinion, an important feature of an action description lan-
guage. This capability can be seen as an instance of elaboration tolerance, i.e. “the ability
to accept changes to a person’s or a computer’s representation of facts about a subject without
having to start all over” [McC88]. In [GLL+03] this capability is seen as a central point
in the action descriptions field and the problem is addressed in the context of the C
language. The final words of [GLL+03] are “Finding ways to further increase the degree of
elaboration tolerance of languages for describing actions is a topic of future work". We address
this topic in the context of EAPs and show EAPs are, in this sense, more flexible than
other paradigms. Evolp provides specific commands that allow for the specification of
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updates to the initial program, but also provides the possibility to specify updates of
these updates commands. We illustrate, by successive elaborations of the well known
Yale shooting problem, how to use this feature to describe updates of the problem that
come along with the evolution of the environment.

The rest of the chapter is structured as follows. In Section 5.2 we briefly review
existing action languages, we introduce the general framework of LP update languages
and describe syntax and semantics of the language Evolp. In Section 5.3 we define the
syntax and semantics of Evolp action programs, and we illustrate the usage of EAPs by
an example involving a variant of the classical Yale Shooting Problem. In Section 5.4
we establish the relationship between EAPs and the languages A , B and C . In Section
5.5 we discuss the possibility of updating the EAPs, and provide an example of such
feature. Finally, in Section 5.6, we conclude the chapter and trace a route for future
developments in the usage of updates for specifying actions.

5.2 An overview of LP updates and action description

languages

In this section we review existing work on logic programming updates languages (and,
particularly, on Evolp) and on the action description languages A , B and C .

5.2.1 LP updates languages

Although the existing semantics for DyLPs provide a meaning to logic program up-
dates up to this point in the thesis, nothing has been said about how the various up-
dates should be specified. This is the subject of logic programming updates languages,
i.e. languages specifying commands for updating logic programs. The common idea
to all these languages is that an initial program is updated by rules specified through
statements or containing commands to be executed. The statements can be external rep-
resenting instructions passed by the programmer in order to update the program or
internal, representing instances of self evolution of the programs.

The language LUPS [APPP02] is, chronologically speaking, the first of these lan-
guages and represents the archetype of such languages, having inspired the syntax
and semantics of other languages. A statement in LUPS is has the form

Com(L← B) when Cond.

where Com is a Command having a rule L← B has an argument and specifies how the
current program must be changed (for instance, the rule taken as an argument can be
added by the command assert or removed by the command retract from the current
program) and Cond is a condition that has to be satisfied in order to trigger the com-
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mand. Syntactically, condition Cond is a conjunction of literals whose truth value it
evaluated on the basis of the current knowledge base. EPI [EFST01] is a language very
similar to LUPS and it extends its syntax by adding external observations to the con-
dition for executing a command. In other words, the execution of a command may be
conditioned both to the satisfaction of some conditions internal to the program and to
other conditions referring to the external environment. The language EPI introduced
the concept of sensibility to the external environment. The language KUL [Lei03] basi-
cally extends the syntax of the commands of LUPS and it refines the semantics of the
language by correcting some counterintuitive behavior. In all these three languages
command statements are assumed to be external instructions imparted to the program
in order to modify it.

This assumption is outmoded in KABUL [Lei03] where statements can be either
external but they can also belong to a self update program. Syntactically, KABUL ex-
tends KUL by allowing to tests a much wider pattern of conditions. For instance it
allows to test whether other commands are concurrently executed, or whether some
rules are already in the program or not, and finally to test external observations (as in
the language EPI). Moreover, also the pattern of possible commands of KUL is utterly
extended.

Although KABUL (which stands for Knowledge And Behavior Update Language)
already incorporates update statements inside the as part of the program there is a per-
sistent dichotomy between the knowledge part i.e. represented by logic programming
rules organized as a DyLP, and the behavior part, i.e. represented by a set of statements.
This dichotomy is outmoded in Evolp where the update statements are merged within
the knowledge base and where the statements are syntactically similar to inference
rules. This homogeneity allows the use of the update mechanism of DyLPs also to up-
date command statements rather than simply rules, thus enabling to update the update
statements themselves.

If, in the line of evolution from LUPS to KABUL, the syntax of commands becomes
more and more rich and complex, in Evolp there is a complete inversion. Evolp is a
minimalist language with a unique command assert taking a rule τ (which can mean
an inference rule or a rule encoding a statement) as argument and whose intuitive
meaning is “update the program with τ".

An Evolp program is influenced by external observations as well as from external
instructions, both represented as sets of LP rules called input programs.

Even from such a schematic overview, it emerges how Evolp unifies a strong con-
cept of evolution (by allowing self and external updates to inference rules and state-
ments) with the simplest syntax and semantics. This is the reason we focused on Evolp
as logic programming updates language. In the rest of the chapter we will show how,
despite of its simplicity, Evolp captures the expressivity of several frameworks for rea-
soning about the effect of actions and how its updates capabilities allow to reason about

123



5. REASONING ABOUT ACTIONS 5.2. An overview of LP updates and action description languages

successive elaborations of a scenario by simply updating its description (i.e. without
the need of rewriting completely the program and restarting a simulation).

In the next Section we will present Evolp with some more details. For a more de-
tailed description of LUPS, EPI, KUL and KABUL we refer the reader to Section 6.5.3 of
Chapter 6 where these languages are presented and compared to an extension of Evolp
called ERA.

5.2.2 The language Evolp

Having defined the meaning of sequences of programs, we are left with the problem
of how to come up with those sequences. Among the existing LP updates languages
Evolp uses a particulary simple syntax, which extends the usual syntax of GLPs by
introducing the special predicate assert/1. Given any language L , the language Lassert

is recursively defined as follows: every atom in L is also in Lassert ; for any rule τ over
Lassert , the atom assert(τ) is in Lassert ; nothing else is in Lassert . An Evolp program over L
is any GLP over Lassert . An Evolp sequence is a sequence (or DyLP) of Evolp programs.
The rules of an Evolp program are called Evolp rules. Intuitively an expression assert(τ)
stands for “update the program with the rule τ". Notice the possibility in the language
to nest an assert expression in another.

The intuition behind the Evolp semantics is quite simple. Given a stable model like
semantics for DyLPs like, for instance, the previously existing semantics based on the
causal rejection principle (see [ALP+00a, BFL99, EFST02b, Lei03, LP97] and Chapter
3), starting from the initial Evolp sequence Pm (with this notation, in the following,
we denote a DyLP consisting of a sequence of m logic programs) we compute the set,
SM (Pm), of the models of Pm according to a semantics Sem. Then, for any element M in
SM (Pm), we update the initial sequence with the program Pm+1 consisting of the set of
rules τ such that the atom assert(τ) belongs to M. In this way we obtain the sequence
Pm⊕Pm+1. Since SM (Pm) contains, in general, several models we may have different
lines of evolution. The process continues by obtaining the various SM (P m+1) and,
with them, various P m+2. Intuitively, the program starts at step 1 already containing
the sequence Pm. Then it updates itself with the rules asserted at step 1, thus obtaining
step 2. Then, again, it updates itself with the rules asserted at this step, and so on.
The evolution of any Evolp sequence can also be influenced by external updates. An
external update is itself an Evolp program called input program. If, at a given step n,
the programs receives the input program En, the rules in En are added to the last self
update for the purpose of computing the stable models determining the next evolution
but, in the successive step n+1, they are no longer considered. In the formal definition
of the semantics of the language, we will assume that the basic semantics for DyLPs
is the refined semantics. However, it would be possible to adapt Definition 46 below
to any semantics for DyLPs Sem by simply substituting the expression “refined stable
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model" with the model according to the semantics Sem1.

Definition 45 Let n and m be natural numbers. An evolving interpretation of length n,
of an evolving logic program Pm : P1, . . .Pm over the language Lassert is any finite sequence
M = M1, . . . ,Mn of two valued interpretations over Lassert . The evolution trace associated
with M and P is the sequence Pm⊕T = P1, . . .Pm,T1 . . . ,Tn−1, where

Ti = {τ | assert(τ) ∈Mi}

for 1≤ i < n

Definition 46 Let Pm and En be any Evolp sequences, and M = M1, . . . ,Mn be an evolving
interpretation. Let Pm⊕T be the evolution trace associated with M and P . We say that M is
an evolving stable model of Pm with the sequence of input programs En iff Mk is a refined stable
model of the program Pm⊕ (T1, . . . ,(Tk∪Ek)) for any k, with 1≤ k ≤ n−1.

5.2.3 Action languages

The purpose of an action language is to provide ways of describing how an environ-
ment evolves given a set of external actions. A specific environment that can be mod-
ified through external actions is called an action domain. To any action domain we
associate a pair of sets of atoms F and A . We call the elements of F fluent atoms or
simply fluents, and the elements of A action atoms or simply actions. Basically, the flu-
ents are the observables in the environment and the actions are, clearly, the external
actions. A fluent literal (resp. action literal) is an element of FLit (resp. an element of
ALit). In the following, we will use the letter Q to denote a fluent atom, the letter F to
denote a fluent literal, and the letter A to denote an action atom. A state of the world (or
simply a state) is any interpretation over F . We say a fluent literal F is true at a given
state s iff F belongs to s. Given a conjunction of fluent literals Cond we say s satisfies
Cond (s |= Cond) iff Cond ⊆ s.

Each action language α provides ways to describe action domains through sets of
expression called action programs. Usually, the semantics of an action program written
in a language α is defined in terms of a transition system, i.e. a function whose argument
is any pair (s,K), where s is a state of the world and K is a subset of A , and whose value

1Indeed, Evolp was originally proposed in [ABLP02] using the dynamic stable model semantics
[Lei03] rather than the refined stable model one as the basic semantics for DyLPs. Another difference
between the language proposed herein and the original language of [ABLP02] is that in the original pro-
posal the initial Evolp sequence was always a single Evolp program rather than a sequence of programs.
Finally, in the present work, external updates to an Evolp sequence are called “input programs" while in
[ABLP02] they where called “events". We opted for a different terminology in order to create no confu-
sion when, in Chapter 6, we define the event-condition-action language ERA which extends Evolp and
where the word “event" is used with a different meaning, which is the one it has in the literature on this
kind of languages
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is any set of states of the world. Intuitively, given the current state of the world, the
semantics of a program written in the language α is given by a transition system that
specifies which are the possible resulting states (according to the semantics of α) after
simultaneously performing all actions in K.

Two kinds of expressions that are common within action description languages are
static and dynamic rules. The static rules basically describe the rules of the domain, while
dynamic rules describe effects of actions. A dynamic rule has a set of preconditions,
namely conditions that have to be satisfied in the present state in order to have a par-
ticular effect in the future state, and postconditions describing such an effect. In the
following we will consider three existing action languages, namely: A , B and C .

The language A [GL98a] is very simple. It only allows dynamic rules of the form

A causes F if Cond

where Cond is a conjunction of fluent literals. Such a rule intuitively means: performing
the action A causes F to be true in the next state if Cond is true in the current state. The
language B [GL98a] is an extension of A which also considers static rules. In B , static
rules are expressions of the form

F if Body

where Body is a conjunction of fluent literals which, intuitively, means: if Body is true in
the current state, then F is also true in the current state. A fundamental notion, in both
A and B , is fluent inertia [GL98a]. A fluent F is inertial if its truth value is preserved
from a state to another, unless it is changed by the (direct or indirect) effect of an action.
Hereafter a program written in the language B will be called a B program.

Given a state s and a set of actions K, we first consider the set D(s,K) of fluents
literals that are true as a (direct) consequence of actions i.e. any literal F that is the
head of a dynamic rule A causes F if Cond such that A ∈ K and Cond is true in s. Then
s′ is a possible resulting state, (according to the semantics of A) from s iff any fluent
literal in s is an element of D(s,K) or is a true literal in s or is a consequence of a static
rule.

Given any static rule r, F if Body, we say F ← Body is the logic programming equiv-
alent of r. Given any set of static rules R , we define R LP as the set of rules given by the
LP equivalents of all the rules in R .

Definition 47 Let P be any B program with set of fluents F , R the set of all the static rules
of P, s a state and K any set of actions. Let D(s,K) be the following set of literals

D(s,K) = {F : ∃ A causes F if Cond ∈ P s.t. A ∈ K ∧ s |= Cond}

A state s′ is a resulting state (according to the semantics of B) from s given P and the set of
actions K iff
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s′ = least
((

s∩ s′
)∪D(s,K)∪R LP)

For a detailed explanation of A and B see [GL98a].

Static and dynamic rules are also the ingredients of the action language C [GLL+03,
GL98b]. Static rules in C are of the form

caused J if H (5.1)

while dynamic rules are of the form

caused J if H after O (5.2)

where J and H are formulas such that any literal in them is a fluent literal, and O is any
formula such that any literal in it is a fluent or an action literal. The formula O is the
precondition of the dynamic rule and the static rule caused J if H is its postcondition.

Definition 48 An action program written in C is any set of static and dynamic rules of the
form, respectively, 5.1 and 5.2.

The semantic of C is based on causal theories [GLL+03]. Causal theories are sets
of rules of the form caused J if H, each such rule meaning: If H is true this is an
explanation for J. A basic principle of causal theories is that something is true iff it is
caused by something else.

Definition 49 Let P be any action program written in C , let s be any state and K any set of
actions, and let T be the causal theory given by the static rules of P and the post conditions of
the dynamic rules of P whose preconditions are true in s∪K. Then s′ is a possible resulting
state (according to the semantics of C ), iff it is a causal model of T .

5.3 Evolving action programs

As we have seen, Evolp and action description languages share the idea of a system
that evolves. In both, the evolution is influenced by external inputs (respectively, up-
dates and actions). Evolp is actually a programming language devised for representing
any kind of computational problem, while action description languages are devised
for the specific purpose of describing actions. A natural idea is then to develop special
kind of Evolp sequences for representing actions, and then compare such kind of pro-
grams with existing action description languages. We will call this kind of programs
evolving action programs (EAPs).
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Following the underlying notions of Evolp, we use the basic construct assert for
defining special-purpose macros. As it happens with other action description lan-
guages, EAPs are defined over a set of fluents F and a set of actions A . In EAPs, a
state of the world is any interpretation over F . To describe action domains we use an
initial Evolp sequence I,D. The Evolp program D contains the description of the envi-
ronment, while I contains some initial declarations, as it will be clarified later. As in B
and C , EAPs contain static and dynamic rules.

A static rule over (F ,A) is simply an Evolp rule of the form

F ← Body.

where F is a fluent literal and Body is a set of fluent literals.

A dynamic rule over (F ,A) is a (macro) expression

effect(τ)←Cond.

where τ is any static rule of the form F ← Body and Cond is any set of fluent or action
literals. The intuitive meaning of such a rule is that the static rule τ has to be consid-
ered only in those states whose predecessor satisfies condition Cond. Since some of the
conditions literals in Cond may be action atoms, such a rule may describe the effect
of a given set of actions under some conditions. Such an expression stands for the
following set of Evolp rules (where τ is the short-form for F ← Body):

F ← Body, event(τ). (5.3)

assert(event(τ)) ← Cond. (5.4)

assert(not event(τ)) ← event(τ),not assert(event(τ)) (5.5)

where event(F ← Body) is a new literal.

Let us see how the above set of rules fits with its intended intuitive meaning. Rule
(5.3) is not applicable whenever event(F ← Body) is false. If at some step n, the condi-
tions Cond are satisfied, then, by rule (5.4), event(F ← Body) becomes true at step n+1.
Hence, at step n + 1, rule (5.3) will play the same role as static rule F ← Body. If at
step n+1 Cond is no longer satisfied, then, by rule (5.5) the literal event(F ← Body) will
become false again, and then rule (5.3) will be again not effective.

Besides static and dynamic rules, we still need another ingredient to complete our
construction. As we have seen in the description of the A and B language, a notable
concept is fluent inertia. This idea is not explicit in Evolp where the rules (and not
the fluents) are preserved by inertia. Nevertheless, we can show how to obtain fluent
inertia by using macro programming in Evolp. An inertial declaration over (F ,A) is a
(macro) expression

inertial(K )
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where K ⊆ F . The intended intuitive meaning of such an expression is that the fluents
in K are inertial. Before defining what this expression stands for, we state that the
above mentioned program I is always of the form initialize(F ), where initialize(F )
stands for the set of rules Q ← prev(Q), where Q is any fluent in F , and prev(Q) are
new atoms not in F ∪A . The inertial declaration inertial(K ) stands for the set (where Q

ranges over K ):

assert(prev(Q))← Q. assert(not prev(Q))← not Q.

Let us consider the behavior of this macro. If we do not declare Q as an inertial fluent,
the rule Q← prev(Q) has no effect. If we declare Q as an inertial literal, prev(Q) is true
in the current state iff in the previous state Q was true. Hence, in this case, Q is true
in the current state unless there is a static or dynamic rule that rejects such assumption.
Viceversa, if Q was false in the previous state, then Q is true in the current one iff it
is derived by a static or dynamic rule. We are now ready to formalize the syntax of
evolving action programs.

Definition 50 Let F and A be two disjoint sets of propositional atoms. An evolving action
program (EAP) over (F , A) is any Evolp sequence I,D, where I = initialize(F ), and D is any
set with static and dynamic rules, and inertial declarations over (F ,A).

Given an evolving action program I,D, the initial state of the world s (which, as
stated above, is an interpretation over F ) is passed to the program together with the
set K of the actions performed at s, as part of an input program. A resulting state, is
the last element of any evolving stable model of I,D given the input program s∪K

restricted to the set of fluent literals.

Definition 51 Let I,D be any EAP over (F ,A), and s a state of the world. Then s′ is a
resulting state (according to the semantics of EAPs) from s given I,D and the set of actions K

iff there exists an evolving stable model M1,M2 of I,D given the sequence of input programs
s∪K, /0 such that s′ ≡F M2, where by s′ ≡F M2 we simply mean s′∩FLit = M2∩FLit .

This definition can be easily generalized to sequences of set of actions.

Definition 52 Let I,D be any EAP and s a state of the world. Then s′ is a resulting state
(according to the semantics of EAPs) from s given I,D and the sequence of sets of actions
K1 . . . , Kn iff there exists an evolving stable model M1, . . . ,Mn+1 of I,D given the input program
(s∪K1), . . . , Kn, /0 such that s′ ≡F Mn+1.

Since EAPs are based on the Evolp semantics, which in turn is an extension of
the stable model semantics for normal logic programs, it immediately follows that the
complexity of the computation of the two semantics is the same.
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Proposition 5.3.1 Let I,D be any EAP over (F ,A), s a state of the world and K ⊆ A . To find
a resulting state s′ from s given I,D and the set of actions K is an NP-hard problem.

It is important to notice that, if the initial state s does not satisfies the static rules of
the EAP, the correspondent Evolp sequence has no stable model, and hence there will
be no successor state. This is, in our opinion, a good result: The initial state is just a
state as any other. It would be strange if such state would not satisfy the rules of the
domain. If this situation occurs, most likely either the translation of the rules, or the
one of the state, have some errors. From now onwards we will assume that the initial
state satisfies the static rules of the domain.

It is possible to provide an alternative characterization of the the possible resulting
states.

Theorem 5.3.1 Let I,D be any EAP, s a state of the world and K a set of actions. Let R be the
set of static rules in D, I the following set of fluent literals

I = {Q ∈ F : inertial(Q) ∈ D}∪{not Q : Q ∈ F : inertial(Q) ∈ D}

and D(s,K) be the following set of rules:

D(s,K) = {τ : effect(τ)←Cond ∈ D ∧K∪ s |= Cond}

Then s′ is a resulting state from s (according to the semantics of EAPs) given I,D and the
set of actions K iff

s′ = least
(
(s∩ s′∩ I ) ∪De f ault(s′,R ∪D(s,K))|(F \I ) ∪D(s,k) ∪R

)
(5.6)

In the extreme cases where the set of inertial fluents coincides with the whole set of
fluents and, when the set of inertial fluents is empty, we obtain two simplifications of
the equivalence 5.6.

Corollary 5.3.1 Let I,D be any EAP, s a state of the world and K a set of actions. Let R ,
D(s,K) be as in Theorem 5.3.1. Moreover let every fluent be an inertial fluent. Then s′ is a
resulting state (according to the semantics of EAPs) from s given I,D and the set of actions K

iff
s′ = least

(
(s∩ s′) ∪D(s,k) ∪R

)

proof Follows trivially as a special case of Theorem 5.3.1. ♦

Corollary 5.3.2 Let I,D be any EAP, s a state of the world and K a set of actions. Let R ,
D(s,K) be as in Theorem 5.3.1. Moreover let the set of inertial fluents be the empty set. Then s′

is a resulting state from s given I,D and the set of actions K iff s′ is a stable model of the logic
program D(s,k) ∪R
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proof It follows trivially as a special case of Theorem 5.3.1 that

s′ = least
(
De f ault(s′,R ∪D(s,K))|(F \I ) ∪D(s,k) ∪R

)

As proved in [Lei03] this amount to say s′ is a stable model of D(s,k) ∪R . ♦

Given an evolving action program I,D, the first basic problem is to make predic-
tions of the possible evolutions given a complete knowledge of the initial state and the
sequence of performed actions. Formally, let I,D be an EAP, let s be the current state of
the world, and let K1, . . . ,Kn be a sequence of sets of actions. The problem is to deter-
mine the set J of resulting states from s given I,D and the sequence of sets of actions
K1 . . . , Kn. The answer to this problem is already entailed in Definition 52. First, the set
M of evolving stable models of the form M1, . . . ,Mn+1 of I,D given the input program
(s∪K1), . . . , Kn, /0 is computed. Then, the resulting states are the last elements of the
various sequences in M restricted to the set of fluents. Formally:

J = {s′ : ∃ M1, . . . ,Mn+1 ∈M ∧ s′ ≡F Mn+1}

It is clear from this formalization that several states can result from the execution
of a sequence of sets of actions. These several states represent incomplete knowledge
about the results of executing actions: the fluents belonging to all states are true, those
belonging to no state are false and all the others are unknown. This behavior can be
used also to deal with the problem of prediction with incomplete knowledge about the
initial state. For this, just consider a complete initial state, and than add a first set of
actions that, for each unknown fluent F , generates two subsequent states, one with F

and another without F . Another possibility is to start with an action program whose
models are exactly the possible initial states. It is easy to check that, to obtain this, it
is sufficient, for instance, to add a fact for each fluent known to be true in the initial
situation, no rules for fluents known to be false and the pair of rules

F ← not F. FN ← not F.

for each fluent F (here FN is an auxiliary atom not representing any fluent or action).

To illustrate EAPs, we now show an example of their usage by elaborating on prob-
ably the most famous example of reasoning about actions. The presented elabora-
tion highlights some important features of EAPs, viz. the possibility of handling non-
deterministic effects of actions, non-inertial fluents, non-executable actions, and effects
of actions lasting for just one state.
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5.3.1 An elaboration of the Yale shooting problem

In the original Yale shooting problem [SH87], there is a single-shot gun which is ini-
tially unloaded, and a turkey which is initially alive. One can load the gun and shoot
the turkey. If one shoots, the gun becomes unloaded and the turkey dies. We consider
a slightly more complex scenario where there are several turkeys, and where the shoot-
ing action refers to a specific turkey. Each time one shoots a specific turkey, one either
hits and kills the bird, or misses it. Moreover, the gun becomes unloaded and there is a
bang. It is not possible to shoot with an unloaded gun. We also add the property that
any turkey moves iff it is not dead.

For expressing that an action is not executable under some conditions, we make
use of a well known behavior of the stable model semantics. Suppose a given EAP
contains a dynamic rules of the form

effect(u← not u)←Cond

where u is a literal which does not appear elsewhere (in the following, for representing
such rules, we use the notation effect(⊥) ← Cond). With such a rule, if Cond is true
in the current state, then there is no resulting state. This happens because, as it is well
known, programs containing u← not u, and no other rules for u, have no stable models.

To represent the problem, we consider the fluents dead(X), moving(X), hit(X),
missed(X), loaded, bang, plus the auxiliary fluent u, and the actions shoot(X) and load

(where the Xs range over the various turkeys). The fluents dead(X) and loaded are in-
ertial fluents, since their truth value should remain unchanged until modified by some
action effect. The fluents missed(X), hit(X) and bang are not inertial. The problem is
encoded by the EAP I,D, where

I = initialize(dead(X),moving(X),missed(X),hit(X), loaded, bang, u)

and D is the following set of expressions

inertial(loaded)
inertial(dead(X))
moving(X)← not dead(X).
effect(⊥)← shoot(X), not loaded.

effect(dead(X)← hit(X))← shoot(X).
effect(loaded)← load.

effect(hit(X)← not missed(X))← shoot(X).
effect(bang)← shoot(X).
effect(missed(X)← not hit(X))← shoot(X).
effect(not loaded)← shoot(X).
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Let us analyze this EAP. The third rule encodes the impossibility to execute the action
shoot(X) when the gun is unloaded. The static rule moving(X) ← not dead(X) implies
that, for any turkey X , moving(X) is true if dead(X) is false. Since this is the only rule
for moving(X), it further holds that moving(X) is true iff dead(X) is false. Notice that
declaring moving(tk) as inertial, would result, in our description, in the possibility of
having a moving dead turkey! This is why fluents moving(X) have not been declared
as inertial. Indeed, suppose we insert inertial(moving(X)) in the EAP above. Suppose
further that moving(tk) is true at state s, that one shoots at tk and kills it. Since moving(tk)
is an inertial fluent, in the resulting state dead(tk) is true, but moving(tk) remains true by
inertia. Also notable is how effects that last only for one state, like the noise provoked
by the shoot, are easily encoded in EAPs. The fourth and the sixth dynamic rules
encode a non deterministic behavior: each shoot action can either hit and kill a turkey,
or miss it.

To see how this EAP encodes the desired behavior of this domain, consider the
following example of evolution. In this example, to lighten the notation, we omit the
negative literals belonging to interpretations. Let us consider the initial state {} (which
means that all fluents are false). The state will remain unchanged until some action
is performed. If one loads the gun, the program is updated with the input program
{load}. In the unique successor state, the fluent loaded is true and nothing else changes.
The truth value of loaded remains then unchanged (by inertia) until some other action
is performed. The same applies to fluents dead(X). The fluents bang, missed(X), and
hit(X) remain false by default. If one shoots at a specific turkey, say Smith, and the
program is updated with the input shoot(smith), several things happen. First, loaded

becomes false, and bang becomes true, as an effect of the action. Moreover, the rules:

hit(smith) ← not missed(smith).

missed(smith) ← not hit(smith).

dead(smith) ← hit(smith).

are considered as rules of the domain for one state. As a consequence, there are two
possible resulting states. In the first one, missed(smith) is true, and all the others fluents
are false. In the second one, hit(smith) is true, missed(smith) is false and, by the rule
dead(smith) ← hit(smith), the fluent dead(smith) becomes true. In both the resulting
states, nothing happens to the truth value of the fluents dead(X), hit(X), and dead(X)
for X 6= smith.
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5.4 Relationship to existing action languages

In this Section we show embeddings into EAPs of the action languages B and (the
definite fragment of) C 2. We will assume that the considered initial states are consistent
w.r.t. the static rules of the program, i.e. if the body of a static rule is true in the
considered state, the head is true as well.

Let us consider first the B language. The basic ideas of static and dynamic rules are
very similar in B and in EAPs. The main difference between the two is that in B all the
fluents are inertial, whilst in EAPs only those that are declared as such are inertial. The
translation of B into EAPs is then straightforward: All fluents are declared as inertial
and then the syntax of static and dynamic rules is adapted. In the following we use,
with abuse of notation, Body and Cond both for conjunctions of literals and for sets of
literals.

Definition 53 Let P be any action program in B with set of fluents F . The translation B(P,F )
is the triple (IB,DBP,F B) where: F B = F , IB = initialize(F ) and DBP contains exactly the
following rules:

• inertial(Q) for each fluent Q ∈ F

• a rule F ← Body for any static rule F if Body in P.

• a rule effect(F)← A, Cond. for any dynamic rule A causes F if Cond in P.

Theorem 5.4.1 Let P be any B program with set of fluents F , (IB,DBP,F ) its translation, s

a state and K any set of actions. Then s′ is a resulting state (according to the semantics of B)
from s given P and the set of actions K iff it is a resulting state (according to the semantics of
EAPs) from s given IB,DBP and the set of actions K.

proof It trivially follows from Corollary 5.3.1. ♦
We see now how there is a close relationship between EAPs and the B language. In
practice EAPs generalize B by allowing both inertial and non inertial fluents and by
admitting rules, rather then simply facts, as effects of actions.

Let us consider now the action language C . Given a complete description of the
current state of the world and performed actions, the problem of finding a resulting
state is a problem of the satisfiability of a causal theory, which is known to be ∑2

P-
hard (cf. [GLL+03]). So, this language belongs to a category with higher complexity
than EAPs whose satisfiability is NP-hard. However, only a fragment of C is imple-
mented and the complexity of such fragment is NP. This fragment is known as the

2The embedding of language A is not explicitly exposed here since A is a (proper) subset of the B
language.
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definite fragment of C [GLL+03]. In this fragment, static rules are expressions of the
form caused F if Body where F is a fluent literal and Body is a conjunction of fluent lit-
erals, while dynamic rules are expressions of the form caused not F if Body after Cond

where Cond is a conjunction of fluent or action literals3. For this fragment it is possible
to provide a translation into EAPs.

The main problem of the translation of C into EAPs lies in the simulation of causal
reasoning with stable model semantics. The approach followed here to encode causal
reasoning with stable models is in line with the one proposed in [Lif99]. We need to
introduce some auxiliary predicates and define a syntactic transformation of rules. Let
F be a set of fluents, and let F C denote the set of fluents F ∪ {QN | Q ∈ F }. We add,
for each Q ∈ F , the constraints:

← not Q,not QN . (5.7)

← Q, QN . (5.8)

Let Q be a fluent and Body = F1, . . . ,Fn a conjunction of fluent literals. We will use the
following notation: Q = not QN , not Q = not Q and Body = F1, . . . ,Fn

Definition 54 Let P be any action program in the definite fragment of C with set of fluents
F . The translation C(P,F ) is the tuple (IC,DCP,F C) where: F C is defined as above, IC ≡
initialize(F C) and DCP consists exactly of the following rules:

• a rule effect(Q ← Body) ← Cond, for any dynamic rule in P of the form
caused Q if Body after Cond;

• a rule effect(QN ← Body) ← Cond, for any dynamic rule in P of the form
caused not Q if Body after Cond;

• a rule Q← Body, for any static rule in P of the form caused Q if Body;

• a rule QN ← Body, for any static rule in P of the form caused not Q if Body;

• The rules (5.7) and (5.8), for each fluent Q ∈ F .

For this translation we obtain a result similar to the one obtained for the translations
of the B language.

Theorem 5.4.2 Let P be any action program in the definite fragment of C with set of fluents
F , (IC,DCP,F C) its translation, s a state, sC the interpretation over F C defined as follows:

sC = s∪{QN | Q ∈ s}∪{not QN | not Q ∈ s}
3The definite fragment defined in [GLL+03] is (apparently) more general, allowing Cond and Body to

be arbitrary formulae. However, it is easy to prove that such kind of expressions are equivalent to a set
of expressions of the form described above
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and K any set of actions. Then s∗ is a resulting state (according to the semantics of EAPs)
from sC given IC,DCP and the set of actions K iff there exists s′ such that s′ is a resulting state
(according to the semantics of C ) from s, given P and the set K and s∗ ≡F s′.

proof By Corollary 5.3.2, s∗ is a resulting state (according to the semantics of EAPs)
from sC given IC,DCP and the set of actions K iff s′ is a stable model of the program
R ∪D(s,K) where R and D(sC,K) are defined as in Theorem 5.3.1. From the translation
of definite causal theories into logic programs presented in [GLL+03], it follows that
this is equivalent to say s′ is a model of the causal theory obtained by all the static rules
of P plus the rules of the form caused J if H such that the dynamic

caused J if H after O

belongs to P, and Q is true in s∪K, this, in turn, is equivalent to say that s′ is a resulting
state (according to the semantics of C ) from s given P and the set of actions K as
desired. ♦

By showing translations of the action languages B and the definite fragment of C
into EAPs, we proved that EAPs are at least as expressive as such languages. Moreover,
the translations above are quite simple: basically one EAP static or dynamic rule for
each static or dynamic rule in the other languages. The next natural question is: Are
EAPs more expressive?

5.5 Updates of action domains

Action description languages describe the rules governing a domain where actions are
performed, and the environment changes. In practical situations, it may happen that
the very rules of the domain change with time too. When this happens, it would be
desirable to have ways of specifying the necessary updates to the considered action
program, rather than to have to write a new one. EAPs are just a particular kind of
Evolp sequences. As in general Evolp sequences, they can be updated by input pro-
grams.

When one wants to update the existing rules with a rule τ, all that has to be done is
to add the fact assert(τ) as an input program. This way, the rule τ is asserted and the
existing Evolp sequence is updated. Following this line, we extend EAPs by allowing
the input programs to contain facts of the form assert(τ), where τ is an Evolp rule, and
we show how they can be used to express updates to EAPs. For simplicity, below we
use the notation assert(R), where R is a set of rules, for the set of expressions assert(τ)
where τ ∈ R.

To illustrate how to update an EAP, we come back to the example of Section 5.3.1.
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Let I,D be the EAP defined in that Section. Let us now consider that after some shots,
and dead turkeys, rubber bullets are acquired. One can now either load the gun with
normal bullets or with a rubber bullet, but not with both. If one shoots with a rubber
loaded gun, the turkey is not killed.

To describe this change in the domain, we introduce a new inertial fluent repre-
senting the gun being loaded with rubber bullets. We have to express that, if the gun
is rubber-loaded, one cannot kill the turkey. For this purpose we introduce the new
macro:

not effect(F ← Body)←Cond.

where F , is a fluent literal, Body is a set of fluents literals and Cond is a set of fluent
or action literals. We refer to such expressions as effects inhibitions. This macro simply
stands for the rule

assert(not event(F ← Body))←Cond.

where event(F ← Body) is as before. The intuitive meaning is that, if the condition
Cond is true in the current state, any dynamic rule whose effect is the rule F ← Body is
ignored.

To encode the changes described above, we update the EAP with the input program
E1 consisting of the facts assert(I1) where I1 = (initialize(rubber_loaded)). Then, in the
subsequent state, we update the program with the external update E2 = assert(D1)
where D1 is the set of rules:4

inertial(rubber_loaded).
effect(rubber_loaded)← rubber_load.

effect(not rubber_loaded)← shoot(X).
effect(⊥)← rubber_loaded, load.

effect(⊥)← loaded, rubber_load.

not effect(dead(X)← hit(X))← rubber_loaded.

Let us analyze the proposed updates. First, the fluent rubber_loaded is initialized. The
newly introduced fluent is declared as inertial, and two dynamic rules are added spec-
ifying that load actions are not executable when the gun is already loaded in a different
way. Finally we use the new command to specify that the effect dead(X)← hit(X) does
not occurs if, in the previous state, the gun was loaded with rubber bullets. Since this
update is more recent than the original rule effect(dead(X)← hit(X)) ← shoot(X), the
dynamic rule is updated.

Basically updating the original EAP with the rule

not effect(dead(X)← hit(X))← rubber_loaded.

4In the remainder, we use assert(U), where U is a set of macros (which are themselves sets of Evolp
rules), to denote the set of all facts assert(τ) such that there exists a macro η in U with τ ∈ η.
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has the effect of adding not rubber_loaded to the preconditions of the dynamic rule

effect(dead(X)← hit(X))← shoot(X).

So far we have shown how to update the preconditions of a dynamic rule. It is
also possible to update static rules and the descriptions of effects of actions. Sup-
pose the cylinder of the gun becomes dirty and, whenever one shoots, the gun may
either work properly or fail. If the gun fails, the action shoot has no effect. We
introduce two new fluents in the program with the input program assert(I2) where
I2 = initialize( f ails,work)). Then, we assert the input program E2 = assert(D2) where
D2 is the following EAP

effect( f ails← not work)← shoot(X).
effect(work ← not f ails)← shoot(X).

not missed(X)← f ails.

not hit(X)← f ails.

not bang← f ails.

effect(loaded ← f ails)← loaded.

effect(rubber_loaded ← f ails)← rubber_loaded.

The first two dynamic rules simply introduce the possibility that a a failure may occur
every time we shoot. The three static rules describe changes in the behavior of the
environment when the gun fails which amount to negate what was entailed by static
and dynamic rules in D. The last two dynamic rules updates updates two dynamic
rules in D and D1 respectively. These rules specify that, when a failure occurs, the
gun remain loaded with the same kind of bullet. Since the new rules of D2 are more
recent then the rules in D and D1 they update these last ones. This last example shows
how to update static and dynamic rules with new static and dynamic rules. To better
illustrate, we now show a possible evolution of the updated system. Suppose currently
the gun is not loaded. One loads the gun with a rubber bullet, and then shoots at the
turkey named Trevor. The initial state is {}. The first set of actions is {rubber_load} The
resulting state after this action is s′≡{rubber_loaded}. Suppose one performs the action
load. Since the EAP is updated with the dynamic rule effect(⊥)← rubber_loaded, load.

there is no resulting state. This happens because we have performed a non executable
action. Suppose, instead, the second set of actions is {shoot(trevor)}. There are three
possible resulting states. In one the gun fails. In this case, the resulting state is, again,
s′. In the second, the gun works but the bullet misses Trevor. In this case, the resulting
state is s′′1 ≡ {missed(trevor)}. Finally, the gun works and the bullet hits Trevor. Since
the bullet is a rubber bullet, Trevor is still alive. In this case the resulting state is s′′2 ≡
{hit(trevor)}.

The input programs may introduce changes in the behavior of the original EAP.
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This opens a new problem. Within classical action languages it is not necessary to keep
trace of the history of the world. Indeed, given an action program written in either B
or C , by Definitions 47 and 49 it follows that the set of possible resulting states solely
depends on the current state s and the set of actions K. In the case of EAPs the situation
is different, since external updates can change the behavior of the considered evolving
action program by updating the program itself. Fortunately, we do not have to care
about the whole history of the world, but just about those input programs containing
new initializations, inertial declarations, effects inhibitions, and static and dynamic
rules.

It is possible to have a compact description of an EAP that is updated several times
via input programs. For that we need to further extend the original definition of EAPs.

Definition 55 An updated evolving action program over (F ,A) is any sequence
I,D1, . . . ,Dn where I is initialize(F ), and the various Dk are sets consisting of static rules,
dynamic rules, inertial declarations and effects inhibitions such that any fluent appearing in
Dk belongs to F .

Definition 56 Let I,D1, . . . ,Dn be any updated EAP and s a state of the world. Then s′ is a
resulting state (according to the semantics of EAPs) from s given I,D1, . . . ,Dn and the sequence
of sets of actions K1 . . . , Kn iff there exists an evolving stable model M1, . . . ,Mn of I,D1, . . . ,Dn

given the sequence of input programs (s∪K1), . . . , Kn, /0 such that s′ ≡F Mn.

In general, if we update an evolving action program I,D with the subsequent input
programs assert(I1), assert(D1), where I1,D1 is another EAP, we obtain the equivalent
updated evolving action program (I∪ I1),D,D1.

Theorem 5.5.1 Let I0 ∪ I,D0,D1, . . . ,Dk be any update EAP over (F ,A). Let
L

En
i be a se-

quence of input programs such that: E1 = K1 ∪ s, where s is any state of the world and K1 is
any set of actions, and the others Eis are any set of actions Kα, or any set assert(initialize(Fβ))
where

S
Fβ = I, or any set assert(Di) with 1 ≤ i ≤ k. Let s1, . . . ,sn be a sequence of possible

resulting states from s given the EAP I0,D0 and the sequence of input programs
L

En
i and

Kn+1 a set of actions. Then s1, . . . ,sn,s′ is a sequence of possible resulting states from s given
I0,D0 and the sequence of input programs

L
En

i ,Kn+1 iff s′ is a resulting state from sn given
I0∪ I,D0,D1, . . . ,Dk and the set of actions Kn+1.

For instance, the updates to the original EAP of the example in this Section are
equivalent to the updated EAP Isum,D,D1,D2, where Isum ≡ I ∪ I1 ∪ I2, I and D are as
in the example of Section 5.3.1, and the Iis and Dis are as described above.

Yet one more possibility opened by updated Evolp action programs is to cater for
successive elaborations of a program. Consider an initial problem described by an
EAP I,D. If we want to describe an elaboration of the program, instead of rewriting
I,D we can simply update it with new rules. This gives a new answer to the problem
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of elaboration tolerance [McC88] and also opens the new possibility of automatically
update action programs by other action programs.

The possibility to elaborate on an action program is also discussed in [GLL+03] in
the context of the C language. The solution proposed there, is to consider C programs
whose rules have one extra fluent atom in their bodies, all these extra fluents being
false by default. The elaboration of an action program P is the program P∪U where U

is a new action program. The rules in U can defeat the rules in P by changing the truth
value of the extra fluents. An advantage of EAP over that approach is that, in EAPs the
possibility of updating rules is a built-in feature rather then a programming technique
involving manipulation of rules and introduction of new fluents. Moreover, in EAPs
we can simply encode the new behavior of the domain by new rules and then let these
new rules update the previous ones.

5.6 Conclusions and future work

In this chapter we have explored the possibility of using logic programs updates lan-
guages as action description languages. In particular, we have focused our attention on
the Evolp language. As a first point, we have defined a new action language paradigm,
christened evolving action programs, defined as a macro language over Evolp. We
have provided an example of usage of this language, and compared evolving action
programs with action languages A , B and the definite fragment of C , by defining
simple translations into Evolp of programs in these languages. Finally, we have also
shown and argued about the capability of EAPs to handle changes in the domain dur-
ing the execution of actions.

The goal of the thesis is to design a framework for developing AI application capa-
ble of reasoning and react to events by executing actions. The last two topics are not
yet touched and will be treated in the sequel, in Chapter 6. Since this was the main
goal, some other issues, briefly discussed below and related to action descriptions, are
not further explored here, and are left open for future research.

Action description programs, as we have just seen, define functions that, given one
state and a set of actions, determine a state that results from (concurrently) executing
all the action from the initial state. These functions can be used in several ways, re-
sulting in solving different problems in the domain of actions. One of these problem
is that of prediction, i.e. of determining the resulting set of states given an initial state
and a sequence of sets of actions. In this Chapter we illustrated the use of EAPs for
solving prediction problems. This amounted to encode the initial knowledge in the
initial EAP, and then subsequently update it with the sets of actions. The resulting
state corresponds then to the stable models of the updated EAP.

Another problem is that of postdiction [McC59], i.e. to determine, given a final state
s and a sequence of sets of actions K1, . . . ,Kn, the set J of initial states such that given
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any state s in J and the sequence of sets of actions K1, . . . ,Kn, the final resulting state is
s′. A generalization of this problem is that of postdiction with incomplete knowledge,
i.e. to determine the set J of possible initial states but having only a partial knowledge
of the final state s′.

Yet another problem studied in the literature of action languages is that of planning
[McC59], i.e. do determine, given a complete initial state and a goal (i.e. a condition
we want to satisfy), a sequence of sets of actions that, if executed, brings to a state
satisfying the goal. Planning is even a more complex issue when the problem has
elements of uncertainty either regarding the effect of actions or the initial state [ea00].

Of course in theory EAPs can deal with both these problems; e.g. for planning,
just find one such sequence of sets of actions that satisfies the conditions according
to the function defined by the action description program. However, contrary to
what happens with prediction, we have not provided any method for coming up with
these plans, except from the (non-satisfactory) generation and testing of all possible
sequences, given a finite set of possible actions. The same happens for the case of post-
diction. Methods for postdiction and planning based on EAPs are outside the scope of
this work, and are left open for future research.

Closely related to this issue is that of action query language [GL98a]. Action query
languages are formalisms for expressing knowledge about the various states under
the form of axioms, and for formulating queries whose truth value has to be tested.
According to the expressivity of the action query language, it is possible to formu-
late prediction, postdiction and planning, or even combinations of these problems by
stating axioms (possessed knowledge about the evolution of the world) and queries
(statements whose truth value has to be tested and expressing the knowledge that is
required to be inferred). The definition of a query action language for EAPs and the de-
velopment of techniques for inferring the truth value of possible queries is a complex
issue, at least as complex as that of planning and postdiction with EAPs, and certainly
deserves further research.

Yet another topic that can be further studied involves the possibility of concurrent
execution of actions. Evolp already provides this possibility. Nevertheless, we have
not fully explored this topic here. In particular we did not confronted the results with
extant works [BG97, LL03]. One of the most crucial aspects regards the so called incre-
mental fluents (see, for instance, [LL03]) fluents with a related numerical valued that
can be increased or decreased. For instance, given a vat with 100 liters how to describe
the effect of the two simultaneously executed actions “spill 5 liters into the vat" and
“draw 7 liters from the vat?".
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Chapter 6

Evolving Reactive Algebraic Programs
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Having defined a framework for reasoning about the effects of actions, we are left
with the goal of defining a paradigm also suitable for programming reactive behav-
ior. Event-Condition-Action (ECA) languages are an intuitive and powerful paradigm
for programming reactive systems. Usually, important features for an ECA language
are reactive and reasoning capabilities, the possibility to express complex actions and
events, and a declarative semantics. In this chapter, we introduce ERA, an ECA lan-
guage based on the framework of logic programs updates that, together with these fea-
tures, also exhibits capabilities to integrate external updates and perform self updates
to its knowledge (data and inference rules) and behavior (active rules). ERA combines
the logic framework of DyLPs with an event and an action algebra allowing to define
complex events and actions. We show then that ERA extends the logic programming
updates language Evolp, i.e. every Evolp program (and thus every EAP program) has
a straightforward encoding in ERA preserving the semantics of the programs. Part of
the results of this chapter have been published in [ABB06].
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6.1 Introduction

In Chapter 5 we have shown that the language Evolp is a suitable formalism for writing
formal descriptions of the effect of actions and reasoning about such effects. However,
our goal is to define a single framework for reasoning about and executing actions. The
natural question is then whether it is possible to use Evolp for programming reactive
behavior. In particular we are interested in developing some form of Event Condition
Action (ECA) formalism.

Event Condition Action languages are an intuitive and powerful paradigm for pro-
gramming reactive systems. The fundamental construct of ECA languages are active
rules of the form:

On Event If Condition Do Action (6.1)

which mean: when Event occurs, if Condition is verified, then execute Action. ECA sys-
tems receive inputs (mainly in the form of events) from the external environment, test
conditions in the current knowledge base, and, if they hold, react by performing ac-
tions that change the stored information (internal actions) or influence the environment
itself (external actions). There are many potential and existing areas of applications
for ECA languages such as active and distributed database systems [WC96a, BL96],
Semantic Web applications [ABM+02, SCM+99], distributed systems [GNF98], Real-
Time Enterprize and Business Activity Management and agents [CT04]. Particularly,
in the field of active databases, ECA languages are already subject of applications
and research [WC96b] and could become a key instrument for developing networks
of communicating autonomous software systems. For instance, one of the goals of
the REWERSE project [Rew] is the development of reactive autonomously acting and
communicating Web services.

To be useful in a wide spectrum of applications an ECA language has to satisfy sev-
eral properties. First of all, events occurring in an active rule can be complex, resulting
from the occurrence of several basic ones. A widely used way for defining complex
events is to rely on some event algebra [CL03, AC03], i.e., to introduce operators that
define complex events as the result of compositions of more basic ones that occur at
the same or at different instants. Actions that are triggered by active rules may also be
complex operations involving several (basic) actions that have to be performed concur-
rently or in a given order and under certain conditions. The possibility to define events
and actions in a compositional way (in terms of sub events and sub actions), permits
a simpler and more elegant programming style by breaking complex definitions into
simpler ones and by allowing the usage of the definition of the same entity in different
fragments of code.

An ECA language would also benefit from a declarative semantics taking advan-
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tage of the simplicity of its basic concepts. Moreover, an ECA language must in gen-
eral be coupled with a knowledge base, which, in our opinion, should be richer than a
simple set of facts, and allow for the specification of both relational data and classical
rules, i.e. rules that specify knowledge about the environment, besides the ECA rules
that specify reactions to events. Together with the richer knowledge base, an ECA lan-
guage should exhibit inference capabilities in order to extract knowledge from such
data and rules.

Clearly ECA languages deal with systems that evolve. However, in existing ECA
languages this evolution is mostly limited to the evolution of the (extensional) knowl-
edge base. But in a truly evolving system, that is able to adapt to changes in the con-
sidered domain, there can be evolution of more than the extensional knowledge base:
derivation rules of the knowledge base (intensional knowledge), as well as the active
rules themselves may change over time. We believe another capability that should be
considered is that of evolving in this broader sense. Here, by evolving capability we
mean that a program should be able to automatically integrate external updates and to
autonomously perform self updates. The language should allow updates of both the
knowledge (data and classical rules) and the behavior (active rules) of the considered
ECA program, due to external and internal changes.

An utterly useful feature would be that of being naturally combinable with some
actions description formalism. This would allow to program descriptions of both the
reactive system and its environment and hence to prove formal properties of the inte-
grated system or to run simulations.

To the best of our knowledge no existing ECA language provides all the above
mentioned features (a detailed discussion is presented in Section 6.6). In particular,
none provides the evolving capability, nor it is immediately clear how to incorporate
such capability to these languages.

The purpose of this chapter is to define an ECA language based on logic program-
ming that satisfies all these features. We already described the simple and declarative
semantics of Evolp, its inference capabilities (provided by the underlying logic pro-
gramming semantics), its evolving and self-evolving features and finally the possibil-
ity of being used (by the macro language EAPs) as an action description language.
Thus, many of the features demanded above are already possessed by Evolp . A natu-
ral question is hence whether Evolp or, possibly, a slightly modified version of Evolp
is suitable for the above enounced purpose.

We start by examining which of the listed desirable features for ECA frameworks1

are not shared by Evolp .

First of all the semantics of Evolp proposed in Chapter 5 brings, in general, to

1namely: the capability to detect and react to basic and complex event, the capability to execute basic
and complex actions, the capability to represent and reason about knowledge, the capability of self
evolution, a declarative semantics, and the possibility of being combined with some action description
formalism
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several possible evolutions. This is a desirable feature when the goal is to reason about
the possible outputs of the execution of actions but the objective of ECA languages is
to execute actions rather than to simply reason about their effects. Moreover, unlike
ECA paradigms, Evolp does not provide mechanisms for specifying the execution of
external actions nor it has a formal notion of events in the sense of ECA formalism.

Nevertheless, it would be probably possible to introduce slight modifications to
Evolp in order to achieve these desired features without altering the basic structure
of the language. For instance, in [LS06] the authors explore the possibility to have
external actions to Evolp .

What, in our opinion, is the main shortcoming of Evolp is the lack of mechanisms
for specifying complex events or actions by combining simpler ones. In the last chapter
we defined EAPs has a language whose statements are sets of particular Evolp state-
ments. The definition of complex commands and statements by combining simpler
ones is claimed to be the driving approach to Evolp programming by its authors (see
[ABLP02]). However, there are in general no built-in facilities in Evolp allowing to
build such complex commands. In particular, there is not clear way for determining
the occurrence of events at different instants (or, more in general, of facts occurring at
different instants) nor for specifying the sequential execution of actions, nor finally, for
clustering a combination of actions into a single unit with a name. For instance, it is
not possible to assign a name to a combination of actions and to write simpler codes
by using that name in place of the original combination of actions. Moreover, these
limitations are not bound to Evolp but also to all the other languages for LP updates.

Hence, to overcome the limitations of both ECA and LP updates languages, we de-
fine a new ECA language incorporating complex events, external and complex actions,
and with the inference and evolving capabilities of Evolp . The new framework allows
to combine simpler events and actions into more complex ones by two distinct algebras
of operators. For these reasons the new framework is called ERA (after Evolving Reac-
tive Algebraic programs). The semantics of ERA is defined by means of an inference
system (specifying what conclusions are derived by a program) and of an operational
semantics (specifying the effects of actions). The former is derived from the refined se-
mantics for DyLPs [ABBL05]. The latter is defined by a transition system inspired by
existing work on process algebras. [Mil89, Hoa85, SJG96].

We show in Section 6.5.1 that every Evolp program (and thus every EAP program)
has a straightforward encoding in ERA preserving the semantics of the programs.
Hence ERA can be considered as an extension of Evolp and, moreover, ERA incor-
porates the action description formalism of EAPs.

The rest of the chapter is structured as follows: in Section 6.1.1 we introduce some
notation. Section 6.2 starts with an informal introduction to the language, presents its
constructs highlighting its main features and then proceeds to the formal definition of
the syntax of the language. Section 6.3 presents the semantics of ERA based on the
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notion of ERA system. This is done in two steps by first providing inference relations
on ERA systems (Section 6.3.3) and then providing a semantics for the execution of ac-
tions. Section 6.4.3 illustrates examples of complex actions that are used in the rest of
the chapter. Section 6.5 compares ERA to existing LP updates languages. In particular,
it provides an interpretation of Evolp programs as ERA programs. Section 6.6, instead,
compares ERA to other ECA formalisms. Finally Section 6.7 provides concluding re-
marks and trace the line for possible future work.

6.1.1 Notation

Since the concept of concatenating a program to a sequence will be extensively used in
the remainder, we introduce some specific notation to simplify the exposition.

Let ES be a sequence of programs and Ei a single program. By Ei.ES we denote
the sequence with head Ei and tail ES. If ES has length n. By ES..En+1 we denote the
sequence whose first n elements are those of ES and whose (n+1)th element is En+1. For
simplicity, we use the notation Ei.Ei+1.ES and ES..Ei..Ei+1 instead of Ei.(Ei+1.ES) and
(ES..Ei)..Ei+1, respectively, whenever this creates no confusion. Symbol null denotes
the empty sequence. Let ES be a sequence of n programs and i ≤ n a natural number,
by E i

S we denote the sequence of the first i elements of ES. Let P = P ′..Pi be a sequence
of programs and Ei a program, by P ]Ei we denote the sequence P ′..(Pi ∪Ei). Given
any tuple a = (a1, . . . ,an), of length n, by π(a)i we denote the i−th element ai of a. Given
any set V of tuples of length n, by Π(V )i we denote the i− th projection of V , i.e. the set
of elements occurring as the ith element of a tuple in V . Formally:

Π(V )i = {ai : (a1, . . . ,ai, . . . ,an) ∈V}

6.2 Outline and syntax of the language

Before the formal definition of ERA, we start here by informally introducing the var-
ious constructs of the language. As stated in the introduction, we aim at defining a
language exhibiting both the advantages of ECA languages (with active rules, complex
events and action) and of LP updates (with inference rules, possibility of declaratively
specifying self-updates). As such, expressions in an ERA programs are divided in rules
(themselves divided into active, inference and inhibition rules) and definitions (themselves
divided into event and action definitions).

Active rules are as usual in ECA languages, and have the form (6.1), i.e.

On Event If Condition Do Action

where Event is a basic or a complex event expressed in an event algebra, Condition is a
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conjunction of (positive or negative) literals and Action is a basic or a complex action.
Inference rules are LP rules (possibly with default negation in the head).

Finally, ERA also includes inhibition rules of the form:

When B Do not Action

where B is a conjunction of literals and events. Such an expression intuitively means:
when B is true, do not execute Action. Inhibition rules are useful for updating the
behavior of active rules. If the inhibition rule above is asserted all the rules with Action

in the head are updated with the extra condition that B must not be satisfied in order
to execute Action.

ERA allows to combine basic events to obtain complex ones by an event algebra.
The operators we use are similar to the Snoop algebra (see [AC03]) : 4, 5, A, not .
Intuitively, e14 e2 occurs at an instant i iff both e1 and e2 occur at i; e15 e2 occurs at
instant i iff e1 or e2 occurs at instant i; not e occurs at instant i iff e does not occur at
instant i; A(e1,e2,e3) occurs at the same instant of e3, in case e1 occurred before, and e2

did not occur in the middle. This operator is very important since it allows to combine
(and reason with) events occurring at different time points.

Actions can also be basic or complex, and they may affect both the stored knowl-
edge (internal actions) or the external environment. Basic external actions are related
to the specific application of the language. Basic internal actions are for adding or re-
tracting facts and expressions i.e. inference, active or inhibition rules and definitions
of actions and events (see more on these definitions below) of the form assert(τ) and
retract(τ), respectively, and for raising basic events, of the form raise(e). There is also an
internal basic action skip that has no effect but is nevertheless useful for defining com-
plex actions. Complex actions are obtained by applying algebraic operators on basic
actions. Such operators are: ., ‖, IF , the first for executing actions sequentially, and the
second for executing them concurrently. Executing IF(C ,a1,a2) amounts to execute a1

in case C is true, and to execute a2 otherwise.
To improve the modularity of the language, ERA allows for event and action defini-

tion expressions. These are of the form, respectively, enam is e and anam is a, where enam

(resp. anam) is an atom representing a new event and e (resp. a) is an event (resp. an
action) obtained by the event (resp. action) algebra above. It is also possible to use
defined events (resp. actions) in the definition of other events (resp. actions).

To better motivate and illustrate these various constructs of the language ERA, in-
cluding how they concur with the features mentioned in the introduction, we present
now an example from the domain of monitoring systems.

Example 6.2.1 Let us consider an (ECA) system for managing electronic devices in a building,
e.g. the phone lines and the fire security system. The system receives inputs such as signals of
sensors and messages from employees and administrators, and can activate devices like electric
doors or fireplugs. Sensors alert the system whenever an abnormal quantity of smoke is found.
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If a (basic) event 2 alE(S) , signaling a warning from sensor S occurs, the system opens all the
fireplugs Pl in the floor Fl where S is located. This behavior is encoded by the active rule:

On alE(S) If f loor(S,Fl), f irepl(Pl), f loor(Pl,Fl) Do openA(Pl) (α)

In addition to the one encoded by rule α, another reactive behavior is required when the
signals are given by several sensors. If two signal events alE(S1), al(S2) occur without a
stop_alertE(S1) event (signaling that the alert coming from S1 extinguished) occurring in the
meanwhile, the event alert2E(S1,S2) occurs3. Event alert2E(S1,S2) is defined as follows:

alert2E(S1,S2) is A(alE(S1),alE(S2),stop_alertE(S1))5 (alE(S1)4alE(S2)).

The event A(alE(S1),alE(S2),stop_alertE(S1)) occurs if first alE(S1) occurs, then alE(S2)
occurs and stop_alertE(S1) does not occur at any instant between alE(S1) and alE(S2) or,
alternatively if alE(S1) and alE(S2) occur at the same instant.

Whenever event alert2E(S1,S2) occurs and the sensors S1 and S2 are located in different
rooms, the system reacts by executing the complex action f ire_alarmA. This is encoded by the
following active rule:

On alert2E(S1,S2) If not same_room(S1,S2) Do f ire_alarmA.

where the literal not same_room(S1,S2) is true iff the sensors S1 and S2 are located in different
rooms. The truth value of same_room(S1,S2) is determined by the inference rule

same_room(S1,S2)← room(S1,R),room(S2,R).

where the atom room(S,R) is true iff the sensor S is located in the room 4 R.

The action f ire_alarmA applies a security protocol: All the doors are unlocked (by the basic
action opendoorsA) to allow people to leave the building. At the same time, a phone call is
sent to a firemen station (by the action f irecallA). Then the system cuts the electricity in the
building (by action turnA(elect,o f f )). Actions opendoorsA and f irecallA can be executed si-
multaneously, but turnA(elect,o f f ) has to be executed after the electric doors have been opened
and the fireman station have been called, i.e. after opendoorsA and f irecallA have been exe-
cuted. The action f ire_alarmA is hence defined as follows.

f ire_alarmA is (opendoorsA‖ f irecallA). turnA(elect,o f f ).

We provide now an example of evolution. More formal details of how to update an ERA

2In the sequel, we use names of atoms ending in E to represent events, and ending in A to represent
actions.

3If, instead, S2 occurs before S1, the event alert2E(S2,S1) occurs.
4The KB of the system may take note of which sensor is located in which room by a database of facts

of the form room(s,r) relating each sensor s to its location room r.
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system are given in Section 6.3. At some point, the administrators decide to update the behavior
of the system in such a way that, from then onwards, when a sensor S raises an alarm, only the
fireplugs in the room R where S is located is opened. This update to the behavior of the system
is encoded by asserting the following inhibition rule:

τ : When alE(S),room(S,R),not room(Pl,R) Do not openA(Pl).

When τ is asserted, if alE(S) occurs in room R, any fire plug Pl which is not in R is not opened,
even if Pl and S are on the same floor.

Let us assume, also, that the update at the behavior encoded by the inhibition rule τ is
supposed to be done at time t. Assuming that the system has an internal clock and that the
event clockE(t) occurs at time t, it is sufficient to assert the following active rule:

On c lockE(t) If true Do assert(τ).

The rule above is an example of a rule that should be triggered only once. It would be more
efficient to delete this kind of rules after they exhaust their function. In Section 6.4.3 we will
examine how to write rules that retract themselves after being triggered.

After the informal presentation above, we formally define the syntax of ERA.

Definition 57 Let L , EB, Enam, AX and Anam be disjoint sets of atoms called: condition al-
phabet and set of, respectively, basic events, event names, external actions, action names,
and let L, eb, enam, ax and anam be generic elements of, respectively, L , EB, Enam, AX and Anam.

The set of positive events (denoted E) over EB, and Enam consists of the atoms form:

ep ::= eb | e14 e2 | e15 e2 | A(e1,e2,e3) | enam.

where e1,e2,e3 are generic elements of E . An event over E is any literal over E . A negative
event over E is any literal of the form not ep.

A basic action ab over E ,L ,AX ,Anam is any atom of the form:

ab ::= skip | ax | raise(eb) | assert(τ) | retract(τ).

where τ is any ERA rule, action or event definition over LERA.
The set of actions A over E ,L ,AX ,Anam is the set of atoms a of the form:

a ::= ab | a1 .a2 | ‖(A) | IF(C ,a1,a2) | anam

where a1 and a2 are arbitrary elements of A , A is any subset of A and C = (C1, . . . ,Cn) is any
conjunction of literals 5 over E ∪L .

5The round parentheses are used to avoid confusion between the elements of C and actions a1, a2.
We drop the parentheses whenever C is a single literal.
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The ERA alphabet LERA over L , EB, Enam, AX and Anam is the triple E ,L ,A . Let e and
a be arbitrary elements of, respectively, E and A , Body any set of literals over L , B any set of
literals over LERA and Cond any set of literals over L ∪A .

• An ERA expression is either an ERA definition or an ERA rule.

• An ERA definition is either an event definition or and action definition.

• An event definition over LERA is any expression of the form enam is e.

• An action definition over LERA is any expression of the form anam is a.

• An ERA rule is either an inference, active or inhibition rule over LERA.

• An inference rule over LERA is any rule of the form L← Body.

• An active rule over LERA is any rule of the form On e If Cond Do a.

• An inhibition rule over LERA is any rule of the form When B Do not a.

• An ERA program over LERA is any set of ERA expressions over LERA.

• A dynamic ERA program over LERA is any sequence of ERA programs over LERA.

• An ERA input program over LERA, is any set of ERA expressions over LERA, actions
or basic events.

In the actions and events definitions of the form

enam is e. anam is a.

both enam and anam are the heads of the definitions, while e and a are the bodies of the
definitions.

In the following, as a convention, all the elements of Enam will end with suffix E and all
the elements of Anam will end with suffix A.

If a is a complex action obtained from b and other actions by the operators above we
say that b is a sub action of a. Given a finite set of actions {a1, . . .an} for the sake of sim-
plicity we use the notation ‖(a1, . . . ,an) instead of notation ‖({a1, . . .an}) and notation
a1‖a2 in place of notation ‖(a1,a2) whenever this creates no ambiguity.

If necessary, we use round parentheses to specify precedence among the operators.
Given n actions a1,a2, . . . ,an, to simplify the notation we use the expression a1 .a2 . . . . .

an instead of a1 . (a2 . . . . .an) . . .).
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6.3 The Semantics of ERA

The defined syntax allows to program reactive systems, hereafter called ERA systems.
An ERA system has, at each moment, an ERA dynamic program describing and de-
termining its behavior, receives input (called input program) from the outside, and acts.
The actions determine both the evolution of the system (by e.g. adding a new ERA
program to the running sequence) and the execution in the external environment. As
anticipated in the definition of the syntax, an input program Ei, over an alphabet LERA,
is any set of ERA expressions over LERA or basic events or finally actions of LERA.
At any instant i, an ERA systems receives a, possibly empty, input program6 Ei. The
sequence of programs E1, . . .En denotes the sequence of input programs received at
instants 1, . . . ,n. A basic event eb occurs at instant i iff the fact eb belongs to Ei.

Since a complex event can be obtained by composing basic events that occurred
in distinct time instants (viz., when using operator A), for detecting the occurrence of
complex events it is necessary to store the sequence of all the received input programs.
Formally, an ERA system S is a triple of the form (P ,EP,Ei.EF) where P is an ERA
dynamic program, EP is the sequence of all the previously received input programs
and Ei.EF is the sequence of the current (Ei) and the future (EF ) input programs. As
it will be clear from Sections 6.3.2 and 6.3.3, the sequence EF does not influence the
system at instant i and hence no “look ahead" capability is required. However, since a
system is capable (via action raise) of autonomously raising future events, future input
programs are included as “passive" elements that are modified as effects of actions (see
rule (6.4)).

The semantics of an ERA system specifies, at each instant, which conclusions are
derived, which actions are executed, and what are the effects of those actions. Given
a conclusion B, and an ERA system S , S `e B denotes that S derives B (or that B is
inferred by S ) under an inference system taking into account the occurrence of events.
The definition of `e is to be found in Section 6.3.2.

At each instant, an ERA system S concurrently executes all the actions ak such that
S `e ak. As a result of these actions an ERA system transits into another ERA system.
While the execution of basic actions requires one transition, complex actions may in-
volve the execution of several basic actions in a given order and hence require several
transitions to be executed. For this reason, the effects of actions are defined by tran-
sitions of the form < S ,A >7→G< S ′,A′ > where S ,S ′ are ERA systems, A,A′ are sets of
actions and G is a set of basic actions. The basic actions in G are the first step of the ex-
ecution of the set of actions A, while the set of actions A′ represents the remaining steps
to complete the execution of A. For this reason, A′ is also called the set of residual actions
of A. The transition relation 7→ is defined by a transition system in Section 6.3.3. At
each instant an ERA system receives an input program, derives a new set of actions AN

6ERA adopts a discrete concept of time, any input program is indexed by a natural number repre-
senting the instant at which the input program occurs.
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and starts to execute these actions together with the residual actions not yet executed.
As a result, the system evolves according to the transition relation 7 →. Formally:

AN = {ak ∈ A : S `e ak} ∧ < S ,(A∪AN) >7→G< S ′,A′ >
< S ,A >→G< S ′,A′ >

(6.2)

Having defined a one-step transition from a couple < S ,A > to a couple < S ′,A′ >,
the transition in i steps from < S ,A > to a couple < S ′,A′ > is defined as the i-th iteration
of the transition 7→G leading from < S ,A > to a couple < S ′,A′ >.

Definition 58 Let S , S ′ and S ′′ be ERA systems and G, A, A′ A′ be sets of actions. For any
natural number i, the transition operator 7→i leading < S ,A > into < S ′,A′ > is defined as
follows.

< S ,A >7→0< S ,A >

< S ,A >7→i< S ′,A′ >⇔ ∃ (S ′′,A′′,G) t.c.

< S ,A >7→G< S ′′,A′′ > ∧
< S ′′,A′′ >7→i−1< S ′,A′ >

So far, we have considered the syntax and semantics of ERA systems without vari-
ables. However, ERA systems written for managing practical situations will always
contain variables. A non-ground ERA system is an ERA system whose literals (either
event, action or normal literals) are non ground (i.e. contain variables). See Section 2.2
for more details on non ground literals. The semantics of a non ground ERA system
S is given by the semantics of the grounded version of S , i.e. the ERA system obtained
from S by substituting in all possible ways each of the variables of in S by elements of
its Herbrand universe.

6.3.1 Inferring conclusions on DyLPs

In the following, a conclusion over an alphabet L is any set of literals over L . An
inference relation ` is a relation between a DyLP and a conclusion. The notation P `
B means that the conclusion B is inferred (or derived) from P or, alternatively, that
P infers (or derives) B. A notion of inference is strictly linked to the meaning of a
program, i.e. to its semantics. Different choices of the basic semantics lead to different
inference relations. We present here three possible notions of inference.

Well founded-based inference relation. If the basic semantics for DyLPs is the well
founded semantics of Chapter 4, then the most natural inference relation (de-
noted by `WF ) is the one deriving every conclusion that is true according to the
well founded model of the considered DyLP. Formally:

P `WF B ⇔ B ⊆ WFDy(P )

7Note that transition relation 7→ defines the effect of the execution of a set of actions, while→ defines
the global evolution of the system.
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Refined semantics-based inference relation: cautious reasoning. Given a DyLP P
with a unique refined model M and a conclusion B, it is natural to define an
inference relation ` as follows: P ` B ⇔ B⊆M (B is derived iff B is a subset of the
unique refined model). However, in the general case of programs with several
refined models, there could be several reasonable ways to define such a relation.
A possible choice is to derive a conclusion B iff B is a subset of the intersection of
all the refined models of the considered program. Formally:

P `∩ B ⇔ B⊆M ∀ M ∈ RS(P )

where R S(P ) is the set of all refined models of P . This choice is called cautious
reasoning.

Refined semantics-based inference relation: brave reasoning. Another possibility is
to select one model M (by a selecting function Se) and to derive all the conclusions
that are subsets of that model. Formally:

P `Se B ⇔ B⊆ Se(R S(P ))

This choice is called brave reasoning. Note that `Se also depends from the chosen
selecting function Se.

In the following, in the context of DyLPs, whenever an inference relation ` is men-
tioned, we assume that ` is any one of the relations defined above.

6.3.2 Inferring conclusions on ERA systems

The inference mechanism of ERA is derived from the semantics for DyLPs described
in Chapters 3 and 4. We just provided three distinct ways to define an inference rela-
tion ` between a DyLP and a conclusion on the basis of either the refined or the well
founded semantics for DyLPs. In the following we show how such an inference rela-
tion ` defined on DyLPs, is extended to ERA systems in order to include conclusions
involving the occurrence of events. The new, extended, inference relation is denoted
`e. Accordingly, we denote by, respectively, `∩ e, `WF e and `Se e the inference relations
obtained by extending, respectively, `∩, `WF and `Se.

Let S = (P ,EP,Ei.EF) be an ERA system over the alphabet LERA : (E ,L ,A), with
EP = E1. · · · .Ei−1.null. For any positive integer m < i, let S m be the ERA system8

(P m,Em−1
P ,Em.null). Sequence EF represents future input programs and is irrelevant

for the purpose of inferring conclusions in the present, and sequence EP stores previ-
ous events, and is only used for detecting complex events. The relevant expressions,
hence, are those in P and Ei. As a first step we reduce to LP rules the expressions of

8We recall that, for any DyLP P , P m is the sequence of the first m updates of P
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these programs. An event definition associates an event e to a new atom enam. This is
encoded by the rule enam ← e. Action definitions, instead, specify what are the effects
of actions and hence are not relevant for inferring conclusions. Within ERA, actions are
executed iff they are inferred as conclusions. Hence, active (resp. inhibition) rules are
replaced by LP rules whose heads are actions (resp. negation of actions) and whose
bodies are the events and conditions of the rules. In this section we show how the
inference relation `, just defined on DyLPs, is extended to ERA systems in order to
include conclusions involving the occurrence of events.

Formally: let P R and ER
i be the DyLP and GLP obtained by P and Ei by deleting

every action definition and by replacing:

every rule On e If Condition Do Action. with Action←Condition,e.

every rule When B Do not Action with not Action← B.

every definition enam is e. with enam ← e.

Basically events are reduced to ordinary literals. Since events are meant to have special
meanings, we encode these meanings by extra rules. Intuitively, operators 4 and 5
stands for the logic operators ∧ and ∨. This is encoded by the following set of rules

ER(E) :4(e1,e2)← e1,e2. 5 (e1,e2)← e1. 5 (e1,e2)← e2. ∀ e1,e2,e3 ∈ E

Event A(e1,e2,e3) occurs at instant i iff e2 occurs at instant i, e1 occurred in some previ-
ous instant, and e3 did not occur in the meanwhile. This is formally encoded by the set
of rules AR(S , i) defined as follows9:

AR(S , i) =

{
A(e1,e2,e3)← e2 s.t. e1,e2,e3 ∈ E ∧
∃ m < i s.t. S m `e e1∧ ∀ j : m < j ≤ i, S j 6`e e3

}

The sets of rules ER
i , ER(E) and AR(S , i) are added to P R and conclusions are derived

by the inference relation ` applied on the obtained DyLP10.

Definition 59 Let ` be an inference relation defined as in Section 6.3.1, S , P R, ER
i , ER(E),

AR(S , i) be as above and K be any conclusion over E ∪L ∪A . Then:

S = (P ,EP,Ei.EF) `e K ⇔ P R]Ev(S , i) ` K

where
Ev(S , i) = ER

i ∪ER(E)∪AR(S , i)

9The definition of AR(S , i) involves relation `e which is defined in terms of AR(S , i) itself. This mutual
recursion is well-defined since, at each recursion, AR(S , i) and `e are applied on previous instants until
eventually reaching the initial instant (i.e. , the base step of the recursion)

10The program transformation above is functional for defining a declarative semantics for ERA, rather
than providing an efficient tool for an implementation. For that, specific algorithms for event-detection
clearly seem to provide a more efficient alternative.

155



6. EVOLVING REACTIVE ALGEBRAIC PROGRAMS 6.3. The Semantics of ERA

In this chapter `e will denote the chosen inference relation. As the reader may notice,
we specified no rules for operator not . These rules are not needed since event (literal)
not ep is inferred by default negation whenever there is no proof for ep.

The following proposition formalizes the intuitive meanings of the various opera-
tors provided in Section 6.2.

Proposition 6.3.1 Let S be as above, eb, a basic event, ep a positive event, enam an event name
and e1,e2,e3 three events, the following double implications hold:

1 S `e eb ⇔ eb ∈ Ei

2 S `e e14 e2 ⇔ S `e e1 ∧ S `e e2.

3 S `e e15 e2 ⇔ S `e e1 ∨ S `e e2.

4 S `e enam ⇔ S `e e ∧ enam is e ∈ P
5 S `e A(e1,e2,e3) ⇔ S `e e2∧ ∃ m < i s.t. S m `e e1∧

∀ j s.t. m < j ≤ i : S j 6`e e3.

6 S `e not ep ⇔ S 6`e ep.

The inference relation `e may be defined in terms of any of the underlying infer-
ence relations on DyLPs `Se, `∩ or `WF . By Proposition 6.3.1 it follows that, for any
event e, to establish weather S `e e or not, the choice of the underlying inference re-
lation on DyLPs is irrelevant. Indeed, by statement 1, a basic event eb is inferred iff it
belongs to the current input program Ei. This clearly does not depend from the choice
of the underlying inference relation on DyLPs. By statements 2− 6, the occurrence of
a complex event e solely depends on the occurrence of its sub events. Hence, by in-
duction, we conclude that the choice of the underlying inference relation on DyLPs is
irrelevant for determining the occurrence of e. Hence, for the sake of deriving events,
it does not matter what is the basic inference relation. Note that this is not, in general,
the case for a literal L.

6.3.3 Execution of actions

The effect of the concurrent execution of a set of actions is determined by combining
the effects of the single actions in A. The effect of the execution of a single action is
determined by transitions of the form

< S ,a >7→G< S ′,a′ >

where a and a′ are actions and a′ is the residual action of a. Transition rules 6.11 and
6.12 determines how to combine these effects.

The effects of basic actions on the current ERA program are defined by the updating
function up/2. Let P be an ERA dynamic program and A a set of, either internal or
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external, basic actions. The output of function up/2 is the updated program up(P ,A)
obtained in the following way: First delete from P all the rules and definitions retracted
according to A; then update the obtained ERA dynamic program with the program
consisting of all the rules and definitions asserted according to A. Formally :

DR(A) = {τ : assert(τ) ∈ A}
R(A) = {τ : retract(τ) ∈ A}
up(P ,A) = (P \R(A) )..DR(A)

Let eb be any basic event, and ai an external action or an internal action of the form:
assert(τ) or retract(τ). On the basis of function up/2 above, we define the effects of
(internal and external) basic actions. At each transition, the current input program
Ei is evaluated and stored in the sequence of past events, and the subsequent input
program in the sequence EF becomes the current input program. The only exception
involves action raise(eb) that adds eb in the subsequent input program Ei+1. When an
action a is completely executed its residual action is 0 where 0 is a termination action
not belonging to the free grammar of definition 57 and representing the termination of
the actions. Unlike other actions, there exists no transition rule for 0. The termination
action 0 must not be confused with the skip action. As an effect of the execution of
skip the current input program is consumed and the next input program is examined
(see transition rule 6.3). Intuitively, the effect of an action skip (assuming that no other
action is executed concurrently) is to wait for the next set of inputs.

The execution of an action may also terminate because there are no transition rules
applicable to it. An action which has an applicable transition rule is said to be exe-
cutable while an action (different from 0) which has no applicable rule is said to be non
executable. In general, since a transition rule is always applied to a couple of an ERA
system and an action, an action is executable or not depending on the related ERA
system on which it is to be executed.

Any basic action ab (unlike complex ones) is completely executed in one step, and
so it has no residual actions. Note that, according to definition 57, 0 is not a basic
action).

< (P ,EP,Ei.EF),skip > 7→ /0 < (P ,EP..Ei,EF),0 > (6.3)

< (P ,EP,Ei.Ei+1.ES),raise(eb) > 7→ /0 < (P ,EP..Ei,(Ei+1∪{eb}).EF),0 >

(6.4)

ab = assert(τ) ∨ ab = retract(τ) ∨ ab ∈ AX

< (P ,EP,Ei.EF),ab >7→{ab}< (up(P ,{ab}),EP..Ei,EF),0 >
(6.5)

Note that, although external actions do not affect the ERA system, as they do not affect
the result of up/2, they are nevertheless observable, since they are registered in the set
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of performed actions (cf. rule 6.5).

Unlike basic actions, generally the execution of a complex action involves several
transitions. Action a1 . a2 consists of first executing all basic actions for a1, until the
residual action is 0, then execute all the basic actions for a2. Formally:

< S ,a1 >7→G< S ′,a′1 > ∧ a′1 6= 0
< S ,a1 .a2 >7→G< S ′,a′1 .a2 >

< S ,a1 >7→G< S ′,0 >

< S ,a1 .a2 >7→G< S ′,a2 >
(6.6)

The execution of IF(C ,a1,a2) amounts to the execution of a1 if the system infers C ,
or to the execution of a2 otherwise. Formally:

S `e C ∧<S ,a1 >7→G1 <S ′,a′1 >

< S , IF(C ,a1,a2) >7→G1< S ′,a′1 >
(6.7)

S 6`e C ∧< S ,a2 >7→G2< S ′′,a′′2 >

< S , IF(C ,a1,a2) >7→G2< S ′′,a′′2 >
(6.8)

Let us consider an ERA system S = (P ,EP,Ei.EF) with P = P1 . . .Pn, and let d be the
action definition

anam is ak.

By abuse of notation, by d ∈ S we mean either d ∈ Pj for some index j or d ∈ Ei.
The execution of action anam, where anam is defined by one or more action definitions,
corresponds to the executions of any action ak such that anam is ak belongs to S (this last
transition rule introduces a source of non determinism in the transition system, since
there could be several definitions and each of them correspond to a possible transition).
Formally:

anam is ak. ∈ S ∧ < S ,ak >7→G <S ′,a′k >

< S ,anam >7→G <S ′,a′k >
(6.9)

Note that it is not always guaranteed that an action name has a transition rule.
This is the case, for instance, when there are no action definitions whose head is the
considered action name.

The argument of the parallel execution operator ‖ is a set of actions A. The parallel
execution of a set of actions is defined in terms of the execution of the various elements
of the set. Given an ERA system S , the execution of ‖(A) is the concurrent execution
of all the actions ak in A. Since, in general, an action ak in A may have more than one
transition, it is necessary to select one transition of the form

< (P ,EP,Ei.Ei+1.EF),ak >7→Gk< (Pk,EP..Ei,∆k.EF),a′k >
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for each executable action ak.

Ultimately, the the execution of ‖(A) is a transition of the form

< (P ,EP,Ei.Ei+1.EF),‖(A) >7→G< up(P ,G),EP..Ei,E ′i+1.EF ,a′ >

where G is the union of the basic sets of actions Gk for any action ak in A, up(P ,G) is
the ERA dynamic program resulting by concurrently executing 11 all the basic actions
in G, E ′′i+1 is the input program obtained by union of all the new input programs given
by the execution of all the actions12 aks, and finally a′ is ether the action ‖(A′) where A′

is the set of all the residual actions a′ks (different from 0) or the success action 0 if all the
actions in A has 0 as residual action. Formally:

X ⊆ {(ak,Gk,∆k,a′k) : ak ∈ A ∧
< (P ,EP,Ei.Ei+1.EF),ak >7→Gk< (Pk,EP..Ei,∆k.EF),a′k >}

∧ ∀ x,y ∈ X : x 6= y ⇒ π(x)1 6= π(y)1

∧ Π(X)1 = A ∧ G =
S

Π(X)2 ∧
E ′i+1 = Ei+1∪∆ ∧ ∆ =

S
Π(X)3 : ∧ A′ = Π(V )4

< (P ,EP,Ei.Ei+1.EF),‖(A) >7→G< up(P ,G),EP..Ei,E ′i+1.EF ,succ(‖(A′)) >

(6.10)

where

succ(‖(A′)) = ‖(A′ \{0}) i f A′ \{0} 6= /0 succ(‖(A′)) = 0 i f A′ \{0}= /0

Having defined the parallel execution ‖(A) of a set of actions A, it is quite easy to
define the execution of the set A as required by transition rule 6.2. While the parallel
execution operator ‖(A) requires that all the actions of A are executed (and hence that
all the action must be executable), when a set of actions is executed non executable
actions are simply discarded. Apart from that, executing a set of actions A has the same
effect of executing the action ‖(A), with the difference that the residual of a partially
executed set of actions A is the set of the residual actions A′ for each executable action
in A. Formally:

AN = {a | a ∈ A ∧ 6 ∃ G′,S ′,a′ :
< S ,a >7→G′< S ′,a′ >}

∧ B = A\AN ∧ < S ,‖(B) >7→G< S ′,‖(B′) >

< S ,A >7→G< S ′,B′ >
(6.11)

11Note that up/2 takes as argument a set of basic actions.
12Note that this set is always a superset of Ei+1, even if the subset K of executable actions of A is empty.
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AN = {a | a ∈ A ∧ 6 ∃ G′,S ′,a′ :
< S ,a >7→G′< S ′,a′ >}

∧ B = A\AN ∧ < S ,‖(B) >7→G< S ′,0 >

< S ,A >7→G< S ′, /0 >
(6.12)

As it results from transition rule 6.2, the execution of a set of actions occurs when
several actions are triggered, at the same instant by different reactive rules. Accord-
ing to transition rules 6.11 and 6.12 non executable actions are discarded. A possible
alternative choice would have been to include the non-executable actions in the set of
residual actions A′ and let the system try to execute them again.

In case of this second option an action would never be discarded, the system would
attempt to execute it until, possibly, it would succeed. Since actions are constantly
generated by active rules, the result could be a permanent and constantly growing ac-
cumulation of actions. In order to prevent this possibility, the transition system was
designed for discarding non executable actions. Moreover, also the possibility that,
ultimately, an action succeeds a considerable amount of time after it was supposed to
be executed is not so much desirable. For instance, the action might succeed several
days after it has been triggered since the KB of the system was updated in a way that
matches the conditions required by the action, but, after so much time, also the condi-
tions determining the execution of that action may have changed in such a way that
the execution of the action is no longer required or even undesirable. Even worse is
the possibility that, in the meanwhile, the definition of the action, or of some of its sub
actions, have been updated, resulting in the execution of an action different from the
one expected.

As it comes from the rules above, the definition of concurrent execution of actions
in ERA does not rely on any concept of serialization. Actions are (at least at a semantic
level) truly concurrently executed. Indeed, actions may have three different effects.
Namely: to update the system, to rise new events, or to modify the external environ-
ment (by external actions). Semantically, internal updates are defined by function up/2
which is defined over an ERA dynamic program and a set of basic actions, while the
raised events are added to the next input program and are then processed concurrently.
No serialization is then needed for this kind of actions. Finally, the description and ex-
ecution of external actions does not belong to the semantics of ERA, since the meaning
and effects of these actions depend on the application domains. Specific applications
may require some notion of serialization for external actions (for instance, messages
sent over the same communication channel are sent one by one).
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6.4 Remarks

Before comparing ERA with other approaches in Sections 6.5 and 6.6, we make some
remarks on specific aspects of the language that deserve a closer look.

6.4.1 Failure of actions

We have already seen that actions are divided into executable and non executable. It
is not possible to establish whether an action is executable without referring to the
underlying ERA system, in particular to the set of action definitions.

An action may be non executable only in case its execution would require the exe-
cution of some action name with no related applicable action definition. The simplest
example of non executable actions are action names for which there exists no action
definition whose body is executable. By convention, the action name f ailA is never in
the head of any action definition. Hence f ailA is never executable. The action f ailA can
be used to abort the execution of the action or to prune some of the possible executions.
Other examples of non executable actions involve actions whose definition is recur-
sive. For instance, the action names aloop, aloop1, aloop2 that are head of the following
actions definitions:

aloop is aloop. aloop1 is aloop2. aloop2 is aloop1.

are not executable.

6.4.2 Concurrent execution of actions

In ERA, when a set of concurrent actions is executed, all the actions in the set are
executed in the same instant. This happens, in particular, for the internal basic actions of
the form assert(τ) and retract(τ) that modify the dynamic ERA program of the system.
The semantics of the concurrent execution of these actions is given by the function
up/2 defined in Section 6.3.3 taking as arguments a dynamic ERA program P and a set
of actions A and determining the new ERA system P ′. In practice the function up/2
deletes from P all the rule τ such that retract(τ) belongs to A and update P with the
ERA program P consisting of all the ERA expressions τ such that assert(τ) belongs to
A. It is important to notice that, in general, the concurrent execution of actions is not
equivalent to any sequential execution of the same actions. This is the result of the
underlying DyLP semantics of ERA.

Given a DyLP P and an update U , it is not always possible to find a sequence of
single rule updates U = U1, . . . ,Un such that

S
Ui = U , any Ui consists of a single rule

and P ⊕U is update equivalent to P ⊕U . The reason for this, lies in the potential
presence of conflicting rules in P . We provide a simple example of this fact. Let P be
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the following single update DyLP P, Q and K the following programs:

P d.

b← not c.

c← not b.

Q τ1 : not a.

τ2 : a← b.

K τ1 : not a.

τ3 : a.

The DyLP P,Q has the single refined model {d,c,not a,not b} since the pair of rules in Q

imposes a constraint that b must be false in in order to preserve consistency. The well
founded model of P,K is, instead, the paraconsistent interpretation {a,not a,d}.

Let Q = Q1,Q2 , Q ′ = Q2,Q1, K = Q1,Q3 , K ′ = Q3,Q1 be DyLPs with:

Q1 : τ1 Q2 : τ2 Q3 = τ3

The DyLP P.Q has two refined models: {d,not a,not b,c} and {d,a,b,not c}. Indeed, if
c is true and b is false, the rule τ2 is not supported and hence a is not derived. On the
other side, if b is true and c is false, the rule in τ2 rejects τ1 and derives a.

Also P.Q′ has two refined models: {d,c,not b,not a} and {d,b,not c,not a}, since the
rule in τ1 always rejects τ2.

On the other side, the well founded model of P.K is {d,a}, since τ3 rejects τ1, while
the well funded model of P.K ′ is {d,not a}, since τ1 rejects τ3,

Coming back to ERA, if the DyLP P in the example above is the current KB of the
system, the concurrent execution of assert(τ1) and assert(τ2) leads to the new KB P,Q,
and the concurrent execution of assert(τ1) and assert(τ4) leads to the new KB P,K.

The sequential execution of first assert(τ1) and then assert(τ2) leads, instead, to the
KB P.Q , and the sequential execution of first assert(τ2) and then assert(τ1) leads to the
KBs P.Q ′. The sequential execution of first assert(τ1) and then assert(τ3) leads to the KB
P.K , and the sequential execution of first assert(τ3) and then assert(τ2) leads to the KBs
P.K ′.

Depending on the chosen underlying inference relation (see Sections 6.3.1 and
6.3.2), the KBs P,Q and P,K infer different conclusions from, respectively, P.Q , P.Q ′

and P.K , P.K ′.

Indeed, if the underlying the inference relation is `∩ we have:

P,Q `∩ c P.Q 6`∩ c P.Q ′ 6`∩ c

since both P.Q and P.Q ′ have two refined models, one where c is true and another
where c is false.
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If the underlying inference relation is `Se we have:

P,Q `Se c

P.Q `Se c ⇔ c ∈ Se(R S(P.Q )
P.Q ′ `Se c ⇔ c ∈ Se(R S(P.Q ′)

where Se(R S(P.Q ) and Se(R S(P.Q ′) are the selected refined models of, respectively
P.Q and Q ′. The KB P,Q always infers c since it has one refined model where c is true,
while P.Q and P.Q ′ infers c iff the selected refined model is the one where c is true.

Finally, if the underlying inference relation is `WF we have:

P,K `WF not a ∧ P,K `WF a

P.K 6`WF not a ∧ P.K `WF a

P.K ′ `WF not a ∧ P.K ′ 6`WF a

In all the three cases above, none of the KBs obtained by sequentially executing
the actions above is semantically equivalent to the one obtained by their concurrent
executions. The example clarifies that, in order to capture the full expressivity of the
DyLP paradigm, the choice of allowing the concurrent execution of basic actions is
mandatory.

6.4.3 Examples of frequently used complex actions

We define here some complex actions whose usage occurs in the rest of the chapter.

Self killing rules

An interesting application of the action algebra of ERA is the possibility to write active
rules that retract themselves after they have been triggered. Such a self killing rule is
written as follows :

On E If Cond Do A. sel f killA(E,Cond,A).

where E,Cond,A are the usual event, condition and action and sel f killA(E,Cond,A) is
the action defined in the following way:

sel f killA(E,Cond,A) is retract( On E If Cond Do A. sel f killA(E,Cond,A)).

When event E occurs and Cond is satisfied, then A is executed. If A succeeds, then
action sel f killA(E,Cond,A) is executed, and its effect is to retract the rule itself. Note
that, by relying on action definitions, it is possible to write a self referring rule which is
something usually impossible since a finite syntactic formula cannot contain itself as a
sub formula .
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A rule that retracts itself after executing an action is always only triggered once. In
the following we will use the expression

On E If Cond Once A. sel f killA.

instead of
On E If Cond Do A. sel f killA(E,Cond,A).

Complex actions defined by raising events

One way for defining a complex actions anam is to rely on active rules by raising events.
An action defined in this way has an action definition of the form

anam is aE

where aE is an event name. The event aE triggers one or active more rules of the form

On aE If Cond Do a.

One useful usage of this kind of action within non ground ERA programs is when an
action is intended to be executed on all its instances matching some conditions.

For instance, the action send_mailA(M,Class), sending an email M to all the student
of a Class, is defined as follows.

send_mailA(M,Class) is raise(send_mailE(M,Class)).

On send_mailE(M,Class) If student(S,Class) Do mailA(M,S).

where the condition student(S,Class) is satisfied iff S is a student of the class S.
When the action send_mailA(m,class) is executed 13 the event send_mailE(m,class)

is raised and all the rules of the form

On send_mailE(m,class) If student(s,class) Do mailA(m,s).

for which the condition student(s,class) is satisfied are triggered and the corresponding
action mailA(m,s) is executed. We shall see an usage of this way of defining actions in
Section 6.5.4.

6.5 Comparisons to other updates languages

The language ERA is a bridge between LP updates languages and ECA languages. It is
therefore important to understand its relationship to these two categories of languages.

13Here the arguments M and Class are instantiated.
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We opted for a detailed and formal comparison with Evolp [ABLP02] and more infor-
mal comparisons to other existing LP update languages (more precisely with LUPS

[APPP02], EPI [EFST01], KUL [Lei03], and KABUL [Lei03]). This choice was made in
order to spare the reader to lengthy proofs of correctness of transformation from each
of these languages into ERA, all of which quite similar amongst themselves, and not
much different from the one of Evolp which is included in the corresponding formal
comparison. Nevertheless, we illustrate how it is possible to encode programs in each
of these other languages in ERA, and provide intuitions on how these encodings work.

6.5.1 Relationship with Evolp

As anticipated in Section 6.1, although using a slightly different syntax, ERA has been
thought as an extensions of Evolp . As a proof we will show here how, despite of the
different syntax, any Evolp rule can be directly translated into an ERA rule without
altering the meaning of a program.

The main syntactic difference (apart from the algebraic structures on actions and
events of ERA) between the two languages is the syntax of the “active rules" determin-
ing the actions to execute. The Evolp statements:

r1 : assert(τ)← B. r2 : not assert(τ)← B.

are not allowed in ERA where the unique rules whose heads are actions (resp. negation
of actions) are active rules (resp. inhibition rules). While rules of the form r2 can be
directly translated in inhibition rules simply by replacing the symbol← by When , the
translation of rules of the form r1 is slightly less direct, since an active rule is always
triggered by an event, a concept not clearly encoded in Evolp where (non rejected)
rules of the form r1 produces effects whenever their body is satisfied. However, the
problem is solved by introducing an event tickE that occurs in every input program
and by putting tickE as the triggering event of the active rule corresponding to r1. The
name tickE denotes how the event occurs at any evolution step (like the tick of a clock).

Definition 60 . For any rule Evolp rule τ : H ← B1, . . . ,Bn let τE be the following ERA rule:

i)
τE = HE ← BE

1 , . . . ,BE
n . f or H 6= assert(η) and H 6= not assert(η)

τE = On tickE If BE
1 , . . . ,BE

n Do assert(ηE). f or H = assert(η)
τE = When BE

1 , . . . ,BE
n Do not assert(ηE). f or H = not assert(η).

where, for any literal L and any rule η:

LE = L. f or L 6= assert(η) and L 6= not assert(η)

assert(η)E = assert(ηE)

(not assert(η))E = not assert(ηE)
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where the rule ηE is obtained as in i).
Given any Evolp program P, we denote by PE the ERA program obtained by replacing

every rule τ with τE . Given any Evolp sequence P : P1, . . . ,Pn, we denote by P E the ERA
sequence obtained by replacing every program Pi with PE . Given any sequence E : E1, . . .En of
input programs in Evolp , we denoted by EERA

i the ERA input program EE
i ∪{tickE} and by

E ERA the sequence
(EE

1 ∪{tickE}), . . . ,(En∪{tickE})

Given any pair (P ,E) where P in an Evolp sequence and E is a sequence of Evolp input
programs, the ERA equivalent of (P ,E) is the era system (P E , /0,EERA) .

The system (P E , /0,EERA) translates the Evolp sequence P with sequence of input
programs E . However, Evolp is a language conceived for reasoning about possible
evolutions of a program, while ERA is a program conceived for executing actions. The
natural question is then what is the semantical link between an Evolp sequence and its
translation in ERA. The answer is that, if the underlying inference relation of ERA is the
brave reasoning inference relation `Se e, there is a one-to-one correspondence between
the possible evolutions of the original Evolp sequence and that of its translation. What
determines which evolution is taken by the translated ERA program is determined by
the choice of the selecting function Se associated to the inference relation `Se e.

Theorem 6.5.1 Let (P ,En) be a pair where P is an Evolp sequence and En is a sequence
of Evolp input programs both in the language Lassert . Let M : M1 . . .Mn be any sequence of
two valued interpretations over the language of (P ,En) and P ⊕T n−1 be the trace of M given
(P ,En). Then M is an evolving stable model of (P ,En) at state n if and only if there exists an
inference relation `Se e such that14:

< (P E , /0,En ERA), /0 >→i−1< (P E ⊕T i−1 E ,E i−1 ERA,(EERA
i , . . . ,EERA

n )), /0 >

for any i≤ n and

(P E ⊕T i−1 E ,E i−1 ERA,EERA
i , . . . ,EERA

n ) `Se e LE

for any L in Mi with i≤ n.

proof Let M j, E j, be, respectively the evolving interpretation M1, . . . ,M j and the se-
quence of input programs E1, . . . ,E j.

It is enough to prove that Then M j is an evolving stable model of (P ,E j) at state j

if and only if:

< (P E , /0,E j ERA), /0 >→i−1< (P E ⊕T i−1 E ,E i−1 ERA,(EERA
i , . . . ,EERA

j )), /0 >

14For the definition of the transition relation 7→i see Definition 58.
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for any i≤ j and

(P E ⊕T i−1 E ,E i−1 ERA,EERA
i , . . . ,EERA

j ) `Se e LE

for any L in Mi with i≤ n.

As an intermediate step we prove that:

Lemma 6.5.1 Mi is a refined stable model of (P ⊕T j−1)]Ei iff

(P E ⊕T i−1 E ,E i−1 ERA,EERA
i , . . . ,EERA

j ) `Se e LE

for any L in Mi.

proof The two valued interpretation Mi is a refined stable model of (P ⊕T i−1)]Ei iff

(P ⊕T i−1)]Ei `Se e L

for any L ∈Mi for some inference relation `Se e.

For any L in Mi, the inference

(P E ⊕T i−1 E ,E i−1 ERA,EERA
i , . . . ,EERA

j ) `Se e LE

is equivalent to
(P E ⊕T i−1 E)]EERA

i `Se LE

which, in turn, is equivalent to

((P E ⊕T i−1 E)] (EERA
i )R `Se LE

where ((P E ⊕T i−1 E)]EERA
i )R is the DyLP obtained from (P E ⊕T i−1 E)]EERA

i ac-
cording to the steps illustrated in Section 6.3.2 (we recall that EERA

i = EE
i ∪{tickE})

According to the two translations R and E (whose composition will be denoted RE)
there is a one-to-one correspondence between the rules of (P ⊕ T i−1)]Ei and ((P ⊕
T i−1)]Ei∪{tickE})RE .

Namely:

• For any rule τ : L← B1, . . . ,Bn in P ]E1 with L 6= assert(η) and τ 6= not assert(τ): the
rule τE : LE ← BE

1 , . . . ,BE
n belongs to ((P ⊕T i−1)]Ei∪{tickE})RE . .

• For any rule assert(η)←B1, . . . ,Bn in P ]E1 with L 6= assert(η) and τ 6= not assert(τ):
the rule assert(ηRE)← BRE

1 , . . . ,BRE
n , tickE belongs to ((P ⊕T i−1)]Ei∪{tickE})RE .

.
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• For any rule not assert(η) ← B1, . . . ,Bn in P ] E1 with L 6= assert(η) and τ 6=
not assert(τ): the rule not assert((ηRE)← BRE

1 , . . . ,BRE
n belongs to ((P ⊕T i−1)]Ei∪

{tickE})RE . .

By the principle of partial evaluation (see Theorem A.2.1) we can delete the atom
tickE from the body of any rule in ((P ⊕T i−1)]Ei∪{tickE})RE . without changing the
semantics.

Again by the principle of substitution (see Theorem A.2.1) we obtain:

(P ⊕T i−1)]Ei `Se L ⇔ ((P ⊕T i−1)]Ei∪{tickE})RE `Se LE

for any L ∈ Lassert . Thus Mi is a refined stable model of (P ⊕T i−1)]Ei iff

((P ⊕T i−1)]Ei∪{tickE})RE `Se LE

as desired. ♦

We proceed now with the proof of the theorem by induction on j.

Basic step For j = 1 all we have to prove is that M1 is an evolving stable model of P iff

(P E , /0,EERA
1 ) `Se e LE

for any L ∈Mi.

By definition 46, M1 is an evolving stable model of (P ,E1) iff M1 is a refined stable
model of P ]E1 i.e.

P ]E1 `Se L

for any L ∈M1. Hence we obtain the thesis as a particular case of Lemma 6.5.1.

Inductive step Let us assume that M j is an evolving stable model of (P ,E j) at state j

if and only if:

< (P E , /0,E j ERA), /0 >→i−1< (P E ⊕T i−1 E ,E i−1 ERA,(EERA
i , . . . ,EERA

j )), /0 >

for any i≤ j and

(P E ⊕T i−1 E ,E i−1 ERA,EERA
i . . .EERA

j ) `Se e LE

for any L in Mi with i≤ j.

We have to prove that M is an evolving stable model of (P ,E) at state j+1 if and
only if:
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< (P E , /0,E j ERA), /0 >→i−1< (P E ⊕T i−1 E ,(EERA
i , . . . ,EERA

j )), /0 >

for any i≤ j +1 and

(P E ⊕T i−1 E ,E i−1 ERA,EERA
i . . .EERA

j ) `Se e LE

for any L in Mi with i≤ j +1.

We divide the proof of the double implication in two parts.

⇒ Let us assume that:

< (P E , /0,E j+1 ERA), /0 >→i−1< (P E ⊕T i−1 E ,(EERA
i , . . . ,EERA

j+1 )), /0 >

for any i≤ j +1 and

(P E ⊕T i−1 E ,E i−1 ERA,EERA
i . . .EERA

j ) `Se e LE

for any L in Mi with i≤ j +1.

We have to prove that M j+1 is an evolving stable model of (P ,E j+1). By
inductive hypothesis we already know that M j is an evolving stable model
of (P ,E j) i.e. Mi is a refined stable model of (P ⊕T i−1)]Ei for any i ≤ j it
remains to prove that M j+1 is a refined stable model of (P ⊕T j)]E j+1. This
follows as a particular case of Lemma 6.5.1.

⇐ Assuming that M is an evolving stable model of (P ,E) at state j +1, then, by
inductive hypothesis:

< (P E , /0,E j ERA), /0 >→i−1< (P E ⊕T i−1 E ,E i−1 ERA,(EERA
i , . . . ,EERA

j )), /0 >

Since the incoming input programs do not affect the computation of the tran-
sition, we can add the input program E j+1 in the tail of the sequence of input
programs and conclude:

< (P E , /0,E j+1 ERA), /0 >→i−1< (P E ⊕T i−1 E ,E i−1 ERA,(EERA
i , . . . ,EERA

j+1 )), /0 >

for any i≤ j.

It remains to prove it also for i = j+1. By definition of the transition relation
→n all we have to prove is:
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< (P E ⊕T j−1 E ,E j ERA,EERA
j+1 ), /0 >→G< (P E ⊕T j E ,E j ERA⊕EERA

j+1 , /0), /0 >

for some set of actions G.

By the inductive hypothesis, taking i = j we know that, for any L ∈ Lassert :

(P E ⊕T j−1 E ,E j−1 ERA,EERA
j ) `Se e LE

iff L ∈M j .

In particular:

(P E ⊕T j−1 E ,E j−1 ERA,EERA
j ) `Se e assert(ηE)

iff assert(η) ∈M j

Since the only actions executed by the considered ERA system are assertions,
let G j be the set of all the atoms of the form assert(ηE), such that assert(η)
belongs to M j. Then T E

j is the set of rules ηE such that assert(ηE) belongs to
Gi. So, by the definition of the updating function up/2, the system transits
into a state where the unique changes are to update the current program
with Tj, and to consume one input program, i.e.

< (P E ⊕T j−1 E ,E j ERA,EERA
j+1 ), /0 >→Gi< (P E ⊕T j E ,E j ERA⊕EERA

j+1 , /0), /0 >

as desired.

It remains to prove that

(P E ⊕T i−1 E ,E i−1 ERA,EERA
i . . .EERA

j+1 ) `Se e LE

for any L in Mi with i ≤ j + 1. The assertion is already proved by inductive
hypothesis for i ≤ j. It remains to prove it for i = j + 1, i.e. we have simply
to prove:

(P E ⊕T j E ,E j ERA,EERA
j+1 ) `Se e LE

for any L in M j+1.

If M j+1 is an evolving stable model of (P ,E j+1 then M j+1 is a refined stable
model of (P ⊕T j ]E j+1). Hence we obtain the thesis as a particular case of
Lemma 6.5.1.

♦
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6.5.2 ERA as an action description language

As it comes out from the discussion of Section 6.5.1, every Evolp program can be
directly translated in ERA. This is clearly also the case for EAPs that are Evolp macro
programs. As it results from Section 5.3 every expression in an EAP is either a static
rule, a dynamic rule, an inertial declaration or the initialization of a set of fluents.

A static rule has the form
F ← Body.

where F is a fluent literal and Body is a set of fluent literals. Thus, according to defi-
nition 60, static rules remain unchanged while being translated from EAPs to ERA. A
dynamic rule is an expression of the form

effect(τ)←Cond. (ω)

where τ is a static rule of the form

F ← Body

and Cond is a set of fluents. The dynamic rule (ω) above is a macro expression for the
set of Evolp rules

F ← Body, event(τ).

assert(event(τ)) ← Cond.

assert(not event(τ)) ← event(τ),not assert(event(τ))

Thus, according to definition 60, the rule (ω) is translated by the following set of ERA
rules:

F ← Body, event(τ).
On tickE If Cond Do assert(event(τ)).
On tickE If event(τ),not assert(event(τ)) Do assert(not event(τ)).

An inertial declaration is an expression of the form inertial(K ) (where K is a set of
fluents) and it stands for the set (where Q ranges over K ):

assert(prev(Q))← Q. assert(not prev(Q))← not Q.

And it is translated by the set of active rules:

On tickE If prev(Q) Do assert(Q).
On tickE If not prev(Q) Do assert(not Q).

Finally, the initialization of a set of fluents is an expression of the form initialize(F )
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(where F is a set of fluents) and it stands for the set of rules Q← prev(Q) for any fluent
Q in F . This set of rules remains unchanged when translated in ERA.

Since evolving action programs can be directly encoded in ERA, ERA itself can be
used for encoding reactive systems (like agents) that perform actions but also (by EAPs)
for describing (and thus simulating) the possible effects of these actions. It is hence
possible to write simulations of the environment, in which the system acts, and also to
run these simulations together with the reactive system, thus obtaining a simulation of
the interaction system-environment.

6.5.3 Other updates languages

The semantics of a system written in either LUPS [APPP02], EPI [EFST01], KUL [Lei03],
or KABUL [Lei03] can be viewed as a pair < P ,S > where P is a DyLP and S is set of
statements. The semantics of an update language α is given by a transitions relation
→α relating an initial pair < P ,S > to a resulting pair < P ′,S′ >. Formally:

< P ,S >→α< P ′,S′ >

The transition from P to P ′ if given by the effect of the executed commands which are
determined by the statements in S whose preconditions are satisfied. These conditions
depend on P . Additionally, EPI and KABUL are also sensible to external observations
(which can be assimilated to the events of ERA).

The mechanisms for determining the transition from S to S′ depend on the specific
language. First of all, in all languages but EPI, new statements can be externally added
to S′. In the cases of LUPS and KUL, the statements may be either volatile or persistent.
A volatile statement lasts for a single transition and then expires. Hence a volatile
statement in S does not belong to S′, unless added again from the outside. A persistent
statement, instead, persists from one state to the successive ones unless deleted by
another specific statement.

In the case of EPI, instead, all the statements are persistent and belong to the initial
set of statements. Commands, instead, are volatile or persistent. A volatile command
in a statement is executed every time the preconditions of the statement are satisfied,
while a persistent command, once triggered by a statement, is executed at every state,
even if the preconditions of the triggering statement are no longer satisfied.

Finally KABUL, like ERA and Evolp , allow commands to assert, retract and update
statements by allowing statements (rather than simply inference rules) as arguments
of commands. Hence the transition from S to S′ is influenced also by the executed
commands.

172



6. EVOLVING REACTIVE ALGEBRAIC PROGRAMS 6.5. Comparisons to other updates languages

6.5.4 Updates language LUPS

The language LUPS [APPP02] has a special importance since it is historically the first
LP updates language proposed.

The idea behind LUPS is that an initial program P is updated from the outside by
resorting to updating statements. From the standpoint of ERA, we would say that the
statements (active rules) of LUPS are only in the input programs, and not in the original
program. However, some of this statements can be permanent, i.e. once introduced,
they remain in the program.

The syntax of the LUPS statements is the following:

1 assert τ when B1, . . . ,Bn.

2 retract τ when B1, . . . ,Bn.

3 assert_event τ when B1, . . . ,Bn.

4 retract_event τ when B1, . . . ,Bn.

5 always τ when B1, . . . ,Bn.

6 always assert_event τ when B1, . . . ,Bn.

7 cancel τ when B1, . . . ,Bn.

where τ is a LP rule and B1, . . . ,Bn is a conjunction of literals. The meaning of state-
ments 1 and 2 is that of asserting (resp. retracting) the rule τ in the underlying P if
the condition, B1, . . . ,Bn is satisfied at the instant the statement is introduced (in the ERA
standpoint, in the state corresponding to the input program containing the statement).

The meaning of statements 3 and 4 is still that of asserting (resp. retracting) the rule
τ if B1, . . . ,Bn is satisfied but this assertion (resp. retraction) lasts for one state only (in
the state after the action is executed).

The meaning of statements 5 and 6 is the same of, respectively, statements 1 and 3,
but the command is persistent, i.e. from that moment onwards, whenever the precon-
dition B1, . . . ,Bn is satisfied, the command is executed. Finally the meaning of statement
7 is to delete any persistent statement with argument τ

The semantic of LUPS is given by translating the program into a DyLP. Two differ-
ent semantics have been proposed for LUPS. The main difference lies in the concept of
satisfaction of the preconditions of statements. In the original proposal (see [APPP02])
a precondition was satisfied if it was true in at least one dynamic stable model of the
underlying DyLP. In [Lei01] a modified semantics was proposed where a command
was executed iff the condition was true in the all the dynamic stable models.

Unlike in ERA and Evolp , in LUPS the statements themselves cannot be updated
(apart from the possibility to make them permanent). It is not possible, for instance, to
retract a permanent statement once introduced, nor to update its preconditions has it
is done in ERA with inhibition rules. The reason is that the argument of a command
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can be only an inference rule and not a command.

We will provide a hint (without formal proofs) of how it is possible to encode the
behavior of the commands of LUPS in ERA by defining equivalent actions. The LUPS
statement

Command τ when Cond.

where τ is a logic programming rule , has an equivalent in the ERA active rule

On tickE If Cond Do trA(Commad(τ)).

where trA(Command(τ)) is the translation of the command, i.e. an ERA action whose
execution is equivalent to the execution of Command(τ). The LUPS commands assert

and retract have their equivalent in the homonymous ERA actions.

The action translating the command assert_event can be defined as:

assert_event(H ← B) is ‖(raise(eventE(H ← B)),assert(H ← B,eventE(H ← B)))

where eventE(H ← B) is a new event. This action updates the knowledge base with the
rule

H ← B,eventE(H ← B).

and raises the event eventE(H ← B). So, in the state immediately after, the effect is
that of updating the knowledge base with H ← B. However, the event eventE(H ← B)
immediately expires, and thus the body of the rule is no longer satisfied, until the event
eventE(H ← B) is raised again, i.e. until the same command is again executed. In that
case, the rule

H ← B,eventE(H ← B).

is also part of a more recent update, hence, by virtue of Proposition 3.7.2 the first update
can be ignored.

Encoding the command retract_event (i.e. non persistent retraction) is less straight-
forward, indeed we need to change the structure of the rules of the underlying DyLP,
by replacing every rule L← H in the original program by the rule

L← B,not (retractE(L← B)).

where retractE(L← B) is a new literal.

Then, the action retract_event is defined in the following way:

retract_event(H ← B) is raise(retractE(H ← B)

When this action is executed it raises the event retractE(L ← B). This implies that
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the body of the rule
L← B,not (retractE(L← B)).

is not satisfied and the result is equivalent to the deletion of the rule. However, the
event retractE(L ← B) immediately expires and hence the rule is active again in the
following state unless (persistently or temporarily) retracted again.

The persistent statements 5 and 6 can be translated as the pair

On tickE If B1, . . . ,Bn Do assert(τ).
assert( On tickE If B1, . . . ,Bn Do assert(τ) ).

and, respectively,

On tickE If B1, . . . ,Bn Do assert_event(τ).
assert( On tickE If B1, . . . ,Bn Do assert_event(τ) ).

The first elements of the pair encode the volatile statement, while the assert actions
make these statements persistent by asserting them as part of the program.

Finally, the statement
cancel(τ) when Cond.

has the effect of deleting any persistent statements asserting τ (either a persistent or a
volatile assertion). The definition of action cancel(τ) is as follows:

cancel(τ) is raise(cancelE(τ)).

Moreover, the program must have the active rule:

On cancelE(τ) Do ‖( retract( On tickE If Cond Do assert(τ)),
retract( On tickE If Cond Do assert_event(τ)) ).

It is interesting to explore the behavior of these rules. The command cancel re-
quires the retraction of all the persistent statements asserting τ (either as a persistent
or volatile rule) despite of its precondition Cond. So, no specific precondition Cond is
given as argument of the action cancel. According to the semantics of action definitions,
provided in Section 6.3.3, when several action definitions are provided, the program
non-deterministically executes one of the possible actions. Hence, the behavior of the
following (wrong) definition of cancel(τ):

f ake_cancel(τ) is ‖( retract( On tickE If Cond Do assert(τ)),
retract( On tickE If Cond Do assert_event(τ)) ).

would be to non-deterministically select one instance of the variable Cond and to ex-
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ecute the corresponding instantiated action, i.e. it would retract one of the persistent
statements whose head is assert(τ) or assert_event(τ).

The effect of raising the event cancelE(τ) is, instead, that of triggering all the actions
in the head of any active rule whose triggering event is cancelE(τ).

The encoding above illustrates how it is possible to translate LUPS commands and
programs in ERA.

6.5.5 Updates language KUL

The language KUL [Lei03] is basically a revision of LUPS where the semantics of the
language is revised in order to prevent some counterintuitive behavior. Moreover, the
language extends the possibility of having persistent statement (denoted by the key-
word always) not only to assert but also to retract rules, and introduces a cancel_retract

command for deleting this kind of persistent statements. The behavior of persistent re-
traction statement can be simulated in ERA by applying the action always to statements
of the form 2 and 4. Finally the statement

cancel_retract(τ) when Cond.

is translated by an action always applied to the statement:

cancel_retract ′(τ) when Cond

where the definition of cancel_retract ′(τ) is:

cancel_retract ′(τ) is raise(cancelRE(τ)).

and the program has the active rule:

On cancelRE(τ) Do ‖( retract( On tickE If Cond Do retract(τ)),
retract( On tickE If Cond Do retract_event(τ)) )

.

Hence, as for LUPS, it is possible to encode KUL commands and programs in ERA.

6.5.6 Updates language EPI

The language EPI is also syntactically very close to LUPS. The main differences be-
tween the two languages is that the EPI statements are persistent by default and a
statement of the form

Command(τ) when Cond.

executes the command at any state where Cond is satisfied. In terms of ERA, the state-
ments are part of the main program rather than part of the various input programs.
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The commands of EPI coincide with those of LUPS. Since every command is persis-
tent, the key word always (denoted, from now on, EPI_always to distinguish it from
its LUPS homonymous) has a different meaning. Specifically: “from now on execute
this command at every state." it is hence the command rather than the statement that
is persistent. For instance, the statement

EPI_always assert(τ) when Cond.

means that the rule τ must be asserted at every single state after Cond has been verified.

This behavior can be programmed in ERA by defining EPI_always as an
action whose argument is the command Command(τ). The effect of action
EPI_always(Command(τ)) is to assert an active rule reiterating Command(τ) at every
state. Formally:

EPI_always(Command(τ)) is assert( On tickE Do Command(τ)).

Hence, as for the other updates languages, it is possible to encode EPI in ERA.

6.5.7 Updates language KABUL

The updates language KABUL [Lei03] is the most complete (and complex) of all the
existing update languages.

Syntactically KABUL extends KUL by introducing more commands and by allowing
additional kind of preconditions in statements, like other commands, external obser-
vations (as in EPI) but also the presence or absence of rules. Like Evolp and ERA,
KABUL allows the argument of a statement to be another statement rather than a rule
and that of encoding inhibition commands blocking the execution of other commands.

The form of a statement in KABUL is the following 15

Command(p) when Li, . . . ,Ln1,

E : E1, . . .En2

R : in(r1), . . . in(rn3)
out(k1), . . . ,out(kn4)

where p is either a rule τ, a statement S, or an inhibition command, the Lis are either
literals or actions, the Eis are sets of external observations (or events) and the ris and kis

are rules. Intuitively, the meaning is: “if Li, . . .Ln1 is satisfied, and the events (or external
observations) E1, . . .En occur and the rules r1, . . . ,rn3 belong to the current program, and
the rules k1 . . . ,kn4 do not belong to the current program, then execute Command(p).

15In the original syntax of KABUL the command when was replaced by the notation ⇐. For sake of
simplicity, we opted here for a syntax more homogeneous with those of other updates languages.
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The possible commands are the following.

(always|konce) kassert(τ)
(always|konce) kretract(τ)
(always|konce) kassert_event(τ)
(always|konce) kretract_event(τ)
(always|konce) kassert(S)
(always|konce) kretract(S)
not kassert(τ)
not kretract(τ)
not kassert_event(τ)
not kretract_event(τ)
not kassert(S)
not kretract(S)

where τ is any rule and S any statement. The commands with the keyword not are in-
hibition commands. The keyword konce introduces a new kind of persistent command
whose meaning will be clarified below. We opted for the prefix k to distinguish KABUL

commands from homonomous but slightly different ERA actions.

The effect of commands (always) kassert (_event)(τ) and (alaways) kretract(_event)(τ)
is the same of KUL. The new keyword konce introduces a new kind of persistent com-
mand, whose meaning is very close to the complex action once already seen in Section
6.4.3. The output of statement

konce Command(p) when Cond.

is to immediately execute Command(p) if condition Cond is true; otherwise the com-
mand remains by inertia in the set of statements until Cond is satisfied. At that moment,
the statement is deleted from the set of statements.

The behavior of commands whose argument is a statement S is slightly different.
The command kassert(S) (resp. kretract(S)) adds (resp. to removes) the statement S

to the new set S′. This addition (resp. retraction) is permanent if S is a persistent
command; otherwise it lasts for one state only (as it happens for assert_event and
kretract_event when the argument is a rule). The inhibition commands temporary block
the effect of other statements.

There is a similarity between KABUL, Evolp and ERA regarding the possibility
of manipulating statements by commands. There is also a similarity between ERA

and KABUL (as is was with EPI) regarding the sensibility to external events (called
observations in KABUL) as precondition of rules. Finally, the various command options
of KABUL somehow recall the action algebra of ERA.

However, unlike Evol p and ERA, rules and statements are not treated in the same
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way. Indeed, there is a difference in the behavior of Command(S) and Command(τ)
where S is a statement and τ is a rule. This difference is originated, as we have seen, by
the way non persistent statements are treated.

As the reader may notice, although KABUL allows to apply several keywords (or
operators) to commands, all these operators are unary i.e. they do not allow to combine
commands to obtain more complex ones. In other words, also KABUL does not provide an
algebra for combining commands (i.e. actions).

As we did with other languages, we provide a way on how ERA could replicate the
statements of KABUL.

The volatile statement

Command(p) when Li, . . .Ln1,

E : E1, . . .En2

R : in(r1), . . . in(rn3)
out(k1), . . . ,out(kn4)

is translated into the following active rule.

On 4(E1, . . . ,En2) If Li, . . .Ln1

in(r1), . . . in(rn3)
not out(k1), . . . ,not out(kn4 Do
Command(p)

where in(τ) is a new atom stating that rule τ belongs to the program.

The inhibition statement

not Command(p) when Li, . . .Ln1,

E : E1, . . .En2,

R : in(r1), . . . in(rn3),
out(k1), . . . ,out(kn4)

is instead translated with the following inhibition rule.

When 4(E1, . . . ,En2), Li, . . .Ln1,

in(r1), . . . , in(rn3),
not out(k1), . . . ,not out(kn4),
Do not Command(p)

The atom in(τ) must be true iff the rule τ belongs to the KB. For this reason we
initially add to the KB P the atom in(τ) for every rule τ appearing in P . However, this
is not enough, it is also necessary to guarantee that whenever a rule τ is asserted (resp.
retracted) also the atom in(τ) is asserted (resp. retracted).

The commands kassert(τ) and kretract(τ) are then defined in such a way that those
atoms are added (resp. retracted) together with rules:
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Formally:

kassert(τ) is ‖(assert(τ),assert(in(τ))).

kretract(τ) is ‖(assert(τ),assert(in(τ))).

kassert_event(τ) is ‖(assert_event(τ),assert_event(in(τ))).

kretract_event(τ) is ‖(retract_event(τ),retract_event(in(τ))).

(6.13)

If, instead, the argument of the command is a statement. its translation is the fol-
lowing.

kassert(S) is assert(‖(assertS′)).

kretract(S) is assert(‖(S′)).
kassert({S1,S2}) is |(assert(S1),assert(S2)).

kretract({S1,S2}) is |(retract(S1),retract(S2)).

This definition is due to the fact that some statements (the non volatile ones) in KABUL

are seen as single ERA active rule, while others (the persistent ones) are seen as a set
of two different statements.

Indeed, the statements of the form:

always Command(p) when Li, . . .Ln1,

E : E1, . . .En2

R : in(r1), . . . in(rn3)
out(k1), . . . ,out(kn4)

are translated into the following pair of active rules.

t : On 4(E1, . . . ,En2) If Li, . . .Ln1

in(r1), . . . in(rn3)
not out(k1), . . . ,not out(kn4) Do
Command(p).

On tickE Do assert(t)

This translation is analogous to the corresponding into statements in LUPS.

Finally the statements of the form:

konce Command(p) when Li, . . .Ln1,

E : E1, . . .En2

R : in(r1), . . . in(rn3)
out(k1), . . . ,out(kn4)
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are translated into the following pair of active rules.

ll On 4(E1, . . . ,En2) If Li, . . .Ln1

in(r1), . . . in(rn3)

not out(k1), . . . ,not out(kn4 Do

Command(p) (6.14)

On tickE If not Command(p) Do assert(t). (6.15)

where t is the following active rule.

On 4(E1, . . . ,En2) If Li, . . .Ln1

in(r1), . . . in(rn3)
not out(k1), . . . ,not out(kn4) Once
Command(p) )

Basically the precondition of the rule is tested by rule 6.14, in case it is satisfied the
command is executed (and hence the precondition of rule 6.15 is not satisfied and the
rule is not executed). Otherwise, the rule b asserts an active rule that uses the complex
action once (see Section 6.4.3) to delete itself once it executed Command(p).

The encoding above completes the series of translations of LP updates languages
into ERA.

6.6 Comparisons to ECA formalisms and event lan-

guages

There exists several other proposals of ECA formalisms besides the ones we have com-
pared to ERA. Most of them are related to active database systems like, for instance:
AMIT [SJG04], Rule Core [Rul], JEDI [GNF98] and SQL triggers [WC96a]. Although
these approaches implement most (but, as stated below, not all) of the functionalities
of ERA, they are mainly procedural (do not have a declarative semantics). It is hence
more problematic than in ERA to investigate the formal properties of programs written
in these languages and establish formal results. For instance, it is hard to establish for-
mal translations of one of these languages into another one (as we do, in Section 6.5.1,
were a formal translation of Evolp into ERA is defined and its correctness is proved).
Moreover, a formal declarative semantics greatly simplifies the understanding of the
framework by the user. A declarative semantics is, for instance, among the features
demanded in [Sem07] as a basic requirement of a Semantic Web services language.
For this reason we focus our comparisons on declarative approaches. For an overall
discussion on languages for programming active databases we refer to [AE03, WC96a].

Other examples of ECA formalisms are Semantic Web-oriented ECA languages like
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Active XML [ABM+02] and XChange [BPS04]. The syntax of both languages is close
to that of XML. Active XML is an extension of XML coping with active rules. It has a
procedural semantics and does not support complex events. The language XChange
is closer to ERA, since it has a LP-like semantics and allows to define active rules with
complex actions and complex events.

However, neither XChange, nor any of the ECA languages listed above has the
evolving capabilities showed by ERA. Also, none of these languages can be directly
integrated with an action description language as in the case of ERA and EAPs.

Among ECA formalisms two languages deserve a closer comparison with ERA:
DALI [CT04] and Statelog [LML98, LHA95, LMA96]. DALI is a LP-like languages and
hence close in spirit wit ERA. DALI is, among the existing ECA languages, the one
showing more similarities with ERA as discussed below. Statelog [LML98, LHA95,
LMA96] is an ECA paradigm for representing ACID transactions describing a database
transiting between states (indexed by natural numbers) as effect of external events.
Besides ECA languages, it is also interesting to compare the event algebra of ERA with
that of similar event algebras, as we do in Section 6.6.3.

6.6.1 The agent-oriented language DALI

DALI [CT04] is an agent-oriented ECA language that shares with ERA a logic pro-
gramming based semantics and other similarities which make it worthwhile to closely
compare the two paradigms.

The basic structure of DALI are active rules of the form:

E1 . . .En :> Body.

where E1, . . .En are sequences of either internal or external events and Body is a se-
quence Ob j1, . . . ,Ob jn of atoms where any Ob ji is an atom that may represent an action
to be executed, a goal to be reached, or a condition to be tested within the KB of the
agent. Formally:

Body ::= seq << Ob j >> Ob j ::= Atom | ActionA| Goal.

The intuitive meaning of an active rule of the form

E1 . . .En :> Body.

is: “when the events E1 . . .En occurs, do Body provided that the conditions in Body are
satisfied". Hence active rules in DALI are ECA rule where conditions and the actions
may be interleaved. An external event occurs when some information comes from the
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outside, while internal events Ei are raised by rules of the form:

Ei :−Condition.

where Condition is a sequence of atoms that may represent the beliefs of the agent, and
events occurred in the past (called “past evens") or any condition to be tested within
the KB of the agent. Formally:

Condition ::= seq << Ci >> Ci ::= Atom |EP |Belie f

The truth value of atoms occurring in the Body of active rule is established according to
logic programming inference rules of the form Atom : −Atom1, . . . ,Atomn. where Atomi

are new atoms.
Actions represent activities to be executed. An action may have referring “action

rules", i.e. logic programming-like expressions specifying the preconditions for the
execution of that actions which have the form

ActionA :−Precondition

where Precondition is a sequence of atoms. Finally, a goal atom GoalG represents a
desirable achievement. A goal may specify actions and subgoals to be undertaken by
rules of the form:

GoalG :> Body

where Body is a sequence of actions or new (sub goals) atoms. The intuitive meaning
of the rule above is “to achieve GoalG one have to achieve all the subgoals and execute
all the actions in Body"

At a semantic level, DALI has an “evolutionary semantics" that defines the seman-
tics of the language by successive transformation of the language into definite logic
programs. Common traits of ERA and DALI are:

• The notion of internal and external events, and a memory of events occurred in
the past,

• The fundamental construct of ECA rules, although in DALI actions and condi-
tions may be interleaved,

• An underlying logic programming semantics, knowledge representation and in-
ference system,

• The possibility to define complex actions, achieved in ERA by the action algebra
and action definitions and in DALI by goals.

The main differences, at a general level, between DALI and ERA is that the former is
totally focused on a logic programming-like rule approach, while ERA mixes a (dy-
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namic) logic programming syntax and semantics for inference and reactive behavior
with an algebraic approach to events and actions.

In some cases, the algebraic approach grants to ERA more expressivity w.r.t. DALI.
For instance, although both languages have a notion of past events, DALI has a limited
capability of combining events occurring in different instants. In particular, it is not
clear how to replicate in DALI the complex event A(e1,e2,e3) whose intuitive meaning
is “event e1 occurred in the past, event e3 occurs now, and event e2 did not occur in
the meanwhile" nor how to represent a negative event not e i.e. the “non occurrence"
of event e. Regarding the underlying logic programming framework, DALI relies on
the least Herbrand model semantics of definite logic programs, while ERA relies on
DyLPs either the refined or well founded semantics. Hence, unlike ERA, DALI does
not handle default negation nor negation in the head of rules.

Another relevant point of comparison are the evolution capabilities of the two lan-
guages. The semantics of DALI is called “ evolutionary semantics". According to this
semantics, the meaning of a program is given by the least Herbrand model of the a def-
inite logic program obtained by the original DALI program, via a program transforma-
tion. The transformed program changes from state to state according to the occurred
events and executed actions. Although this approach recall the semantics of ERA (and
also that of logic programming updates languages) these is a substantial difference. In
ERA inference and active rules are updated as a result of the evolution of the programs
while inference and active rules in DALI do not change as a result of the evolution of
the program. Hence, the evolution of the transformed programs does not correspond
to an evolution of the knowledge (inference rules) and behavior (active rules) of the
system. As a matter of fact, the evolutionary semantics of DALI and the underlying
DyLP framework of ERA and updates languages are orthogonal as stated by the au-
thors of DALI in [CT04] So, the capabilities of self evolution of ERA, i.e. assertion,
retraction and inhibition of inference and active rules, has no equivalent in DALI.

On the other hand, DALI has many interesting features not yet developed (or, at
lest, not yet fully developed) in ERA, particularly regarding its agent-oriented nature.
For instance, DALI implements specific mechanism for communication among agents,
an agent architecture close in spirit to the BDI (Belief, Desire, Intention) [Rao96] ap-
proach, and plug-in planning functionalities. As such, the two languages target, for
now, different applications. The integration of the features above listed in ERA are a
ground of investigation for future developments of the language.

Statelog

Statelog [LML98, LHA95, LMA96] is an ECA paradigm for representing ACID trans-
actions describing a database transiting between states (indexed by natural numbers)
as effect of external events. Statelog is an extension of Datalog, where literals have an
extra argument which is the state to which the truth value of the literal is referred. A
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first version of Statelog is called Flat Statelog and does not consider the possibility to
express nested transactions. The main construct of Statelog are progressive Statelog rules
i.e. rules of the form

[S0]H ← [S1]B1, . . . , [Sn]Bn

where H is an atom, the various Bis are literals and Sis are the indexes of the state
at which the truth value of the corresponding literal must be evaluated and S0 ≥ Si

for each i. A Statelog program is a finite set of progressive Statelog rules. The consid-
ered Statelog programs are state stratified [LHA95], a generalization of the notion of
local stratification [AB94]. The considered semantics of a program is its unique perfect
model semantics [AB94].

An event in Statelog is simply an atom true at some given state S. External events
are special atoms that are added to the current database D[S] at some state S corre-
sponding to the instant when the external event occurs. An internal event e is an atom
which is true at some state S by the effect of a Statelog rule of the form [S]e← B. Com-
posite events are obtained by Statelog rules linking events occurring at the same or at
different states.

Internal actions are special atoms that have the effect, when inferred at some state
S of asserting or deleting facts from the database at the state S +1. External actions are
also special atoms having effects on the external environment.

Within Flat Statelog, given an initial database D at the initial state ni which incorpo-
rates all the facts as well as a list of external events, a semantic is given for computing
the perfect model M[ni+1] at the successive state induced by the Statelog program P and
from that the successive state M[ni+2] and so on, until the sequence of state stabilizes
reaching a fix point where M[ni+n] = M[ni+n+1]. Such states are called final states and
denote the end of a computation induced by an external event. Notes that, despite of
their names, there can be several final states during the lifespan of a system. Each time
a new external event occurs the system starts to change until it reaches a new final state
and so on.

The execution of external action is delayed until the system reaches a final state.

Unlike the (simpler) Flat version, Statelog provides the possibility to specify com-
plex transactions as head of rules (those transactions are called nested transactions or
procedures).

A procedure π is a subprogram of the Statelog program. The language allows the
declaration of a procedure π by the syntax:

proc π {H1 ← B1 . . . Hn ← Bn}

Every program has a procedure main representing the main body of the program. A
procedure can have other (sub) procedures as heads of its rules while only the proce-
dure main admits external events in the body of its rules, i.e. external events cannot be
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processed within nested transactions.
The computation of a procedure is isolated from the rest of the program. This is

achieved by beginning a sequence of states where only the actions that appears as
heads of rules in the procedures are executed. If a procedure is aborted all its actions
are undone.

Besides actions and external events, there are other special atoms in the language
called control relations whose meaning is to handle the execution of the sub procedures.
Namely the control relation [S.π.0]BOT (Begin Of Transaction) begins the execution of a
procedure π at a state S starting from the state with a subsequence of states the first one
being (S.π.0) where only the actions of π are executed and [S]EOT (End Of Transaction)
terminates the execution of a procedure, [S]running denotes that a procedure is running
while commit and abort causes the current procedure to end either commit or abort.
Finally, relations commit(π) and abort(π) states that the procedure π was, respectively,
either committed or aborted.

A first evident difference between Statelog and ERA is that Statelog is expressively
designed for defining ad executing actions, while this subject is, by now, not touched
in ERA. Moreover, Statelog has a more procedural view than ERA. First of all states
are part of the syntax (they are arguments of predicates) in Statelog while leaved as
an implicit concept in ERA. Indexing of states is used for encoding complex events
in Statelog, a purpose achieved in ERA by defining an event algebra. The control of
the execution transactions is handled by special purpose atoms in Statelog while ERA
has no explicit concept of transaction. Another important difference is that Statelog
uses sub-programs for specifying complex (trans)actions while ERA resort to an action
algebra.

Given the difference of the basic ideas, it is not easy to compare the expressivity of
the two approaches, mainly because of the use of states as arguments of literals and
control relations in Statelog.

Above all, as the other paradigms presented here, Statelog does not consider the
possibility to update rules but only facts.

6.6.2 Process algebras

The action algebra introduced in ERA is inspired by works on process algebras like
CCS [Mil89], CSP [Hoa85] and TCC [SJG96]. Not surprisingly, there are several sim-
ilarities between the action algebra of ERA and process algebras. The common ba-
sic choice is to define an algebra of operators for building complex operations (either
processes or actions) by elementary ones. Also many of the operators in ERA, like se-
quential and parallel execution, the IF operator and action definitions, are inherited by
process algebras. Another common choice is to rely on transition systems for defining
the effect of an operation.

However, there are also important differences marking the algebra of ERA as some-
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thing different from a classical process algebra. These differences come from the spe-
cific features of ERA, in particular: the capability to execute several actions concur-
rently. Regarding parallel execution, process algebras usually rely on the notion of
interleaving which means that the parallel execution of two or more processes amounts
to chose and execute a basic operation of one process at each transition, allowing to
switch from the execution of a process to that of another one.

Within ERA, instead, a set of actions may be truly concurrently executed by execut-
ing, in a single step, the basic operations of each action. This difference is substantial
since, as shown in Section 6.4.2, the execution of a set of actions is not, in general,
semantically equivalent to the sequential execution of its individual actions.

Another important difference is the way non executable actions are treated. Usu-
ally, within process algebras, when a process cannot be executed (i.e. it has no appli-
cable transition) its execution is halted, but this is not considered as a failure and the
process is not discarded. Within ERA, instead, non executable actions are discarded.
The reason to this difference is that, within process algebras, this behavior of storing
non executable process is used for opening processes awaiting for some condition to
become true (for instance, the incoming of an external input). The approach of ERA is
different since actions are supposed to be triggered by active rules, that are hence in
charge for reacting to changes and external inputs. What is missing in process algebras
(and coped by ERA) is a clear notion of event and the possibility of defining complex
events and program reactions to such events, together with a notion of knowledge
representation and reasoning and evolving capabilities analogous to the ones of ERA.

6.6.3 Snoop and other event languages

The event algebra of ERA is basically a fragment of the Snoop event algebra [AC03,
Ada02]. Snoop is a framework for event specification and detection. The main issues
marking the difference between Snoop and the event algebra proposed in Section 6.3.2
are:

• Cumulative events: (Non ground) events that occur more than once in a given
period marked by two other events, and whose final output are the values of
the parameters of the occurred events. For instance, the cumulative event A ∗
(E1,E2(X),E3) occurs with output X1, . . .Xn when E3 occurs and between E1 and
E3 the events E2(X1), . . .E2(Xn) occur.

• Periodic events: Events periodically occurring in a given period marked by two
other events. For instance, the periodical event p(e1, [1hr],e3) occurs every hour
starting from the occurrence of e1 until e2 occurs.

Since the work in this thesis is more focused on evolution and algebras of operators,
we leave to future development the issue of extending the language with the full ex-
pressivity of Snoop. Another possibility would be to develop an alternative version
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of ERA which is orthogonal to the choice of the underlying event specification and
detection framework. In this respect, it would be possible to consider also alternative
choices of the basic event framework such as, for instance, COMPOSE[GJO92], ADAM
[PDG92] and ACOOD [Ber91].

6.7 Conclusions and open issues

We identified a set of desirable features for an ECA language whose goal is to pro-
gram knowledge bases with reactive behavior. Namely: a declarative semantics, the
capability to express complex events and actions in a compositional way, and that of
receiving external updates, and performing self updates to data, inference rules and
active rules. We also pointed on the possibility to define transactions and that of de-
scribing the effects of actions as additional interesting features. We argued that Evolp
does not match all these features, nor does any known ECA paradigm or LP updates
language. In particular Evolp does not provide facilities for combining events and
actions. Hence, we defined the logic programming ECA language ERA, which, like
Evolp , is based on the semantics of DyLPs, but it also incorporates active rules and al-
gebras for events and actions. We also provided the ERA with a declarative semantics
based on the refined semantics of DyLPs (for inferring conclusions) and a transition
system (for the execution of actions).

We showed that ERA extends Evolp in the sense that any Evolp program has a
direct translation in ERA. This also allows for the use the action description language
EAP described of Chapter 5, as a part of the ERA formalism. We then compared ERA
with other LP update formalisms illustrating how to simulate these languages with
ERA.

In Section 6.4.1 we briefly discuss the possibility that actions could be non exe-
cutable, i.e. that their execution may actually fail. Within ERA, non executable (failed)
actions are simply discarded. Moreover, when executing a complex action, if one of
its sub actions is not executable the whole actions results as non executable and its
execution is interrupted, i.e. the action fail. ERA has no specific means for treating fail-
ure such as, for instance, recovering from the failure of an action by executing another
action in its place (a form of alternative execution) or to reverse a partially executed
complex action. Recovering from a failure is a key issue when executing transactions.
A transaction is: a sequence of information exchange and related work (such as database up-
dating) that is treated as a unit for the purposes of satisfying a request and for ensuring database
integrity. [Sea]. Transactions are the standard way to perform operations on database
systems , operations involving transfers of money or other resources and, in general, all
those operations supporting some kind of reversion in case of failure. A crucial aspect
for any kind of transaction is to support mechanisms for reversing partially executed
failed transactions. In order to apply ERA to database and resource transfer applica-
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tions, the most important open issue is to extend it with transactional capabilities and
specific ways to treat the failure of (trans)actions.

An introductive discussion to the topic of a Transaction ERA is among the subjects
of Chapter 7, and is subject of current work.

189



6. EVOLVING REACTIVE ALGEBRAIC PROGRAMS 6.7. Conclusions and open issues

190



Chapter 7

Conclusions

The goal of the thesis has been the development of a logic programming based frame-
work for programming AI applications provided with reasoning, reactive and evolv-
ing capabilities. To achieve this goal, we first established theoretical foundations by
defining the semantics of a logic programming paradigm for dealing with updates
of knowledge, i.e. dynamic logic programs. These basic results were then used for
addressing the issues of reasoning about the effect of actions, programming reactive
behavior and executing actions.

Dynamic logic programs are sequences of logic programs where the first program
is seen as the initial knowledge base and the others are subsequent updates. Within
DyLPs, rules can have either positive or negative literals in their heads. Conflicts
among rules with complementary heads are bound to occurs. According to the prin-
ciple of causal rejection, whenever a conflict occurs among rules in different updating
programs, the rules in less recent updates are rejected. Most of the existing seman-
tics for DyLPs in the literature are extensions of the classical stable model semantics,
taking into account the causal rejection principle. These semantics are strictly related
to each other and coincide on large classes of programs. However none of them was
completely satisfactory. In particular none of them complies with the principle of im-
munity to tautologies, i.e. for all of them there are examples where the addition of a
tautological rule of the form L ← Body where L occurs in Body changes the semantics
of the considered DyLP.

The first (sub)goal of the thesis was to define a suitable extension to DyLPs of the
stable model semantics of generalized logic programs. The first step in this direction
was the definition of a new principle, called the refined extension principle, that should
be satisfied by any stable model-like semantics for DyLPs based on causal rejection. It
turns out that the violation of the principle of immunity to tautology is a special case of
violation of the refined extension principle. We then defined a semantics for DyLPs that
extends the stable model semantics and complies with both the causal rejection and the
refined extension principle. This semantics is a refinement of the other semantics for
DyLPs based on causal rejection, in the sense that any model according to the new
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semantics is also a model according to the others. For this reason the new semantics
was named refined stable model semantics for DyLPs.

Another important property of the semantics is that of extending in a natural way
the well supported semantics to the case of DyLPs. The well supported semantics is
an alternative and equivalent characterization of the stable model semantics of normal
logic programs. We extended the definition of well supported model to DyLPs, and
proved that the set of well supported models of a DyLP coincides with its set of models
according to the refined semantics.

Yet one more achievement was that of extending the refined-well supported seman-
tics from DyLPs to multidimensional dynamic logic programs. MDyLPs are a general-
ization of DyLPs. While DyLPs are sequences of logic programs, MDyLPs are partially
ordered multisets of programs. We extended the notion of well supported model to
MDyLPs and found an equivalent fixpoint characterization.

After having defined a proper extension of the stable model semantics to DyLPs, the
next step was to define a suitable extension of the well founded semantics to DyLPs.
In the case of normal logic programs, the well founded semantics is a skeptical polyno-
mial approximation of the stable model semantics, in the sense that the well founded
model of a program is a subset of any of its stable models. We extended the well
founded semantics to DyLPs by providing an alternative fixpoint definition and shown
the relationships between the refined and the well founded semantics for DyLPs ex-
tends the one between the stable model and well founded semantics of normal logic
programs, i.e. the well founded model of a DyLP is a subset of any of its refined mod-
els. Moreover, the complexity of the computation of the well founded semantics of a
DyLP is, as in the case of normal logic programs, polynomial w.r.t. the number of rules
of the system.

After establishing these basic results, we faced the issue of how to use DyLPs for
representing and reasoning about the effect of actions. To face this issue we used the
already existing logic program updates language Evolp. Evolp is a language that is
capable of specifying the evolution of a DyLP by asserting new rules. The evolution
of a program is also influenced by external inputs in the form of Evolp programs. We
defined an action description language as a macro language built on top of Evolp.
The new language, named evolving action programs, enables to describe the effect
of actions on the environment by rules. We proved that the existing action description
languages A , B and C can be modularly translated into EAPs hence showing that EAPs
are at least as expressive as these languages. Moreover, we showed the capability of
EAPs to handle changes in the environment and the way it is affected by actions.

Having provided a tool for reasoning about the effect of actions we were still short
off showing how to specify the execution of actions. To face this issue we defined an
Event-Condition-Action language with inference logic rules, with active rules specify-
ing what actions to execute when a given event occurs, with an event and an action al-
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gebra for defining complex events and actions in terms of simpler ones, with inhibition
rules preventing actions from being executed and, finally, with self evolving features
(i.e. the capability to autonomously assert inference, active and inhibition rules). The
event algebra allows to combine events, possibly occurring in difference instants, in
order to define new ones. The action algebra allows to specify the execution of several
basic actions like the assertion and retraction of rules, the execution of external actions
having effects on the external environment, or to raise an internal event that is then de-
tected by the system. The algebra also allows to specify whether several actions must
be sequentially or concurrently executed, or also to specify conditions determining the
execution of one action instead of another one. Both for events and for actions it is
possible to give a name to a complex combination of events (resp. actions) and hence
to use the action (resp. event) name in other expressions.

The semantics of the new language, called ERA (after Evolving Reactive Algebraic
Programs) is based, for the inference and reactive part, on the (either refined or well
founded) semantics of DyLPs. This is achieved by transforming any ERA program
into a DyLP where active and inhibition rules are turned into logic programming rules
with, respectively, positive and negative literals in the head. Regarding actions, their
semantics is given by transition rules describing the effects of actions on the system.
We showed than that every Evolp (and hence EAPs) program has a straightforward
translation into ERA, and hence the latter can be considered as an extension of the
former.

Summarizing, the original contribution to the initial required features are

Reasoning

• The stable model and the well founded semantics for normal logic programs
have been extended to the case of dynamic logic programs, thus obtaining
the refined semantics for dynamic and multidimensional dynamic logic pro-
grams and the well founded semantics for dynamic logic programs. Both
the semantics allow for reasoning about knowledge which is constantly up-
dated. The possible conflicts between older and newer rules are automati-
cally solved by the developed logic framework

While the refined semantics allows for more complex, NP-hard, form of
reasoning requiring the global consistency of the knowledge base, the well
founded semantics is a skeptical polynomial approximation of the refined
one, allowing to quickly process data (although at the cost of loosing some
inference power) and capable to deal with inconsistent knowledge bases

• The logic programming update language Evolp (provided with an underline
refined semantics) has been used for defining an action description formal-
ism of EAPs. EAPs can be used for representing the effects of actions and
predicting the possible evolutions of the world given an initial state and a
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sequence of performed actions

Reactivity The Event-Condition-Action, dynamic logic programming based, language
ERA provides ways to define active rules specifying how and under which con-
ditions a system should react to a incoming event by executing actions. Events
and actions can be either basic or complex ones. Complex events and actions are
defined by basic ones by means of, respectively, an event and an action algebra.
The conditions are conjunctions of literals that must be evaluated according to
facts and LP inference rules in the KB of the system.

Evolution

• The capability to automatically handle updates of rules of the underlying
DyLP framework provides the basis for enabling evolution of the frame-
work

• Evolving action programs can autonomously integrate updates to the very
rules describing the effects of actions in order to handle changes in the de-
scribed environment

• The ERA language allows the user to specify conditions under which ac-
tive and inference rules, event and actions definitions can be asserted and
retracted. It is also possible to specify exceptions to active rules by asserting
inhibition rules. The user does not need to take care of solving the possi-
ble conflicts among older and newer rules, since this task is automatically
solved by the underlying DyLP framework

The three features above, are not stand-alone achievements. Indeed, the inference
system of ERA may incorporate either the refined or the well founded semantics for
DyLPs. Moreover, evolving action programs can be simulated by ERA. Hence, ERA
incorporates the features of reasoning, reactive and evolving capabilities as required
by the initial goal of the thesis.

7.1 Current and future work

As just argued, in our opinion the thesis achieved the goal of defining an LP-based
language for reasoning and reacting to events by executing actions. Of course this
does not close the research area of reactivity in knowledge bases, and some issues are
left open in this thesis. Some of them are related to possible extensions of the language
to deal with new problems and application areas. Some others are just about further
studies related to intermediate results developed in the thesis, that were not pursued
since they were not crucial for the main goals of the work.
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To start it is possible to further study the basic semantics in order for providing
either further properties of the well supported semantics for DyLPs or further refine-
ments to match new principles and properties.

Also, the well founded semantics is not defined for the case of multidimensional
dynamic logic programs. This is so in this thesis, since it was not a central issue for
the goal of defining a language for both reasoning about and executing actions. But
this extension could be particularly profitable for Semantic-Web and distributed data
base related applications, enabling to merge and update data and knowledge from dif-
ferent sources, solving possible contradictions by assigning priorities on most reliable
sources, and then querying the resulting KB according to its well founded, possibly
paraconsistent, model.

A possible way to define a well founded semantics is by an alternating fixpoint
operator obtained by combining the anti-monotonous operators of Definition 36 that
extend the dynamic and refined semantics to the multidimensional case. Further in-
vestigation to understand the formal properties and detect possible drawbacks of this
approach are in order.

Another topic left open is that of defining action query languages for EAPs, capable
of dealing with the issues of prediction, postdiction and planning both with complete
and incomplete knowledge.

Currently, the theoretical framework developed in the thesis have been imple-
mented up to the point of the refined and well founded semantics for DyLPs. It still
remains to implement the refined semantics for MDyLPs and the ERA-EAPs language
for reasoning about and executing actions

ERA was established as a language for reasoning and executing actions. The basic
language was defined and compared to extant approaches. This, of course, does not
preclude extensions of the language, to deal with further issues. One such extension
is that of allowing multidimensional updates capabilities. Regarding this, it could be
possible to take advantage on the development related to the multidimensional up-
dates langauge KABULm

Also, the event algebra of ERA could be extended with more general classes of
complex events, in order to obtain at least the same expressivity of event specification
languages such as Snoop An alternative solution could be to elaborate a version of the
language parametrical w.r.t. the underlying event specification language.

Possibly the most relevant extension of ERA would to provide the language with
specific features for defining and executing transactions. Transactions are the stan-
dard way to perform operations on database systems, operations involving transfers
of money or other resources and, in general, all those operations supporting some kind
of rollback in case of failure. Indeed, this is a subject of current work, and it is profitable
to spend here some more words on how it could be faced and solved.

To match the requirement of preserving the integrity of data, transactions usually
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satisfy the ACID properties (Atomicity, Consistency, Isolation and Durability). Atomicity
requires the transaction to be executed as a unit, i.e. either all the operations involved
are committed or none is. To achieve Atomicity, the standard way to handle the failure
of an ACID transaction is by a rollback, i.e. by restoring the state of the system before
the execution of the failed transaction1

Consistency requires that a transaction either creates a new state where the consis-
tency of the data is preserved or fails without changing the data. Isolation requires that
a transaction in process and not yet committed must remain isolated from any other
transaction, i.e. to execute a set of transactions T is equivalent to execute one-by-one
all the transactions of T in some order. Durability requires that, even in the event of a
failure and system restart, the data is available in the state it was when the last trans-
action committed. Durability is usually achieved by low-level software management
and is hence outside the scope of this study.

Although ACID properties are essential features for transactions performing inter-
nal changes in database systems, they imposes very strict demands [HK87] that are
not always suitable for performing transitions involving system networks like, for in-
stance, Web Sources, as argued in [TSI02].

The reason is that Atomicity and Isolation require conditions that cannot be guar-
anteed by loosely-coupled networks, where the single nodes have a high degree of
independence, and communications are slow and fail frequently. Atomicity requires
all the steps of the transactions to rollback when the transaction fails, while Isolation
requires that the data involved in a transaction is unaccessible until the transaction
either commits of fails. Transactions for which Atomicity cannot be guaranteed are
those involving activities in the real world like, for instance, dispensing money from
an automated teller machine or sending an email. There is no possibility to undo these
actions, often called real [HK87].

Moreover, some transactions may involve iterated information exchange between
different actors such as data bases, web services, human agents and so on, potentially
lasting for hours or days. This transactions are called long running transactions [TSI02]
or also sagas [DT87]). In this scenario, to demand for a complete lock of data (de-
manded to comply with Isolation) until the transaction is executed is too restrictive.
We refer to transactions for which the demands of the ACID properties are too restric-
tive as to irreversible transactions.

An irreversible transaction is usually formed by sub transactions that are required
to obey to the ACID properties and irreversible actions like messages or real actions.
Since when an irreversible transaction fails it is note possible to rollback to the initial
state, another mechanism for handling failure is required. The usual approach (see, for
instance, [HK87], [DT87], [CGV+02]) is to resort to another operation, called compensa-
tion [HK87], leading into a state that is considered semantically equivalent to the initial

1This is usually implemented by recording in a stack all the basic operations executed by a transac-
tions and, in case of failure, to undo the operations in reverse order [HGM02].
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(for this reason a compensation is also known as semantical rollback)
Note that a rollback of an ACID transaction is just a form of compensation. In

general, an irreversible transaction T is defined and implemented as a combination
of ACID sub transactions and, possibly, external iterations involving receiving exter-
nal inputs and performing external actions. To execute T is, in general, equivalent to
execute a sequence of sub-transactions T1, . . . ,Tn. Each sub transaction Ti has a compen-
sation Ci. A correct execution of T implies either to execute

T1, . . . ,Tn

or, in case a failure to start the execution of the various compensations starting from
the last committed sub transaction Ti, i.e. to execute

T1, . . . ,Ti,Ci, . . .C1

This notion of transactions and compensation activities was first introduced in the sem-
inal paper [DT87].

Similarly to actions as defined in ERA, transactions are basic or complex opera-
tions that permanently change the state of the system. The first notion required by
transactions that is formally missing in ERA is that of failure. However, the notion of
non executable actions can be seen as a prototype for the notion of failure of a trans-
action. Even more important is to specify ways to handle a failure. Indeed, in ERA,
there is no notion of rollback and it is hence not possible to reverse a (trans)actions,
and hence Atomicity cannot be accomplished. Even Isolation is not preserved since in
ERA actions are concurrently executed and, as shown in Section 6.4.2, the concurrent
execution of actions is, in general, not equivalent to any sequential execution of those
actions. Thus, it is not possible to implement ACID transaction in ERA.

As for rollback, there is also not a clear notion of compensation in ERA. Finally, in
several applications it is useful to have the possibility to specify an alternative way to
execute a transaction if the main stream of the transaction fails.

Both ACID and irreversible transactions are actions with specific functionalities
for handling failure: alternative execution and either rollback (for ACID transactions)
or compensation (for irreversible transactions). The most natural way to define irre-
versible and ACID transaction in ERA could hence be to extend the action algebra with
new operators implementing failure handling functionalities. In this extended algebra
of Transaction ERA, a transaction may either be an ACID transaction or an irreversible
transaction.

Such an extension of ERA, in which we are currently working, will result in a
unique declarative language, capable of executing both ACID and irreversible transac-
tions, together with evolving capabilities.
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Appendix A

Proofs of theorems from Chapter 3

A.1 Properties of the least model

Through the proofs of theorems and propositions we use several properties of the least
model of a definite logic program.

Property A.1.1 Let P, U and R be definite logic programs, such that, for any rule τ ∈ U ,
B(τ) 6⊆ least(P), and H(R) ⊆ least(P) then:

least(P∪U ∪R) = least(P)

i.e., P∪R∪U is a syntactic extension of P.

proof The least operator is monotonous, hence least(P) ⊆ least(P∪U ∪R). We prove
that least(P) is a model of P∪U ∪R. First, least(P) is the least model of P. Moreover, it
is a model of U , since, by hypothesis, the body of any rule in U is not satisfied. Finally
it is a model of R, since, by hypothesis, the head of any rule in R is in least(P). Since
least(P∪R∪U) is the least model of P∪R∪U then

least(P∪R∪U)⊆ least(P)

♦

Since for any tautology τ either H(R) ∈ least(P) or B(τ) 6⊆ least(P) it immediately
follows:

Corollary A.1.1 Let P be a definite logic program and E be a set of tautologies. Then least(P∪
E) = P.

Property A.1.2 Let P be a definite logic program and Ta a program whose rules are tautologies
i.e. rules of the form: A← B where A ∈ B. Then P∪Ta is a syntactic extension of P.
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proof Let U be the program consisting of all rules r′ in Ta such that H(r′) 6∈ least(P)
and R be the program obtained considering all rules r such that H(r) ∈ least(P). Note
that, since for all rules, r ∈ Ta H(r) ∈ B(r), the rules of U are such that B(r) 6⊆ least(P).
From this and the definition of R, it follows that P, U and R satisfies the hypothesis
of Property A.1.1. Hence, by the thesis of such Property it follows immediately that
P∪Ta is a syntactic extension of P. ♦

Property A.1.3 Let P be any definite logic program, and τ a definite rules. Let us suppose:
B(τ) 6⊆ least(P), then: least(P∪{τ}) = least(P)

The idea of this property is that rules whose body is not satisfies are not relevant
for the computation of the least Herbrand model.
proof We know that least(P∪{τ})⊇ least(P). Since least(P) does not support τ, then by
minimality: least(P∪{τ})⊆ least(P)

♦

Property A.1.4 Let P be any definite logic program, τ is a rule of P. Let τ1 be a rule of P such
that: B(τ′)⊆ least(P\{τ}) and hd(τ) = hd(τ′), then:

least(P) = least(P\{τ})

proof We know that L = least(P \ τ) ⊆ least(P). Since L is a model of τ′ and it satisfies
the body of such rule, it follows that hd(τ) ∈ L, then L⊇ least(P)

♦

Property A.1.5 Let P be any definite logic program and A an atom. Then A belongs to the least
Herbrand model of P iff there exists P′ ⊆ P such that P′ is a finite set of rules and A ∈ least(P′)

proof
Let us suppose A ∈ least(P) and let n be the least natural number such that

A ∈ T n
P ( /0). We prove the by induction on n that the property is true for each A ∈ T n

P ( /0)
and for each n.

If n = 0 there is nothing to prove. Let us suppose the property proved for n, we
prove it for n+1. We know that

∀A ∈ T n
P ( /0) it exists a f inite program P′ : P′ ⊆ P∧ A ∈ least(P′)

Let A ∈ T n+1
P ( /0). By definition of the TP operator there exists a rule τ : A ← B such

that B⊆ TP. Then for each literal Bi ∈ B there exists, by inductive hypothesis, a finite
subprogram Pi of P such that Bi ∈ least(Pi). Consider the program P′ =

S
Pi∪{τ}. P′ is
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the union of a finite number of finite subprograms of P, then it is a finite subprogram
of P. Moreover least(P′) |= B and τ ∈ P′. Then A ∈ P′

♦

A.2 The principle of partial evaluation

In some of the proof we will refer to the principle of partial evaluation. This principle
is one of the properties listed in [Dix95b] and it is satisfied by most of the existing
semantics. Intuitively it asserts that given a program with a rule of the form a ←,B

where c is an atom and B a conjunction of literals, it is possible to substitute the rule
above with the set of rules of the form a ← Bi,B for any rule of the form c ← Bi in
the program without changing the semantics of the program itself. Given a logic pro-
gram P, let Sem be a function mapping a logic program P to a set of interpretations.
Any semantics is univocally determined (and univocally determines) such a function.
For instance, the function STABLE, associated to the stable model semantics, maps a
program P to the set of its stable models. The function LEAST , associated to the least
Herbrand model semantics, maps a program P into single-element set formed by its
least Herbrand model i.e. LEAST (P) = {least(P)}. Finally the function WFS, associated
to the well founded semantics, maps a program P into single-element set formed by its
well founded model. We can now formalize the principle of partial evaluation.

Definition 61 Let P be a logic program, Sem a function associated to a semantics and let c be
an atom. Let

c← B1, . . . ,c← Bn

be the set of rules with head c in P. Let P′ be program obtained by replacing any rule of the form
a← c,B with the set of rules

a← B1,B.
...

a← Bn,B.

The semantics associated to Sem satisfies the principle of partial evaluation then:

Sem(P) = Sem(P′)

Most of the known semantics for LPs satisfy this principle.

Theorem A.2.1 Then the stable and the well founded semantics for normal logic programs
satisfies the principle of partial evaluation and so it does the least Herbrand model semantics.

For an extended dissertation on the subject and formal proofs see [Dix95b]
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A.3 Proofs of theorems and propositions

Proof of Proposition 3.3.1: Let M ∈ Sem(P∪{τ}), then, by definition:

M = least(P∪{τ}∪Assumtions(P∪{τ},M))

Using Property A.1.2 we obtain

M = least(P∪Assumtions(P∪{τ},M))

Hence P∪{τ} is a refined extension of P. Since the semantics Sem complies with the
refined extension principle, this implies M ∈ Sem(P). Thus Sem(P∪{τ}) ⊆ Sem(P) as
desired. ♦

Proof of Proposition 3.3.2: Recall that, in the stable model semantics, independently of
P, the set Assumptions(P,M) is M−. We simply have to prove that, if M is a stable model
of P∪E and P∪E is an extension of P w.r.t. M, then M is a stable model of P. If M is a
stable model of P∪E, then, by definition of extension

M = least(P∪M−∪E) = least(P∪M−)

This implies M is a stable model of P. ♦

Proof of Proposition 3.3.3: Let P and E be dynamic logic programs and Sem a seman-
tics for DLPs that complies with the refined extension principle. Let M be in Sem(P ∪E).
Then:

M = least(ρ(P ∪E)−Re j(P ∪E ,M)∪Assumption(P ∪E ,M))

Splitting the multiset ρ(P ∪E)−Re j(P ∪E ,M) in two parts, namely ρ(P )−Re j(P ∪
E ,M) and ρ(E)−Re j(P ∪E ,M) we obtain

M = least(ρ(P )−Re j(P ∪E ,M)∪Assumption(P ∪E ,M)∪E ′)

where E ′ = ρ(E)−Re j(P ∪E ,M) which means all the rules in E ′ are tautologies. Since
the addition of tautologies does not change the least model (cf. Property A.1.2) it fol-
lows that M is also the least model of

ρ(P )−Re j(P ∪E ,M)∪Assumption(P ∪E ,M)

Since Sem complies with the refined extension principle, from such principle it follows
that M ∈ Sem(P ). ♦

Proof of Theorem 3.4.1 : Let P and E be the two dynamic logic programs P1, . . . ,Pn
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and E1, . . . ,En such that P ∪E is a refined extension of P and M is a refined stable model
of P ∪E i.e.

M = least(ρ(P ∪E)−Re j(P ∪E ,M)∪Assumption(P ∪E ,M))

We have to prove that M is also a refined stable model of P i.e.

M = least(GeneratorR(P ,M))

Since M is a refined stable model of P ∪E then, by definition, M is the least model of
the definite logic program: Gen∪R es where Gen is the program

(ρ(P )−Re jS(P Ei,M)M)∪De f (P ∪E ,M)

and R es the program ρ(E)−Re jS(P Ei,M)M. From the hypothesis we know that Gen∪
R es is a syntactic extension of Gen. By the definition of syntactic extension we derive
that

M = least(Gen)

If a rule τ belongs to Re jR(M), then it also belongs to Re jS(P Ei ,M)M, because there will
be anyway a rule rejecting it, hence

Re jR(M)⊆ Re jS(P Ei ,M)M

Furthermore, if not A belongs to De f (P ∪E ,M), there is no rule in P with head A and
true body, then not A ∈ De f (P ,M) and hence for any A, not A ∈ De f (P ∪E ,M) implies
not A ∈ De f (P ,M) i.e.

De f (P ∪E ,M)⊆ De f (P ,M)

It follows that

De f (P ∪E ,M) ⊆ least(GeneratorR(P ,M)) (A.1)

Moreover, since

ρ(P )−Re jS(P Ei,M)M ⊆ ρ(P )−Re jR(P ,M) (A.2)

by definition of Gen and the inclusions A.1 and A.2 we obtain

Gen⊆ GeneratorR(P ,M)

We prove that GeneratorR(P ,M) = Gen∪U ∪R where R and U are definite logic pro-
grams such that Gen, R and U satisfies the hypothesis of Property A.1.1. This, by such
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Property, implies:
least(GeneratorR(P ,M)) = least(Gen) = M

and prove the thesis.
We define R in the following way

{
τ 6∈ Gen∧H(τ) ∈M∧ (

τ ∈ De f (P ,M)∨ τ ∈ ρ(P )−Re jR(M)
)}

And U in the following way

{τ 6∈ Gen∧ H(τ) 6∈ M∧ τ | τ ∈ ρ(P )−Re jR(M)}

By definition of GeneratorR(P ,M) it follows

GeneratorR(P ,M) = Gen∪U ∪R

and, by definition of R it follows H(R) ⊆ least(Gen). It remains to prove that M 6|= B(τ)
for any τ ∈U . Let L be the head of τ. Since, by definition of U , H(τ) 6∈M, there are two
possibilities.

• L is the positive literal A and not A∈ De f (P ∪E ,M). Then there does not exist any
rule in ρ(P ) whose head is A and whose body is satisfied by M, then M 6|= B(τ).

• There exists a rule η in ρ(P )−Re jS(P Ei,M) such that H(η) = not L and M |= B(η).
Let us suppose, by contradiction, M |= B(τ) and hence M |= B(τ). Let i be the
index such that τ ∈ Pi. Then there exists Pj such that η ∈ Pj and i < j, otherwise
η would not belong to ρ(P )−Re jS(P Ei,M). Then τ is rejected by η and hence:
τ 6∈ ρ(P )−Re jR(M) against hypothesis.

We proved that Gen, U and R satisfy the hypothesis of Property A.1.1 then, by such
Property: least(GeneratorR(P ,M)) = least(Gen) = M

♦

Proof of Theorem 3.4.2 :
Let P be any DLP and E any DLP whose unique rules are tautologies and M a

refined stable model of P . We have to prove that M is also a refined stable model of
P ∪E .

By definition, M is a refined stable model of P ∪E iff

M = least(GeneratorR(P ∪E ,M))

and

GeneratorR(P ∪E ,M) = ρ(P )−Re jS(P Ei,M)M ∪
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De f (P ∪E ,M) ∪ ρ(E)−Re jS(P Ei,M)M

First, we find a simpler program G such that

least(GeneratorR(P ∪E ,M)) = least(G)

Since
ρ(E)−Re jS(P Ei ,M)M

is a tautological program, by Property A.1.2 we obtain

least(GeneratorR(P ∪E ,M)) =

least
(

ρ(P )−Re jS(P Ei,M)M ∪De f (P ∪E ,M)
)

Moreover, we prove that De f (P ∪E ,M) = De f (P ,M). Clearly

De f (P ∪E ,M)⊆ De f (P ,M)

Viceversa, suppose not A ∈ De f (P ,M). Then A 6∈ M. For each rule τ in ρ(E) such that
H(τ) = A, since τ is a tautology, A∈ B(τ) which implies M 6|= B(τ). Hence, it follows that
A ∈ De f (P ∪E ,M). It follows that

De f (P ∪E ,M) = De f (P ,M)

as stated. Hence we define the program G as

G = ρ(P )−Re jS(P Ei,M)M∪De f (P ,M)

By what previously said it follows that:

least(GeneratorR(P ∪E ,M)) = least(G)

Hence, if we prove least(G) = M we prove the thesis. By

ρ(P )−Re jS(P Ei,M)M ⊆ ρ(P )−Re jR(M)

It follows
G⊆ ρ(P )−Re jR(M)∪De f (P ,M)

Then clearly least(G)⊆M.

It remains to prove the opposite inclusion. Let us suppose, by contradiction,
there exists a literal L such that L ∈ M but L 6∈ least(G). This means there exists a
rule τ ∈ GeneratorR(P ,M) such that τ 6∈ G and H(τ) = L. This means there exists a
tautology η such that H(η) = not L and M |= B(η). The last condition implies, since
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η is a tautology, that not L ∈ M, or equivalently L 6∈ M against hypothesis. Then
least(G) = M and hence M is a refined stable model of P ∪E . ♦

Proof of Theorem 3.5.1 :

Let P be any DLP and M a refined stable model of P . We have to prove that M is a
dynamic stable model. We remember here the definition of rejected rules and default
assumptions for the the dynamic stable model semantics.

Re j (P ,M) =
{

r | r ∈ Pi,∃r′ ∈ Pj, i < j,r 1 r′,M ` B(r′)
}

De f (P ,M) = {not A | @r ∈ ρ(P ),H(r) = A,M ` B(r)}

We know that M is a refined stable model of P i.e.

M = least(ρ(P )−Re jR(M)∪De f (P ,M))

We have to prove that

M = least(ρ(P )−Re j(P ,M)∪De f (P ,M))

Following the outline of the proof of Theorem 3.4.1 We prove that

GeneratorR(P ,M)∪R∪U = Generator(P ,M)

where R and U are definite logic programs such that GeneratorR(P ,M), R and U satisfies
the hypothesis of Property A.1.1. This, by such Property, implies:

least(GeneratorR(P ,M)) = M

and prove the thesis. By the two definitions of rejected rules we obtain

ρ(P )−Re jR(M)⊆ ρ(P )−Re j(P ,M)

We define R in the following way

{τ| τ 6∈ ρ(P )−Re jR(M) ∧ τ ∈ ρ(P )−Re j(P ,M)∧ H(τ) ∈M}

And U in the following way

{τ| τ ∈ ρ(P )−Re j(P ,M) ∧ τ 6∈ GeneratorR(P ,M)∧ H(τ) 6∈M}

By definition of GeneratorR(P ,M) it follows

GeneratorR(P ,M) = Generator(P ,M)∪U ∪R
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and, by definition of R it follows H(R)⊆ least(Generator(P ,M)).

It remains to prove that M 6|= B(τ) for any τ ∈U . Let L be the head of τ. By definition
of U it follows that L 6∈ M. There are two possibilities.

• L is the positive literal A and not A ∈ De f (P ,M)). Then it does not exists any rule
in ρ(P ) whose head is A and whose body is satisfied by M, then M 6|= B(τ).

• There exists a rule η ∈ ρ(P )−Re jR(M) such that H(η) = not L and M |= B(η). Let
us suppose, by contradiction, M |= B(τ), which implies that M |= B(τ). Let i be the
index such that τ∈ Pi. Then, there exists Pj such that η ∈ Pj and i < j otherwise η
would not belong to ρ(P )−Re jR(M). Then, by definition, τ 6∈ ρ(P )−Re j(P ,M),
against hypothesis.

We proved that GeneratorR(P ,M), U and R satisfies the hypothesis of Property A.1.1.
Hence we obtain

least(Generator(P ,M)) = least(GeneratorR(P ,M)∪U ∪R)

By Property A.1.1: least(GeneratorR(P ,M)) = least(Generator(P ,M)). This concludes the
proof.

♦

Proof of Proposition 3.7.2:

In the rest of the proof we denote with P Q the program P ⊕Q and with P Q ′ the
program P ′⊕Q .

From B(τ)⊆ B(γ) it follows that, for any interpretation I:

I |= B(γ) ⇒ I |= B(τ)

We distinguish the cases when hd(τ) = hd(γ) and hd(τ) ./ hd(γ).

If hd(τ) = hd(γ) we prove that, for any interpretation I:

ΓR
P Q (I) = ΓR

P Q ′(I)

from which the thesis immediately follows.

From the implication above it follows by definition of De f ault

De f ault(P Q , I) = De f ault(P Q ′, I)

Moreover, since γ belongs to a less recent update than τ, any rule rejected by γ is
also rejected by τ. Hence, if γ ∈ Re jR(P Q , I) then:
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ρ(P Q )\Re jR(P Q , I) = ρ
(
P Q ′)\Re jR(P Q ′, I)

and hence, by definition of ΓR, it follows ΓR
P Q (I) = ΓR

P Q ′(I).

If
γ 6∈ Re jR(P Q , I)

then:

ρ(P Q )\Re jR(P Q , I) = ρ
(
P Q ′)\Re jR(P Q ′, I)∪{γ}

Since γ belongs to a less recent update than τ, also τ is not rejected i.e. it belongs
to ρ(P Q ′)\Re jR(P Q ′, I) . If

ΓR
P Q ′(I) 6|= B(γ)

then, by Property A.1.1

ΓR
P Q (I) = least(ρ(P Q )\Re jR(P Q , I)) = least(ρ

(
P Q ′)\Re jR(P Q ′, I)∪{γ}= ΓR

P Q ′(I)

as desired.

If
ΓR

P Q ′(I) |= B(γ)

then
ΓR

P Q ′(I) |= B(τ)

hence, since ΓR
P Q ′(I) is a model of τ, then hd(γ) ∈ ΓR

P Q ′(I) and hence, by Property
A.1.1

ΓR
P Q (I) = least(ρ(P Q )\Re jR(P Q , I)) = least(ρ

(
P Q ′)\Re jR(P Q ′, I)∪{γ}= ΓR

P Q ′(I)

as desired.

If hd(τ) ./ hd(γ) let I be a two valued interpretation. We will prove that I is a well
supported mode of P Q iff it is also a well supported mode of P Q ′.

Let ` be any level mapping. By B(τ)⊆ B(γ) we obtain:

`(B(τ))≤ `(B(γ))

If
I 6|= B(γ) ∨ `(hd(γ)) 6> `(B(γ))

then γ is not relevant in order to determine weather I is a well supported model
or not. Hence I is a well supported mode of P Q (and ` the relative level mapping)
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iff it is also a well supported mode of P Q ′ (and ` the relative level mapping) as
desired.

It remains to examine the case when

I |= B(γ) ∧ `(hd(γ)) > `(B(γ))

In this case we have

I |= B(γ) ⇒ I |= B(τ)

and
`(hd(τ)) = `(hd(γ)) > `(B(γ))≥ `(B(τ))

Hence, by Definition 28, γ ∈ Re jl(P Q , I). Moreover, hd(τ) ∈ I iff τ ∈ Re jl(P Q , I)
which is equivalent to τ∈Re jl(P Q ′, I) i.e. γ it is not relevant to determine weather
I and ` satisfy condition i) and ii) of Definition 29 i.e. it is not relevant to de-
termine weather I is well supported model of P Q and P Q ′. Hence I is a well
supported model of P Q iff it is a well supported model of P Q ′ as desired.

♦

Proof of Proposition 3.7.3:
In the rest of the proof we denote with P Q the program P ⊕Q and with P Q ′ the

program P ′⊕Q . We prove that, for any interpretation I:

ΓR
P Q (I) = ΓR

P Q ′(I)

from which the thesis immediately follows. By definition of De f ault:

De f ault(P Q , I) = De f ault(P Q ′, I)

Since there exists no conflicting rule with in any Pj with j ≤ i, no rule is rejected by
τ.

If not A 6∈ De f ault(P Q ′, I) then there exists a rule with head A and true body in I in
some Pj. Since any rule with head A is, by hypothesis, in a more recent update than i,
then that rule also rejects τ. Hence

ρ(P Q )\Re jR(P Q , I) = ρ
(
P Q ′)\Re jR(P Q ′, I)

and hence, by definition of ΓR, it follows ΓR
P Q (I) = ΓR

P Q ′(I) as desired.
If not A ∈ De f ault(P Q ′, I) then, by Property A.1.1:

ΓR
P Q (I) = least(ρ(P Q )\Re jR(P Q , I)) = least(ρ

(
P Q ′)\Re jR(P Q ′, I)∪{γ}= ΓR

P Q ′(I)
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as desired.
♦

Lemma A.3.1 Let M P be any multidimensional dynamic logic program in the language L , n

an index, M a well-supported model of M P at Pn and L ∈M. Then, either L ∈ De f ault(M) or
there exists a rule L ← B in some Pi such that the fact sa f e(L, i) belongs to Sa f eR(M P n

,M),
M |= B and `(L) > ell(B).

proof We proceed by cases.

• Let L = not A for some atom A and there exists no rule A ← B such that M |= B.
Then, by definition, M ∈ De f ault(M) and the thesis is satisfied.

• Let now L = A and there exists no rule with head not A whose body is true in
M. Then, by ii) there exists a rule τi : A ← B, in some Pi, such that M |= B and
`(A) > `(B). Clearly sa f e(L, i) ∈ Sa f eR(L, i) since there is no rule that threatens τi

and the thesis is satisfied.

• Finally, let us suppose there exists a rule with head not L and true body in M.
Let α be a maximum index st. such a rule ηα exists in Pα. Since L ∈ M then M

is not a model of η. This means ηα ∈ Re j`(M) i.e. there exists a rule τβ : L ← B

in Pβ : α ≺ β, such that M |= B and l(L) > l(B). There exists no rule with head
not L and true body in Pβ or any successive update, otherwise the maximality of
α would be violated, hence there exists no rule that threatens τβ, which means
τβ ∈ Sa f eR(M P n

,M) as desired.

♦

We are now ready to prove the equivalence Theorem 3.9.1.
Proof of Theorem 3.9.1: In the following we will use the notation GS(M) for Σ(M P n)∪
Sa f eR(M P n

, I)∪R j(M P n)∪De f ault(M P n
, I).

Let us first suppose M is a RMSM of P , i.e. M = ΓR(M) = least(GS(M))|L . We have
to prove that M is a well-supported model.

For this we have to prove conditions i) and ii) of Definition 32. We define the level
mapping ` as follows: Let TGS be the immediate consequence operator of the definite
logic program GS(M) and T m

GS be the mth application of TGS to the empty set . If not A

is in De f ault(M) then `(A) = 1, otherwise `(A) is the minimum n such that either A or
not A is in T m

GS. Formally:

`(A) = min({n : A ∈ T m
GS or not A ∈ T m

GS})

• Thirst of all we prove condition ii) We proceed by induction on the value of `(L).
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Basic step. Let A be any atom in M, then `(A) > 1, since any rule whose head is A

contains the literal sa f e(A, i) for some index i in its body. Hence the thesis is
trivially satisfied.

Inductive step. Let `(A) = m + 1 and suppose ii) proved for any A st. `(A) ≤ m.
Since A∈ least(GS(M)), there exists a rule A←B,sa f e(A, i) in GS(M) such that
τi : A← B belongs to Pi, B⊆ T m

GS, sa f e(A, i)∈ T m
GS and finally, `(A) > `(B) and M

satisfies B. Since sa f e(A, i) is true in T m
GS, then, either 1): τi is not threatened

by any rule or 2): all the rules that threatens τi are rejected.

1. In the former case, by definition, there exists no rule in a later update
that can reject τi, hence, τi is also a rule of ρ(P) \Re j`(M) and condition
ii) is satisfied.

2. In the latter case, let η j be a threat for τi that belongs to an update j.
Then, there exists a rule τk in an update Pk with j ≺ k with head A and
true body such that A > sa f e(A, i) > `(B(τk)). Let us consider k to be a
maximum index such that such a τk belongs to k. It remains to prove
that τk ∈ ρ(P)\Re j`(M).

By contradiction. Let us suppose, there exists ηβ ∈ Pβ with i≺ k≺ β that
threatens τk. Then η would threaten τi as well, i.e. the atom re j(A,β)
is in the body of the rule sa f e(A, i)← condR(M P n

,A, i). By the max-
imality condition imposed on k, there exists no rule in any subse-
quent update that rejects ηβ, hence re j(A,β) is not in least(GS(M))
and then sa f e(A, i) does not belong to T m

GS against what previously
said.

Hence τk is not threatened by any rule in a subsequent update. Then, by
definition τk ∈ ρ(P)\Re j`(M) and condition ii) is satisfied..

• We prove now condition i) i.e. M is a model of ρ(P) \Re j`(M). It is sufficient to
prove that if τi is a rule in any Pi such that M is not a model of τi, then τi ∈ Re j`(M).

If τi ∈ Pi is such a rule and L is its head, then in M |= B(τi) and L 6∈ M. This
means, since M is two valued, not L ∈ M. Then there exists a rule not L ←
B,sa f e(not L, j) such that η j : L ← B ∈ Pj, `(L) > `(B), `(L) > sa f e(not L, j) and
ΓR(M) |= B,sa f e(not L, j). If i ≺ j then , by definition, τi ∈ Re j`(M) as desired. If
i 6≺ j, then τi threatens eta j, hence re j(L, i)∈ least(GS(M)), which means there exits
a rule ηk with head L in some update Pk with i ≺ k such that M = ΓR(M) |= B(ηk)
and `(L) > `(B(ηk)). Then, by definition, τi ∈ Re j`(M) as desired.

Let now M be a WS model of M P . First of all we notice that De f ault(M) ⊆ M.
Indeed if not A ∈De f ault(M) then it does not exist in ρ(P) a rule A← B such that M |= B

hence, by definition A is not in M and then not A ∈ M. We prove that

M = ΓR(M)
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• We start proving L ∈M ⇒ L ∈ ΓR(M). We proceed by induction on the level of L.

Basic step. Let `(L) be minimal. If L ∈ De f ault(M), then, since De f alut(M) ⊆
GS(M), this implies that L∈ least(GS(M)). If L 6∈De f ault(M), then, by Lemma
A.3.1, there exists a rule τi : L← B with l(L) > l(B) in some Pi. By minimality
of `(L) τi can only be the fact L. Hence the rule L← sa f e(L, i) is in GS(M). We
prove that sa f e(L, i) ∈ least(GS(M)) and hence L ∈ ΓR(M). If τi is not threat-
ened by any rule, then the fact sa f e(L, i)← belongs to GS(M). Otherwise, let
re j(not L, j) be in condR(L, i,M). This means there exists a rule η j in some up-
date Pj : i 6≺ j with head not L and true body in M. Since not L 6∈M, η j belongs
to Re j`(M). By definition of Re jl and the minimality of `(L), we deduce that
the fact L← belongs to Pk with j≺ k. This implies that the fact re j(not L, j)←
belongs to GS(M), i.e. re j(not L, j) ∈ least(GS(M)). Repeating this reason-
ing for all the re j(not L, j) in condR(L, i,M) we obtain that least(GS(M)) |=
condR(L, i,M) and hence, since the rule sa f e(L, i)← condR(L, i,M) belongs to
GS(M) we obtain sa f e(L, i) ∈ least(GS(M)) and then L ∈ ΓR(M) as desired.

Inductive step. Let us suppose we proved that L ∈ M ⇒ L ∈ ΓR(M) for all L

such that l(L) ≤ m, we prove it also for l(L) = m + 1. If L ∈ De f ault(M),
then L ∈ ΓR(M). If L 6∈ De f ault(M), then, by Lemma A.3.1, there exists a
rule τi : L ← B with l(L) > l(B) in some Pi. Hence, the rule L ← B,sa f e(L, i)
is in GS(M). By inductive hypothesis we know ΓR(M) |= B. It remains to
prove that least(GS(M)) |= sa f e(L, i). If τi is not threatened by any rule, then
sa f e(L, i) belongs to GS(M). Otherwise, let re j(not L, j) be in condR(L, i,M).
This means there exists a rule η j in some update Pj : i 6≺ j with head not L

and true body in M. Since not L 6∈M, η j belongs to Re j`(M). Hence a rule τk :
L← B′ such that M |= B′ and `(L) > `(B′) belongs to some Pk with j ≺ k. This
means that the rule re j(not L, j)← B′ belongs to GS(M). Moreover, by induc-
tive hypothesis and by what previously said, we conclude B′ ⊆ ΓR(M) and
hence re j(not L, i) belongs to least(GS(M)). Repeating this reasoning for all
the re j(not L, j) in condR(L, i,M) we obtain that least(GS(M)) |= condR(L, i,M)
and hence, since the rule sa f e(L, i)← condR(L, i,M) belongs to GS(M) we ob-
tain sa f e(L, i) ∈ least(GS(M)) and then L ∈ ΓR(M) as desired.

• We have now to prove that, for any L ∈ ΓR(M) it also holds L ∈ M. We proceed
by induction proving that T m

GS|L ⊆M. Since least(T m
GS) =

S
T m

GS, we obtain then the
desired result

Basic step. The condition is trivially true since T 0
GS = /0.

Inductive step. Let us suppose T m
GS|L ⊆M. We want to prove T m+1

GS |L ⊆M.

Since M is a WS model, then L ∈ De f ault(M)⇒ L ∈M.

Let us suppose instead there exists a rule L← B,sa f e(L, i) in GS(M), B is true
in T m

GS and sa f e(L, i) ∈ T m
GS. Let i be a maximum index st. such a rule belongs
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to G(M) . This means the rule τi : L← B belongs to Pi. Moreover, by inductive
hypothesis, it follows that M |= B. It remains to prove that τi does not belong
to Re j`(M).

By contradiction. Let us suppose there exists a rule η j with head not L such
that M |= B(η j) and i ≺ j. Then η j threatens τi, hence since sa f e(L, i)
belongs to T m

GS, this implies re j(not L, j) ∈ T m
GS. This is possible only if a

rule τk with head L exists, in some update Pk with i ≺ j ≺ k such that
T m

GS |= B(τk). By inductive hypothesis, M |= B(τk). This violates the max-
imality of i.

Then τi 6∈ Re j`(M) and then M is a model of τi, which means, since its body
is true, that L ∈M as desired.

♦

Proof of Lemma 3.10.1: We have to prove the two inclusions

a) Γ(M P ,n)(I)⊆ ΓD
(M P ,n)(I) b) ΓD

(M P ,n)(I)⊆ Γ(M P ,n)(I) (A.3)

• First we prove inclusion a). This is inclusion is nearly straightforward. Let τi

be a rule of Pi not in Re j(Multin, I) This means there is no rule that threatens τi.
Hence the fact sa f e(L, i)← belongs to Sa f e(L, i, I). Since ΓD

(M P ,n)(I) is a model of
Sa f e(L, i, I) and a model of any rule L ← B,sa f e(L, i) such that L ← B belongs to
Pi, then ΓD

(M P ,n)(I) is a model of any rule L← B that belongs to ρ(P)\Re j(I). Since
ΓD

(M P ,n)(I) is also, by definition, a model of De f ault(I) we conclude that it is a
model of.

ρ(M P n)∪Re j(M P n
,M)∪De f ault(M P n

, I)

Hence Γ(M P ,n)(I) , being the least model of such program, is a subset of ΓD
(M P ,n)(I).

• We prove now inclusion b) Let G(M) be the definite program.

Σ(M P n)∪Sa f e(M P n
, I)∪R j(M P n) ∪De f ault(M P n

, I)

and TG the immediate consequences operator associated to G(M). Moreover, let
T m

G be the m− th application of TG to the empty set. Then ΓD
(M P ,n)(I) =

S
T m

G |L We
prove by induction that T m

G ⊆ ΓD
(M P ,n)(I) for each natural number m.

Basic step. T 0
G = /0, hence the inclusion is trivially true.

Inductive step. Let us suppose T m
G ⊆ ΓD

(M P ,n)(I). We have to prove T m+1
G ⊆

ΓD
(M P ,n)(I). Let L∈ T m

G . Then, either L∈De f ault(M), and hence L∈ΓD
(M P ,n)(I),

or there exists a rule τi′ : L← B,sa f e(L, i) in Σ(M P n) such that: τi : L← B ∈ Pi,
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T m
G |= B and sa f e(L, i) ∈ T m

G . This implies, by inductive hypothesis, that
ΓD

(M P ,n)(I) |= B. Let us consider a maximum i st. such a τi′ belongs to Pi.
If we prove that the fact sa f e(L, i) ← belongs to Sa f e(M P n

, I), this means
there exists no rule an a later update that threatens τi. This is equivalent
to say that τi ∈ ρ(P) \Re j(M). Then ΓD

(M P ,n)(I) is a model of τi and, since
ΓD

(M P ,n)(I) |= B, we conclude L ∈ ΓD
(M P ,n)(I) It remains hence to prove that,

indeed, sa f e(L, i)← belongs to Sa f e(M P n
, I).

By contradiction. Let us suppose sa f e(L, i) ← does not belong to
Sa f e(M P n

, I). This is equivalent to say that cond(L, i) 6= /0. Let then
re j(not L, j) be an element of cond(L, i). Then i≺ j . Since sa f e(L, i) ∈ T m

G ,
there exists a rule with head re j(not L, i) and true body in I that belongs
to De f eat(M P n

, I). This implies there exists a rule τk : L← B′ in some Pk,
i≺ j ≺ k such that T m

G |= B′. This violates the maximality of i

This concludes the proof.

♦

Proof of Theorem 3.11.1:
First of all we partially evaluate P T k (see Theorem A.2.1). Let P T k

U be the program
obtained by substituting the rules of the form

re j(L, i)← re j(L, j)

with the set of rules re j(L, i)← B. for each rule τ in any Pj of the form not L ← B such
that i≤ j ≤ k. Since the latter is a partial evaluation of the former (see Theorem A.2.1),
P T k and P T k

U have the same stable models.

We start by proving some technical results on MT .

Lemma A.3.2 For any atom A of L : if MT is a stable model of P T k
U , then:

not A ∈MT ⇔ A− ∈MT

proof Since MT is a two valued interpretation:

not A ∈MT ⇔ A 6∈MT

hence we have simply to prove that:

A− ∈MT ⇔ A 6∈MT

If A− ∈ MT then, either re jA−0 6∈ MT or there exist a rewritten rule in P T k
U of the form

A−← B,not re j(A−, i) with true body in MT .
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In the first case this implies that there exists no rule of the form A ← B in any Pi

with i ≤ k such that B is true in MT i.e. there exists no rewritten rule of the form A ←
B,not re j(A−, i) with B true in MT and hence A does not belong to MT since MT is a
supported model.

In the second case let A− ← B,not re j(A−, i) be the rewritten rule with head A and
true body in MT with the greatest i. Then, for any j≤ i, the clause re j(A, j)← B belongs
to P T k

U and hence re j(A, j) belongs to MT . This implies that the body of any rewritten
rule A ← B,not re j(A−, j) with j ≤ i is false. On the other side, since for any rewritten
rule A← B,not re j(A−, j) with j > i, the rule re j(A−, i)← B belongs to P T k

U and the atom
re j(A−, i) is false in MT , it follows that B is false in MT for such a rule. Hence, A is not
supported and hence it is false in MT .

On the other side, if A− 6∈MT then, by the constraint

u← not u, not A, not A−

it follows that A ∈MT and hence we obtain the thesis. ♦

From the lemma above we immediately obtain the following corollary

Corollary A.3.1 Let MT be a stable model of P T k
U . For any conjunction B of literals in L :

MT |= B ⇔ MT |= B

Lemma A.3.3 Let MT be an interpretation over the language of P T k
1 and M its restriction to

the language L i.e. M = MT |L and let M|L be the set of atoms obtained by restricting MT to
the set of atoms L . Let Rj(P k) be the set of rejection rules of P T k

1 . Moreover, let us assume that
MT and M satisfies conditions 3.11.1. Then the following equivalences hold:

MT −P T k
1 = ρ

(
P k

)\Re jR
(
P k,M

)∪De f
(
P k,M

) ∪ Rj(P k)

least(MT −P T k
1 )|L = least

(
ρ
(
P k

)\Re jR
(
P k,M

)∪De f
(
P k,M

))
(A.4)

proof
The program MT −P T k

U is formed by the reduce of default, rewritten and rejection
rules.

The default rules, have the form A− ← not re j(A−,0) where A is an atom of L .
The second of conditions 3.11.1 imposes that: re j(A−,0) ∈ MT iff not A belongs to
De f ault(Pk,M). Hence the fact A− belongs to the MT -reduce of set of default rules iff
not A ∈ De f ault(Pk,M) i.e. this set of rules is equal to De f ault(Pk,M).

By definition, the set of rewritten rules is the set of rules of the form

L← B, not re j(L, i).
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For each rule L ← B in Pi with i ≤ k. By the third of conditions 3.11.1, re j(L, i) ∈ MT iff
L← B belongs to Re jR(P k,M) and hence the rule L← B belongs to the MT -reduce of the
set of rewritten rules iff L← B belongs to the set ρ

(
P k

)\Re jR
(
P k,M

)
i.e. the MT -reduce

of the set of rewritten rules is equal to ρ
(
P k

)\Re jR
(
P k,M

)
.

Finally, the set of rejection rules Rj(P k) is a set of rules of the form re j(L, i)← B.

The literals of the form re j(L, i) do not belong to L nor, as we have seen, occurs
in the rules of the MT -reduce of rejection and default rules, hence this rules are not
relevant for determining MT |L and can be ignored for this purpose.

The body of the rules of are conjunction of atoms, and hence the MT -reduce of
Rj(P k) is Rj(P k) itself. Hence we obtain the equivalences A.4.

♦

To complete the proof it remains to to prove that any refined model M is the restric-
tion to L of a stable model MT of P T k

1 and viceversa.

Let MT be a stable model of P T k
1 . In order to use Lemma A.3.3, we start by proving

that MT satisfies conditions 3.11.1. The first of such conditions is guaranteed by
Lemma A.3.2. Let M = MT |L be the restriction to L of MT .

By definition:

De f ault(P k,M) = {not A : 6 ∃ A← B. ∈ P k : M |= B}

By definition of P T k
U , if not A ∈ De f ault(P k,M) then there does not exist in P T k

1 a
rule re j(A−,0)← B such that MT |= B. This implies, by Corollary A.3.1, that:

not A ∈ De f ault(P k,M)⇔ re j(A−,0) 6∈ MT

Hence the second of conditions 3.11.1 is satisfied.

By definition

Re jR(P k,M) = {τ ∈ Pi : ∃ η ∈ Pj, i≤ j ≤ k : τ ./ η ∧ M |= B(η)}

Then, by definition of P T k
U and by Corollary A.3.1, τ ∈ Re jR(P k,M)∧τ ∈ Pi if and

only if there exists in P T k a rule

re j(hd(τ), i)← B. such that MT |= B

Then:
τ ∈ Re jR(M)k∧ τ ∈ Pi ⇔ re j(hd(τ), i) ∈ MT

Hence the third of conditions 3.11.1 is satisfied.
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It remains to prove that if MT is be a stable model of P T k
U , then M = MT |L is a

refined model of P k. By Definition 9 and equivalence A.4 we obtain the following
equivalence.

MT |L = least
(

ρ
(
P k

)\Re jR
(
P k,M

)∪De f
(
P k,M

))
(A.5)

By Definition 27, M is a refined model of P k iff

M = least
(

ρ
(

P k
)
\Re jR

(
P k,M

)
∪De f

(
P k,M

))

The second elements of the equivalences above, are equal previous a syntactical
substitution of any literals not A with a literal A−. Hence, By Lemma A.3.2 we
obtain that M is a refined model of P k.

Let M be a refined model of P at Pk. We have to prove that there exists an extension of
MT of M such that MT is a stable model of P T k

U .

We define MT as the two valued interpretation obtained by adding to M exactly
those literals needed for satisfying conditions 3.11.1 i.e.

• A literal A− for each not A ∈ M.

• A literal re j(A−,0) for each not A ∈ De f (P k,M).

• A literal re j(L, i) for each τ ∈ Pi ∧ τ ∈ Re jR(P k,M).

We have to prove the following equivalence:

MT = least(MT −P T k
1 )

By construction, MT satisfies conditions 3.11.1. Hence, by Lemma A.3.3 and by
Definition 27 we obtain:

MT −P T k
1 = ρ

(
P k

)\Re jR
(
P k,M

)∪De f
(
P k,M

) ∪ Rj(P k)

least(MT −P T k
1 )|L = least

(
ρ
(
P k

)\Re jR
(
P k,M

)∪De f
(
P k,M

))

M = least
(

ρ
(

P k
)
\Re jR

(
P k,M

)
∪De f

(
P k,M

))

By the equivalences above and the first of conditions 3.11.1 we obtain:

MT
L = least

(
ρ
(
P k

)\Re jR
(
P k,M

)∪De f
(
P k,M

))

Since the heads of the rules of Rj(P k) do not occurs in any of the bodies of the
rules in MT −P T k

1 , and given the equivalence above, it is sufficient to iterate once
the immediate-consequence operator of TRj(P k) over MT

L and to have the atoms of
MT

L itself to obtain the least model of MT −P T k
1 i.e.
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least(MT −P T k
1 ) = MT

L ∪TRj(P k)(M
T
L) (A.6)

By construction, an atom of the form re j(A−,0) belongs to MT iff not A 6∈
De f (P k,M) iff there exists a rule A ← B in some Pi with i ≤ k such that: M |= B

which is equivalent to say that there exists a rule re j(A−,0) ← B in Rj(P k) and
MT |= B which is equivalent to say that re j(A−,0) belong to TRj(P k)(M

T
L).

By construction, a literal of the form re j(L, i) with 1 ≤ i ≤ k belongs to MT iff
there exists a rule τ with head L in some Pi with i ≤ k and a rule not L ← B in
some Pj with i≤ k such that: M |= B which is equivalent to say that there exists a
rule re j(L, i)← B in Rj(P k) and MT |= B which is equivalent to say that re j(A−,0)
belongs to TRj(P k)(M

T
L). Hence the atoms of the form re j(L, i) in MT are exactly

those of TRj(P k)(M
T
L). Hence, by equivalence A.6 we conclude:

least(MT −P T k
1 ) = MT

♦

Proof of Theorem 3.12.1: For simplicity we will use the notation PT for the transformed
equivalent. We have to prove that a refined stable model of M P at Pn is a the restriction
to L of a stable model of PT and, on the other side that, for any stable model M∗ of PT

is the there exists a refined stable model of M such that M∗M ≡ |LM.

Let then M be a refined stable model of M P at Pi. Let M− be the set {A− : A 6∈ M}.
We define M∗ in the following way. Let

M+ = {A ∈ L ∩M}
M− = {A− : A 6∈M}

MIn f = {in f (L, i) : L← B ∈M P n
, M |= B}

MOK = {ok(L, i) : in f (not L, i) 6∈MIn f }∪{ok(L, i) : ∃in f (L, j) ∈MIn f , i≺ j}
MSa f e = {sa f e(L, i) : ∀ j : i 6≺ j ¹ n ok(L, i) ∈MOK}

M∗∗ = M+∪M−∪MIn f ∪MOK ∪MSa f e

We define M∗ as least interpretation in LT containing M∗∗

We have to prove that M∗ is a well-supported model of PT according to Definition
11. First of all we prove that M∗ is a model of PT , which is equivalent to say that
M∗ is a model of each set of rules De f R(M P n), In f (M P n), Prog(M P n), OK(M P n) and
Cons(M P n).
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• We prove M∗ is a model of De f R(M P n). Let

A−← not in f (A, i1), . . . ,not in f (A, in).

be a rule inDe f R(M P n) and suppose M∗ satisfies not in f (A, i1), . . . ,not in f (A, in),
then by definition of M∗, in f (A, i1) does not belong to MIn f and hence, by defi-
nition of MIn f , there exists no rule A ← B in any Pi, i ¹ n such that M |= B. This
implies, by definition that not A ∈ De f aut(M P n

,M) and hence not A ∈ M which
finally implies A− ∈M− ⊆M∗. Hence M∗ is a model of any rule

A−← not in f (A, i1), . . . ,not in f (A, in).

in De f R(M P n).

• We prove M∗ is a model of In f (M P n). Let In f (M P n)←B be any rule of In f (M P n)
and let us suppose M∗ satisfies B. Then, by definition of M+ and M−, we know M

satisfies B and hence, by definition of MIn f , in f (L, i) ∈M∗. Hence M∗ is a model of
any rule

In f (M P n)← B

of In f (M P n).

• We prove M∗ is a model of OK(M P n). Let

ok(L, i)← B

be any rule in OK(M P n) such that L ← B is a rule in any Pj with i 6≺ j and j ¹ n.
Let us suppose that M∗ satisfies B. Then M |= B and hence, by definition, ok(L, i)∈
MOK ⊆M∗. Let

ok(L, i)← not in f (not L, i)

be any rule in OK(M P n). Let us suppose M∗ |= not in f (not L, i), then in f (not L, i) 6∈
MIn f , and hence by definition of MOK , ok(L, i) ∈MOK ⊆M∗. Let finally

sa f e(L, i)← ok(L, j1), . . .ok(L, jm)

be a rule in OK(M P ). Let us suppose M∗ |= ok(L, j1), . . .ok(L, jm), then, by def-
inition of MSa f e, sa f e(L, i) ∈ MSa f e ⊆ M∗. Hence M∗ is a model of any rule in
OK(M P n).

Then we have to prove condition ii) of Definition 11. Let LΓ be the language of the
definite program

S = Σ(M P n)∪Sa f eR(M P n
, I)∪R j(M P n)∪De f ault(M P n

, I)
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and let MΓ be the least Herbrand model of such program. By Definition 37 we know
M = MΓ|L . By Theorem 3.9.1 we know there exists a level mapping `Γ such that for
any atom A in MΓ, there exists a rule A← B in S such that S |= A and `Γ(A) > `Γ(B). We
define the level mapping ` over LT in the following way

• for each atom A ∈ L , `(A) = `Γ(A)+1

• for each atom A− such that A ∈ L , `(A−) = `Γ(not A)+1.

• for each atom sa f e(L, i) in LT , `(sa f e(L, i)) = `Γ(sa f e(L, i))+1

• for each atom ok(L, i) in LT such that re j(not L, i) ∈ least(S), `(ok(L, i)) =
`Γ(re j(not L, i))+1, otherwise `(ok(L, i)) = 0.

• for each atom in f (L, i) such that in f (L, i) ∈ M∗ select a rule1 in f (L, i) ← B in PT

such that M∗ |= B. Then `(in f (L, i)) = `(B)+1 Otherwise `(in f (not L, i)) = 0

In order to prove condition ii) of Definition 11 we have to prove that, for any atom
A in M∗, there exists a rule

A← A1 . . .Ak,not B1, . . .not Bh

in PT such that
M∗ |= A1 . . .Ak,not B1, . . .not Bh

and `(A) > `(Ai) for all As. We proceed by cases

• for each atom in f (L, i) such that in f (L, i)∈M∗ there exists, by definition of ` a rule
in f (L, i)← B in PT such that M∗ |= B and `(in f (L, i)) = `(B)+1 > `(B).

• Let ok(L, i) be an atom in M∗, by definition of M∗, either there exists a rule
ok(L, i)← not in f (L, i) such that in f (L, i) 6∈ MIn f , and hence M∗ |= not in f (L, i), and
hence condition ii) is satisfied or there exists a node j, i ≺ j ¹ n such that
In f (not L, i) belongs to MIn f . This implies there exists a rule re j(L, i) ← B in
R j(M P n) such that M |= B, hence re j(L, i) ∈ least(S). This implies there exists a
rule re j(L, i)← B′ in R j(M P n) such that M |= B′ and `Γ(re j(L, i)) > `Γ(B′), which
implies the a rule ok(L, i)← B′ belongs to PT and `(ok(L, i)) > `(B′). Hence condi-
tion ii) is satisfied.

• Let sa f e(L, i) be an atom in M∗, by definition of M∗, sa f e(L, i)∈MSa f e, that is to say
that for all j : i 6≺ j¹ n, the atom ok(L, i) belongs to MOK } Moreover, by definition
of PT , we know the rule

τ : sa f e(L, i)← ok(L, j1), . . .ok(L, jm)

1Such a rule always exists by definition of MIn f .
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for each js such that i 6≺ js and js ¹ n belongs to PT , and, by what previ-
ously said, M |= ok(L, j1), . . .ok(L, jm). Hence τ is a rule with head sa f e(L, i) and
true body in M∗. It remains to prove `(sa f e(L, i)) > `(B(τ)). Let ok(L, j) be an
atom in B(τ) such that re j(L, i) 6∈ condR(M P n

,M,L, i). Then, by definition of
MIn f , in f (L, i) 6∈ MIn f and hence there `(ok(L, i)) = 0, Since, by definition of `,
`(sa f e(L, i)) ≥ 1, it remains to prove `(sa f e(L, i)) > `(ok(L, j)) for all (L, j) such
that re j(not L, j)condR(M P n

,M,L, i)).

We know the rule sa f e(L, i)← condR(M P n
,M,L, i) belongs to Sa f eR(M P n

,M). We
prove now that least(S) satisfies the body of such rule and hence sa f e(L, i) ∈
least(S). Indeed, let us suppose re j(not L, j) ∈ condR(M P n

,M,L, i), this implies
there exists a rule not L←B in Pj such that M |= B, hence in f (not L, j)∈MIn f , which
means, since ok(L, j) ∈M∗ there exists a rule ok(L, i)← B′ such that M |= B′ which
implies there exists a rule L← B′ in some Pk, j≺ k¹ n such that M |= B′ and hence
the rule re j(not L, j)← B′ belongs to S and S |= B′. Since least(S) is a model of S

this implies re j(L, i) ∈ S. This is true for any re j(not L, j) in condR(M P n
,M,L, i),

hence least(S) |= condR(M P n
,M,L, i), which means sa f e(L, i) ∈ least(S). Finally

this implies, by definition of `Γ that `Γ(sa f e(L, i)) > `Γ(condR(M P n
,M,L, i)) and

this implies, by definition of `, that `(sa f e(L, i)) > `(ok(L, j)) for all (L, j) such that
re j(not L, j)condR(M P n

,M,L, i)). Hence `(sa f e(L, i)) > `(B(τ)) as desired.

• let A be a atom in L ∩M∗, then there exists a rule A← B,sa f e(L, i) in Σ(M P n) such
that M |= B, least(S) |= sa f e(L, i), `Γ(A) > `Γ(B) and `Γ(A) > `Γ(sa f e(L, i)). Then
the rule A ← B,sa f e(L, i) belongs to PT , M∗ |= B,sa f e(L, i) and, by definition of `,
`(A) > `(B) and `(A) > `(sa f e(L, i)) as required.

• Let finally A− be a atom in L ∩M∗. If not A ∈ De f ault(M P n
,M), then M∗ satisfies

the body of the rule

A−← not in f (A, i1), . . . ,not in f (A, in).

and hence condition ii) is satisfied. Otherwise there is a rule not A ← B,sa f e(L, i)
in Σ(M P n) such that M |= B, least(S) |= sa f e(L, i), `Γ(A) > `Γ(B) and `Γ(A) >

`Γ(sa f e(L, i)). Then the rule A− ← B,sa f e(L, i) belongs to PT , M∗ |= B,sa f e(L, i)
and, by definition of `, `(A−) > `(B) and `(A−) > `(sa f e(L, i)) as required.

Hence condition ii) of Definition 11 is satisfied and hence M∗ is a well-supported
model of PT .

Let now M∗ be a well-supported model of PT , we have to prove that M =
M∗|LΓR

(M P ,n)(M) Again, let

S = Σ(M P n)∪Sa f eR(M P n
, I)∪R j(M P n)∪De f ault(M P n

, I)
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We have to prove that M is the restriction to L of least(S). Let

MR j = {re j(L, i)|ok(L, i)← B ∈ PT ∧M∗ |= B}
MΓ = M∪MR j (A.7)

We prove that least(S) = MΓ and hence M = ΓR
(M P ,n)(M).

According to Theorem 3.9.1, we have to prove that MΓ satisfies every rule in S and
there exists a level mapping ` such that for every atom A in M, there exists a rule A← B

st. MΓ |= B and `(A) > `(B).
First of all we prove that MΓ satisfies every rule in S. We proceed by cases.

• Let not A be an atom in De f ault(M P n
,M). Then there exists no rule A← B in any

Pi, i¹ n such that M |= B and hence in f (A, i) does not belong to M∗ for any i. Since
M∗ is a model of the rule

A−← not in f (A, i1), . . . ,not in f (A, in).

where not in f (A, i1), . . . ,not in f (A, in) is the conjunction of all not in f (A, is) such that
is ≤ n. then A− belongs to M, hence by the rule ← A,A− it follows that A does not
belong to M and hence not A ∈M ⊆MΓ as required

• Let re j(not ,L)← B be a rule in S. The rule re j(L, i)|ok(L, i)← B belongs to PT . If
M |= B, then, by definition of MΓ, re j(L, i) ∈MΓ as required.

• Let L ∈ L and L ← B,sa f e(L, i) be as rule in S. Then the rule L ← B,sa f e(L, i)
belongs to PT . If MΓ |= B,sa f e(L, i), then M∗ |= B,sa f e(L, i) and, since M∗ is a
model of PT , we obtain that L ∈M∗ and hence L ∈MΓ as required.

• Finally, let sa f e(L, i) ← condR(M P n
,M,L, i) be a rule in S and let MΓ satisfies

condR(M P n
,M,L, i), we have to prove that sa f e(L, i) belongs to MΓ. in order o

prove this, it is sufficient to prove that ok(L, j) belongs to M∗ for all j such that
i 6≺ j ¹ n. Indeed, since the rule

sa f e(L, i)← ok(L, j1), . . .ok(L, jm)

belongs to PT and M∗ is a model of PT , it would follow that sa f e(L, i) belongs to
M∗ and hence to MΓ.

By the definition of MΓ is follows that ok(L, j) belongs to M∗ for each re j(not L, j)
in MΓ. It remains to prove that ok(L, j) in case i 6 prec j and re j(not L, j)not ∈
condR(M P n

,M,L, i). If this is the case, then there exists no rule in Pj with
head not L and true body in M and hence there exists no rule in PT with
head in f (not L, j) and true body in M∗. Since M∗ is well-supported, this means
in f (not L, j) is not in M, i.e. M∗ |= not in f (not L, j) and hence, since the rule
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ok(L, j) ← not in f (not , j) is in PT it follows that ok(L, j) belongs to M∗. By what
previously said, it follows that sa f e(L, i) belongs to MΓ as required.

It remains to prove condition ii) of Theorem 3.9.1, i.e. there exists a level mapping `

such that, for any atom A in MΓ, there exists a rule A← B in S such that MΓmodelsB and
`(A) > `(B). Since M∗ is a well-supported model of PT , there exists a level mapping `∗

such that, for any atom A in M∗ there exists a rule A ← B in PT such that M∗ |= B and
`∗(A) > `∗ (B). We define ` in the following way.

• For any atom re j(L, i), `(re j(L, i)) = `∗(ok(L, i)).

• For any atom A ∈ L , `(not A) = `∗(A−)

• Otherwise `(A) = ell ∗ (A).

We prove, by cases, that ` satisfies the condition ii) above.

• Let the atom re j(L, i) belong to MΓ. Then ok(not L, i) belongs to M∗, which implies
there is a rule ok(not L, i)← B in PT with M∗ |= B and `∗ (ok(not L, i)) > `∗(B). This
implies that the rule re j(L, i) ← B belongs to S. By M∗ |= B it follows MΓ |= B

Finally, since `(re j(L, i)) = `∗(ok(L, i)) and `(B) = `∗(B), we obtain `(re j(L, i)) >

`(B) as required.

• Let the atom A such that A is a literal over L belong to MΓ. Then there
exists a rule A ← B,sa f e(A, i) in PT such that M∗ |= B,sa f e(A, i), and `∗(A) >

`∗(B,sa f e(A, i)) Then the rule A←B,sa f e(A, i) belongs to S, MΓ |= B,sa f e(A, i), and,
since `(sa f e(A, i)) = `∗(sa f e(A, i)), `(A) = `∗(A)) and `(B) = `∗(B), we conclude that
`(A) > `(B,sa f e(A, i)) as required.

• Let the atom not A, such that A ∈ L belong to De f ault(M). Then the fact not A ←
belongs to S and hence condition ii) is clearly satisfied.

• Let the atom not A such that not A is a literal over L belong to MΓ. Hence A− ∈M∗.
Let us suppose further not A 6∈De f ault(M) (the other case had been treated above).
Then, for some i such that i ≺ n, there exists a rule in f (L, i)← B in PT such that
M∗ |= B and hence in f (A, i) belongs to M∗. Then the rule

A−← not in f (A, i1), . . . ,not in f (A, in).

has a false body. Then, since A− ∈ M∗, there exists a rule A ← B,sa f e(not A, i)
in PT such that M∗ |= B,sa f e(not A, i), and `∗(A) > `∗(B,sa f e(not A, i)) Then
the rule not A ← B,sa f e(not A, i) belongs to S, MΓ |= B,sa f e(not A, i), and, since
`(sa f e(A, i)) = `∗(sa f e(A, i)), `(not A) = `∗(A)) and `(B) = `∗(B), we conclude that
`(not A) > `(B,sa f e(not A, i)) as required.
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• Finally, let the atom sa f e(L, i) belong to MΓ. Then sa f e(L, i) also belongs to M∗

and hence the rule
sa f e(L, i)← ok(L, j1), . . .ok(L, jm)

in PT has a true body in M∗ and `∗(sa f e(L, i)) > `∗(ok(L, j1), . . .ok(L, jm)).

The rule sa f e(L, i) ← condR(M P n
,M,L, i) belongs to S. Since, for any L and i,

`(re j(not L, i)) = `∗(ok(L, j)) and `(sa f e(L, i)) = `∗(sa f e(L, i)) we conclude

`(sa f e(L, i)) > `(condR(M P n
,M,L, i))

It remains to prove that MΓ |= condR(M P n
,M,L, i). If the atom re j(not L, j) be-

longs to condR(M P n
,M,L, i), then there exists a rule not L ← B in Pj such that

M |= B, hence the rule in f (L, i) ← B belongs to PT and M∗ |= B. This implies
in f (not L, j) ∈ M∗ and hence the body of the rule ok(L, j) ← not in f (not L, j) in
PT is not satisfied. Hence there has to exist a rule ok(L, j) ← B′ in PT such that
M∗ |= B′ , which implies, by definition of MΓ, that re j(not L, j) ∈ MΓ. Hence
MΓ |= condR(M P n

,M,L, i) as required.

Since we have proved that condition ii) of Theorem 3.9.1 is satisfied we have proved
that MΓ is the least Herbrand model of S and hence M is a refined model of M P at Pn. ♦
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Appendix B

Proofs of theorems from Chapter 4

Proof of Lemma 4.3.1:

Let P be any Dynamic Logic Program and X , Y be two sets of literals, and X ⊆ Y ,
then B(τ)⊆ X implies B(τ)⊆ Y for each τ in P; then it follows immediately:

De f ault(Y ) = {not A such that @τ ∈ P : A = hd(τ)∧B(τ)⊆ Y} ⊆
De f ault(X) = {not A such that @τ ∈ P : A = hd(τ)∧B(τ)⊆ X}

Re j(X) = {τ ∈ Pi such that @η ∈ Pj i < j∧ τ ./ η∧B(τ)⊆ X} ⊆
Re j(Y ) = {τ ∈ Pi such that @η ∈ Pj i < j∧ τ ./ η∧B(τ)⊆ Y}

Re jR(X) = {τ ∈ Pi such that @η ∈ Pj i≤ j∧ τ ./ η∧B(τ)⊆ X} ⊆
Re jR(Y ) = {τ ∈ Pi such that @η ∈ Pj i≤ j∧ τ ./ η∧B(τ)⊆ Y}

Hence it follows immediately:

Generator(Y ) = ρ(P )\Re j(Y )∪De f ault(Y )⊆
Generator(X) = ρ(P )\Re j(X)∪De f ault(X)

and:

GeneratorR(Y ) = ρ(P )\Re jR(Y )∪De f ault(Y )⊆
Generator(X) = ρ(P )\Re jR(X)∪De f ault(X)

Hence, in the end:

Γ(Y ) = least(Generator(Y ))⊆ Γ(X) = least(Generator(X))

and:
ΓR(Y ) = least(GeneratorR(Y ))⊆ ΓR(X) = least(GeneratorR(X))
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♦

Proof of Lemma 4.3.2: Let P be any Dynamic Logic Program. From Lemma 4.3.1 we
know that:

ΓR(Y )⊆ ΓR(X)

By definition we obtain

GeneratorR(X)⊆ Generator(X)

then it follows immediately

ΓR(Y )⊆ ΓR(X)⊆ Γ(X)

♦

Proof of Theorem 4.5.1 :

First we prove that W is an update model.

Let τ be any rule in any given update Pi and suppose there does not exist a rule
η such that η ∈ Pj, i < j and B(η) is not false in W i.e., by Corollary 4.5.1 B(η) is not
satisfied by ΓR(W ) . This implies τ 6∈ Re j(ΓR(W )), hence W satisfies τ since it is model
of a program that contains τ .

Let us suppose that the positive literal A belongs to W . Since

W = least(ρ(P )\Re j(ΓR(W ))∪De f ault(ΓR(W )))

It has to exist a rule τ ∈ ρ(P )\Re j(ΓR(W )) whose head is A and whose body is satisfies
by W . We know that τ 6∈ Re j(ΓR(W )), then , by definition for each rule η ∈ Pj i < j such
that τ ./ η, B(η) is not true in ΓR(W ), hence B(η) is false in W by Theorem 4.5.4.

Let us suppose now that the default literal not A belongs to W . If not A ∈
De f ault(ΓR(W )) then for each rule A ← B. in

S
Pi, B is not true in ΓR(W ) and hence

false in W . if not A 6∈ De f ault(ΓR(W )) then there exists a rule τ : not A ← B. in Pi,
τ 6∈ Re j(ΓR(W )), then, with by the same reasoning used above, for each rule η∈Pj, i < j

such that τ ./ η, B(η) is false in W .

This concludes the proof.

♦

Proof of Proposition 4.5.1:

By Definition 27, M is a fixpoint of the ΓR operator. From Theorem 3.5.1 it follows
that M is also a fixpoint of the Γ operator.

Then ΓΓR(M) = Γ(M) = M i.e. M is a fixpoint of ΓΓR. By definition the WFDy(P ) is
a subset of M.
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♦

Proof of Theorem 4.5.2:

In the following we will use the notations Γ,ΓR,Γ′,ΓR′ for, respectively: ΓP , ΓR
P ,ΓP ′,

ΓR
P ′. Moreover, let W and W ′ be the well founded models of, respectively, P and P ′, i.e.

the least fixpoints of, respectively, ΓΓR and Γ′ΓR′.

We will prove that i) W is a fixpoint of Γ′ΓR′ and ii) W ′ is a fixpoint of ΓΓR. This
will conclude the proof since, by minimality of the least fixpoint, from i) it follows that
W ′ ⊆W and by ii) it follows W ⊆W ′.

We start by some technical results which are useful in the proof of i) and ii). By
definition, for any interpretation X :

Γ(X) = least(Generator(P ,X)) = least(ρ(P )\Re j(P ,X)∪De f ault(P ,X))

ΓR(X) = least(GeneratorR(P ,X)) = least(ρ(P )\Re jR(P ,X)∪De f ault(P ,X))

Γ′(X) = least(Generator(P ′,X)) = least(ρ
(
P ′)\Re j(P ′,X)∪De f ault(P ′,X))

ΓR′(X) = least(GeneratorR(P ′,X)) = least(ρ
(
P ′)\Re jR(P ′,X)∪De f ault(P ′,X))

Since ρ(P ′) is equal to ρ(P ) plus a set of tautologies, by Corollary A.1.1 it follows:

Γ′(X) = least(G(X)) = least(ρ(P )\Re j(P ′,X)∪De f ault(P ′,X))

ΓR′(X) = least(GR(X)) = least(ρ(P )\Re jR(P ′,X)∪De f ault(P ′,X))

with G(X) ⊆ Generator(P ,X) and GR(X) ⊆ GeneratorR(P ,X). This inclusions may be
strict since tautologies may reject other rules or default assumption.

We are now ready to prove i and ii).

i) Let W be the well founded model of P . By what we said above:

ΓR′(W ) = least(GR(W ))⊆ least(GeneratorR(P ,W )) = ΓR(W )

We have to prove the inverse inclusion. The rules in GR(W ) are a subset of
the rules in GeneratorR(P ,W ). Each rule τ with head L in GeneratorR(P ,W )
which is not in GR(W ) is a rule or a default assumption rejected by a tautol-
ogy not L ← B with not L ∈ B. Hence W |= not L (otherwise the tautology could
not reject τ). By Property 4.5.4 L = not not L 6∈ ΓR(W ). Hence the heads of the rules
in GeneratorR(P ,W ) that are not in GR(W ) do not belong to least(GeneratorR(P ,W ))
hence

ΓR′(W ) = least(GR(W )) = least(GeneratorR(P ,W )) = ΓR(W )
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By the equality above it follows:

Γ′ΓR′(W ) = Γ′ΓR(W )⊆ ΓΓR(W ) = W

It remains to prove the inverse inclusion. We know that

Γ′ΓR(W ) = least(G(ΓR(W )))

The rules in G(ΓR(W )) are a subset of the rules in GeneratorR(P ,ΓR(W )). Each
rule τ with head L in GeneratorR(P ,ΓR(W )) which is not in G(ΓR(W )) is a rule
or a default assumption rejected by a tautology not L ← B with not L ∈ B. Hence
ΓR(W ) |= not L (otherwise the tautology could not reject τ). By Property 4.5.4 L =
not not L 6∈W . Hence the heads of the rules in Generator(P ,ΓR(W )) that are not in
G(ΓR(W )) do not belong to least(Generator(P ,ΓR(W ))) hence

Γ′(ΓR(W )) = least(G(ΓR(W ))) = least(Generator(P ,ΓR(W ))) = Γ(ΓR(W )) = W

as desired.

ii) Let W ′ be the well founded model of P ′. Then:

ΓR′(W ′) = least(GR(W ′))⊆ least(GeneratorR(P ,W ′)) = ΓR(W ′)

If a rule τ with head L belongs to GeneratorR(P ,W ′) but not to GR(W ′) then τ is
either a rule or a default assumption rejected by some tautology not L ← B with
not L ∈ B. Then not L ∈W ′ (otherwise the tautology could not reject other rules).
For not L to belong to W ′ it means that not L belongs to De f ault(P ′,ΓR′(W ′)) or to
Re j(P ′,ΓR′(W ′)). In the first case, L is an atom and there exists no rule L ← B2
with ΓR′(W ′) |= B. Hence ΓR′(W ′) 6|= B(τ). In the second case, there exists a rule
η : not L ← B1 with W ′ |= B1 in some Pi such that, for each rule L ← B2 in any Pj

with i ≤ j: ΓR′(W ′) 6|= B. Since τ ∈ GeneratorR(P ,W ′) then, τ cannot be a default
assumption since it would be rejected by η, then τ ∈ Pj for some j > i otherwise it
would be rejected by η. Then ΓR′(W ′) 6|= B(τ). Since

ΓR′(W ′) = least(GR(W ′))

Then GeneratorR(P ,W ′) is a definite program obtained by adding to GR(W ′) a
set of rules U (whose bodies are not satisfied) such for any rule τ ∈ U , B(τ) 6⊆
least(GR(W ′)). Hence, by Property A.1.1,

ΓR(W ′) = least(GeneratorR(P ,W ′)) = least(GR(W )) = ΓR′(W ′)

The inclusion above implies:
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ΓΓR(W ′) = ΓΓR′(W ′) = least(G(ΓR′(W ′)) ⊆
least(Generator(P ,ΓR′(W ′)) = Γ′ΓR(W ′) = W ′

If a rule τ with head L belongs to Generator(P ,ΓR′(W ′)) but not to GR(ΓR′(W ′) then
τ is either a rule or a default assumption rejected by some tautology not L ← B

with not L∈B. Then not L∈ΓR′(W ′) (otherwise the tautology could not reject other
rules). For not L to belong to ΓR′(W ′) it means that not L belongs to De f ault(P ′,W ′))
or to Re j(P ′,W ′). In the first case, L is an atom and there exists no rule L ← B2
with W ′ |= B. Hence W ′ 6|= B(τ). In the second case, there exists a rule η : not L← B1
with ΓR′(W ′) |= B1 in some Pi such that, for each rule L← B2 in any Pj with i < j:
W ′ 6|= B. Since τ ∈ Generator(P ,ΓR′(W ′)) then, τ cannot be a default assumption
since it would be rejected by η, then τ ∈ Pj for some j ≥ i otherwise it would be
rejected by η. Then W ′ 6|= B(τ). Since

W ′ = least(G(ΓR′(W ′)))

Then Generator(P ,ΓR′(W ′)) is a definite program obtained by adding to
G(ΓR′(W ′)) a set of rules U (whose bodies are not satisfied) such for any rule
τ ∈ U , B(τ) 6⊆ least(G(ΓR′(W ′)). Hence, by Property A.1.1,

Γ(ΓR′(W ′)) = least(Generator(P ,ΓR′(W ′))) = least(G(ΓR′(W ′))) = Γ′ΓR′((W ′)) = W ′

as desired.

♦

Proof of Proposition 4.5.4:

Let us suppose L = A. By definition A ∈ F iff there exists a rule

τ : A← B1, τ ∈ Pi, F |= B1

such that there does not exist

η : not A← B2, η ∈ Pj, i < j, ΓR(F) |= B2

By definition not A 6∈ ΓR(F) iff there exists a rule

τ : A← B1, τ ∈ Pi, F |= B1

such that there does not exist a rule

η : A← B2, η ∈ Pj, i < j, ΓR(F) |= B2
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The two condition are the same then A ∈ F iff not A 6∈ ΓR(F)

Let us suppose L = not A. By definition not A ∈ F iff for each rule

τ : A← B1, τ ∈ Pi, ΓR(F) |= B1

there exists a rule
η : not A← B2, η ∈ Pj, i≤ j, F |= B2

By definition A 6∈ ΓR(F) iff for each rule

tau : A← B1, τ ∈ Pi, ΓR(F) |= B1

there exists a rule
η : not A← B2, η ∈ Pj, i≤ j, F |= B2

The two condition are the same then not A ∈ F iff A 6∈ ΓR(F) ♦

Before to proceed with the proof of Theorem 4.5.3 we need the following technical
result. For any ordinal α, in the following we adopt the notation Wα for ΓΓR ↑α.

Lemma B.0.4 Let P be any Dynamic Logic Program and α a limit ordinal. Then the following
equivalence holds:

ΓR(Wα) =
\

β<α
ΓR(W β) (B.1)

proof

Given two ordinals, β1 and β2 be two ordinals with with β1 ≤ β2. Then, by inclu-
sion 2.1 it follows:

Wβ1 ⊆Wβ2 (B.2)

and from the anti monotonicity of ΓR it follows:

ΓR(Wβ1)⊇ ΓR(Wβ2)

Hence to prove equivalence B.1 it is sufficient to prove that a literal L belongs to ΓR(Wα)
iff L definitively1 belongs to ΓR(Wβ) for some β .

By definition: Wα =
S

β<αWβ , hence by inclusion B.2 it follows that i) L belongs to
Wα iff it definitively belongs to Wβ for some β.

This means Wα satisfies the body of a rule iff the succession of Wβ definitively satis-
fies it.

1Here and in the following definitively means that the statement is true for the considered ordinal
and for any ordinal grater than it
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Moreover we prove that ii) any finite subset of ρ(P )\Re jR(Wα)∪De f ault(Wα) defini-
tively belongs to ρ(P )\Re jR(Wβ)∪De f ault(Wβ) for some β.

Let us suppose L is the negative literal not A and not A belongs to De f ault(Wα).
This means, by definition, iff there does not exist a rule A← B such that Wα satisfies B

which is equivalent to say that Wβ definitively satisfies B which means iff L definitively
belongs to De f ault(Wβ).

Let τ ∈ Pi be any rule that belongs to ρ(P ) \Re jR(Wα). By definition, this is equiv-
alent to say that there does not exist a rule η ∈ Pj with i ≤ j such that τ ./ η and Wα

satisfies B(η). This is equivalent to say τ definitively belongs to P\Re jR(Wβ) for β≤ α.
Hence ii) is proved.

By i) and by Property A.1.5 follows that

L ∈ ΓR(Wα) = least(ρ(P )\Re jR(Wα)∪De f ault(Wα))

if and only if L belongs to the least Herbrand Model of some P′ that is a finite subpro-
gram of

ρ(P )\Re jR(Wγ)∪De f ault(Wγ)

for some γ : γ < α.
By ii) P′ is a finite subprogram of

ρ(P )\Re jR(Wγ)∪De f ault(Wγ)

for some γ : γ < α iff P′ definitively belongs to

ρ(P )\Re jR(Wβ)∪De f ault(Wβ)

for all β≥ γ i.e. L definitively belongs to ΓR(Wβ) since L belongs to least(P′).
♦

Proof of Theorem 4.5.3:
We have to prove that the well founded model W of a DyLP is consistent If and only

if

∀τ,η ∈ Pi, (τ ./ η,W |= body(τ),W |= body(η)) ⇒

∃γ ∈ Pj i < j such that γ ./ τ or γ ./ η and ΓR(W ) |= body(γ)

From Proposition 4.5.6 we know that W is consistent iff W ⊆ ΓR(W ).
Let us suppose W is consistent.
We prove by contradiction the implication above. Let us suppose there exist two

rules:

• τ : L← B1 τ ∈ Pi W |= B1
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• η : not L← B2 η ∈ Pi W |= B2

such that there does not exist a rule

γ ./ τ or γ ./ η and ΓR(W ) |= B(γ)

This implies that both τ and η are in ρ(P )\Re j(ΓR(W )) then W satisfies both rules and,
since it satisfies also the body of both, L, not L ∈W

Let us suppose now that W satisfies the condition above, we have to prove that W

is consistent i.e. that W ⊆ ΓR(W )
We prove by transfinite induction that Wα ⊆ ΓR(Wα). This implies, sine W = Wα for

some ordinal α that W ⊆ ΓR(W ) and concludes the proof.

Basic step W0 = /0 then the condition trivially holds proved

Transfinite step Let Wα =
S

β<αWβ. By inductive hypothesis:

Wβ ⊆ ΓR(Wβ)⊆
\

ε≤β
ΓR(Wε)

The last inclusion comes from the fact that Wε ⊆Wβ for ε ≤ β and hence, by anti
monotonicity of ΓR, ΓR(Wβ)⊆ ΓR(Wε) for ε≤ β.

By definition of Wα this implies also

Wα ⊆
\

β≤α
ΓR(Wβ)

By Lemma B.0.4
T

β≤α ΓR(Wβ) = ΓR(Wα) and thus

W ⊆ ΓR(W )

as desired.

Inductive step Let Wβ ⊆W the βth iteration of ΓΓS starting from the empty set and let
us assume, by inductive hypothesis that Wβ ⊆ ΓR(Wβ). Let Wα = ΓΓR(Wβ), we have
to prove Wα ⊆ ΓR(Wα)

As an intermediate step we prove that Wα ⊆ ΓR(Wβ).

By definition:

Wα = least(ρ(P )\Re j(ΓR(Wβ))∪De f ault(ΓR(Wβ))) = least(Q)

ΓR(Wβ) = least(ρ(P )\Re jR(Wβ)∪De f ault(Wβ)) = least(QT )

where Q and QT are definite logic programs. By the anti monotonicity of De f ault

and by the inductive hypothesis it follows:
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De f ault(ΓR(Wβ))⊆ De f ault(Wβ)

Hence, the set Re jR(Wβ) \Re j(ΓR(Wβ)) is the set of rules that belong to Q but not
to QT . We will prove that this set is formed by rules whose body is not satisfied
by Wα = least(Q) or by rules whose heads belong to ΓR(Wβ) = least(QT ). This, by
Property A.1.1 implies that least(Q) = least(Q′

T ) for some subset Q′
T of QT and

hence
Wα = least(Q)⊆ least(QT ) = ΓR(Wβ)

By the monotonicity of Re jR and by the inductive hypothesis it follows:

Re jR(Wβ)⊆ Re jR(ΓR(Wβ))

and hence Re jR(Wβ)\Re j(ΓR(Wβ))⊆ Re jR(Wβ)\Re j(Wβ).

We want to prove that the head of any rule in Re jR(Wβ)\Re j(ΓR(Wβ)) whose body
is satisfied by Wβ belongs to ΓR(Wβ).

By the last inclusion, for any rule τ ∈ Pi that belongs to Re jR(Wβ) \Re j(ΓR(Wβ)),
there exists a conflicting rule η in the same update whose body is satisfied by
Wβ (and hence by W ). If the body of τ is satisfied by Wα (and hence by W ) by
hypothesis there exists a rule γ in a later update conflicting with either τ or η
whose body is satisfied by ΓR(W ). Hence, since ΓR(W )⊆ ΓR(Wβ), the body of γ is
also satisfied by ΓR(Wβ). Since τ does not belong to Re j(ΓR(Wβ)), τ it is not rejected
by any rule, and hence it is not rejected by γ i.e. τ and γ are not conflicting rules
and hence they have the same head (hd(τ) = hd(γ)). Moreover γ is not in Re jR(Wβ),
otherwise, since Wβ ⊆ ΓR(Wβ) τ would be rejected by the same rule and hence τ
would belong to Re j(ΓR(Wβ)). Hence γ is a non rejected rule with the same head
of τ whose body is true in ΓR(Wβ) and hence its head (which is also the head of τ)
belongs to ΓR(Wβ).

Hence, by Property A.1.1 we conclude that:

Wα ⊆ ΓR(Wβ)

By definition:

Wα = least(ρ(P )\Re j(ΓR(Wβ))∪De f ault(ΓR(Wβ))) = least(Q)

ΓR(Wα) = least(ρ(P )\Re jR(Wα)∪De f ault(Wα)) = least(QR)

where Q and QR are definite logic programs.
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By antimonotonicity of De f ault and the monotonicity of Re jR we derive the fol-
lowing inclusion:

De f ault(ΓR(Wβ))⊆ De f ault(Wα)

Hence, the set Re jR(Wα) \Re j(ΓR(Wβ)) is the set of rules that belong to Q but not
to QR. We will prove that this set is formed by rules whose body is not satisfied
by Wα = least(Q) or by rules whose heads belong to ΓR(Wα) = least(QR). This,
by Property A.1.1 implies that least(Q) = least(Q′

R) for some subset Q′
R of QR and

hence
Wα = least(Q)⊆ least(QR) = ΓR(Wα)

By the monotonicity of Re jR we derive the following inclusion:

Re j(Wα) ⊆ Re j(ΓR(Wβ))

and hence Re jR(Wα)\Re j(Wα)⊆ Re jR(Wα)\Re j(Wα).

We want to prove that the head of any rule in Re jR(Wα)\Re j(ΓR(Wβ)) whose body
is satisfied by Wα belongs to ΓR(Wα).

By the last inclusion, for any rule τ ∈ Pi that belongs to Re jR(Wα)\Re j(ΓR(Wβ)),
there exists a conflicting rule η in the same update whose body is satisfied by
Wα (and hence by W ). If the body of τ is satisfied by Wα (and hence by W ) by
hypothesis there exists a rule γ in a later update conflicting with either τ or η
whose body is satisfied by ΓR(W ). Hence, since ΓR(W )⊆ ΓR(Wα), the body of γ is
also satisfied by ΓR(Wα). Since τ does not belong to Re j(ΓR(Wα)), τ it is not rejected
by any rule, and hence it is not rejected by γ i.e. τ and γ are not conflicting rules
and hence they have the same head (hd(τ) = hd(γ)). Moreover γ is not in Re jR(Wα),
otherwise, since Wα ⊆ ΓR(Wβ), τ would be rejected by the same rule and hence τ
would belong to Re j(ΓR(Wβ)). Hence γ is a non rejected rule with the same head
of τ whose body is true in ΓR(Wα) and hence its head (which is also the head of τ)
belongs to ΓR(Wα).

Hence, by Property A.1.1 we conclude that:

Wα ⊆ ΓR(Wα)

♦

Proof of Theorem 4.6.2:
Let P be any generalized logic program in the language L , Pnot , R1, R2 as from

Definition 17. We denote with Γnotthe operator ΓPnot and with ΓSnot the operator ΓS
Pnot .
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We will prove that W is a fixpoint of ΓΓR iff there exist a fixpoint W1 of ΓnotΓSnot

such that W |H = W1|H .

Let W be any fixpoint of ΓΓR Let W1 be the superset of W defined in the following
way:

W1 = W ∪F1∪F2∪F3

F1 = {AP : AP ← B. ∈ R1∧ W |= B}
F2 = {An : An ← B. ∈ R2∧ W |= B}
F1 = {¬A : An ∈ F2}

We have to prove that W1 is a fixpoint of ΓnotΓSnot .

Let K1,K2 be the following interpretations:

K1 = ΓSnot(W1) = least(W1−PSnot)

K2 = least(ρ(P )\Re jR(W )∪NH(W )∪R1∪R2∪R3N) = least(PG)

where PG is a generalized logic program and

R3N = {A← Ap, not ¬A. ¬A← An, not ¬A. ∀A ∈ H }

It is clear, by Definition 43, that K2|L = ΓGR
P (W )

First of all we show that K1 = K2\NH(W ).
We show, by successive steps of partial evaluation (see Theorem A.2.1), that

least(PG) = least(W1−PSnot) if we restrict the language to the literals of PSnot

Step 1 Let E1 be the program obtained from PSnot by replacing every clause

A← AP, not ¬A.

in PSnot with the clauses
A← Bi, not ¬A.

for each rule
AP ← Bi.

in PSnot .

Step 2 Let E2 =W1−E1 be the W1-reduce of E1. By the principle of partial evaluation
E2 and W1−PSnot have the same least Herbrand model.
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Step 3 Let G1 be the program obtained by PG by eliminating from the body of each
clause the default negative literals that are in NH(W )

By the principle of partial evaluation, G1 and PG have the same least Herbrand
model.

Then, let G2 be the the program obtained from G1 by pruning all the rules with
negative head and all the rules

Let us consider now the programs G2 and E2. The process of partial evaluation we
have performed over the default conclusion is equivalent to compute the W1− reduct.
Hence we have that the clauses of the form

Ap ← B.

An ← B.

¬A← An.

are in E2 iff they are in G2.

Finally the rule
A← B.

is in E2 iff
A← B′, not ¬A.

is in E1 such that B is the set of positive literals in B′, all the negative literals in B′ are
in NH(W ), ¬A is in not in W1 i.e. it does not exits a rule

not A← B.

in P such that W |= B. This mean
A← B.

is in E2 iff it is in G2 hence the two programs coincide, then they have the same least
Herbrand model.

Let us consider now the following interpretations:

M1 = Γnot(K1) = least(Pnot K1) = least(ΓGR
P (W )−Pnot)

M2 = least(P∪ΓGR
P (NH(W ))∪R1∪R2∪R3)

Where It is clear that M2|L = W . This implies also M2 = W1

Using the same techniques of partial evaluation used above we prove M1 = M2,
hence M2 = W1. We repeat steps 1-3. For what regards step 4, consider the set of rules

not A← B.
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of G1. Let us suppose M2 satisfies the body of a rule of this kind, then ¬A ∈W1, this
means A 6∈ ΓGR

P (W ), i.e. not A ∈ NH(ΓGR
P (W )). Then we can eliminate this rules since

they are redundant, then step 4 remain unchanged. Also step 5 is unchanged.

We have then proved that if W is a fixpoint of ΓPΓR
P then there exist a fixpoint W1 of

ΓT ΓT S such that W = W1|L .

Let now W1 be any fixpoint of ΓT ΓT S. Let us consider W defined in the following
way.

W = W1|H ∪ΓSnot(W1)|H −

We will prove that W is a fixpoint of ΓPΓR
P.

Let us consider

K1 = least(ρ(P )\Re jR(W )∪NH(W )∪R1∪R2∪R3N)

Clearly K1|L = ΓGR
P (W ). Let us consider now

K2 = ΓSnot(W1) = least(Pnot W1
N ) = least(Pnot W |H

N )

We observe preliminary that ¬A is in W1 iff there exists in P a rule

not A← B.

such that the positive literals in body are in W1, and Hence in W , and no one of the
negative literals in B is in ΓSnot(W1)|H . This means that ¬A is in W1 iff all the rules

A← B.

of P are in Re jR(W ).

After this considerations we can prove K1|HPnot = K2 by the same techniques of
partial evaluation used above.

Then we obtain ΓGR
P (W )|H = ΓSnot(W1)|H .

Let us consider

M2 = least(P∪NH(ΓGR
P (W ))∪R1∪R2∪R3)

Clearly M2|L = ΓG
P (ΓGR

P (W )) We have also

W1 = least(Pnot K2) =

Again we follow the partial evaluation steps 1-3. For what regards step 4, consider
the set of rules

not A← B.
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of G1.

It is not clear at this point if these rules are redundant, hence consider G2 as con-
structed from steps 4-5. By the same considerations done above we can prove that
G2 and E2 have the same least Herbrand model. We have to prove that least(G2) and
least(G2) coincide if we restrict to positive conclusions. Clearly

least(G2)⊆ least(G1)

If there exist a positive literal that belongs to least(G1)\ least(G2) it has to exists a rule

not A← B.

of G1 such that least(G) satisfies B and not A 6∈ NH(ΓGR
P (W )). If least(G2) = W1 satis-

fies B, then ¬A is in W1. This mean A 6∈ ΓGR
P (W ), hence not A ∈ NH(ΓGR

P (W )), against
hypothesis. This prove that least(G2) and least(G2) coincide if we restrict to positive
conclusions. The rest of the proof follows as above.

Then we have
W |H = W1|H = M2|H = ΓG

P (ΓGR
P (W ))|H

Further we have that the default literals of ΓG
P (ΓGR

P (W )) are exactly the literals of

NH(ΓGR
P (W )) = (ΓSnot(W1)|NH(H ))

By definition these are the negative literals of W , hence W and ΓG
P (ΓG

P (W )) coincide.
We have then proved that

ΓG
P (ΓGR

P (W ))|H = W |H

We have then proved that W is a fixpoint of ΓPΓR
P iff there exist a fixpoint W1 of

ΓT ΓT S such that W |H = W1|H .

Let now W, W1 be such fixpoints. By definition we know that W1∪NH(ΓSnot(W1)))
is a (paraconsistent) partial stable model of Pnot and hence (W1∪NH(ΓSnot(W1)))|L is
a (paraconsistent) partial stable model of P following Definition 42. From the discus-
sion above it follows also that ΓGR

P (W )|H = ΓSnot(W1)|H , then by Theorem B.0.1 and
Proposition 4.5.5 we obtain

NH(ΓSnot(W1)|L) = {not A ∈ W}

and finally
W = (W1∪NH(ΓSnot(W1)))|L

This means that the fixpoints of ΓPΓR
P and the paraconsistent partial stable models of P

coincide, and hence the two definitions of well founded semantics also coincide.

248



B. PROOFS OF THEOREMS FROM CHAPTER 4

♦

Proof of Theorem 4.6.1:

To prove Theorem 4.6.1 we prove a more general result; an interpretation F is a the
fixpoints of ΓΓR iff it is also a fixpoint of ΓGΓGS. Since the well founded model is the
intersection of all the fixpoints, as a corollary, we obtain that the well founded models
of the two semantics coincide.

Theorem B.0.1 Let P be the Dynamic Logic Program of one single update and Then

F = ΓΓR(F) ⇔ F = ΓG(ΓGR(F))

Moreover ΓR(F) = ΓGR(F)

For simplicity we omitted P from the notation of the operators.

proof

Let F be a fixpoint of ΓΓR(F). Then F is computed as the least Herbrand model of P∪
De f ault(ΓR(F)). By definition:

NH(F) = {not A : A 6∈ F}

Since
A ∈ F = least(P∪De f ault(ΓR(F))) ⇔ ∃A← B : F |= B

Then:
NH(F) = {not A : 6 ∃A← B ∈ P, F |= B}= De f ault(F)

This implies, by definition of the two operators, that ΓR(F) = ΓGR(F). Then

F = least(P∪De f ault(ΓR(F)) = least(P∪De f ault(ΓGR(F))

By definition

De f ault(ΓGR(F)) = {not A : 6 ∃τ : A← B τ ∈ P, ΓGR(F) |= B}

and, since ΓGR(F) = least(P\Re jR(F)∪De f ault(F)) :

NH(ΓGR(F)) = {not A : 6 ∃τ : A← B, τ ∈ P\Re jR(F), ∧ ΓGR(F) |= B}

Re jR(F) = {τ ∈ P : ∃ η ∈ P : τ ./ η∧F |= B(η) }

This implies that De f ault(ΓGR(F)) ⊆ NH(ΓGR(F)) and if not A belongs to
NH(ΓGR(F)) but it does not belong to De f ault(ΓGR(F), then a rule with head A
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was rejected i.e. there exists

η : not A← B ∈ P, F |= B

Since F is a model of P, we obtain not A ∈ F . Hence, by Property A.1.1 we have

F = least(P∪De f ault(ΓGR(F))) = least(P∪NH(ΓGR(F))) = ΓG(ΓGR(F))

as desired.

Let F be a fixpoint of ΓG(ΓGR(F)). By definition:

NH(F) = {not A : A 6∈ F}

Since
A ∈ F = least(P∪NH(ΓGR(F))) ⇔ ∃A← B : F |= B

Then:
NH(F) = {not A : 6 ∃A← B ∈ P, F |= B}= De f ault(F)

Hence ΓGR(F) = ΓR(F).

Then
F = ΓG(ΓR(F)) = least(P∪NH(ΓR(F)))

By definition

De f ault(ΓR(F)) = {not A : 6 ∃τ : A← B ∧ τ ∈ P ∧ ΓR(F) |= B}

and

NH(ΓR(F)) = {not A : 6 ∃τ : A← B ∧ τ ∈ P\Re jR(F) ∧ ΓR(F) |= B}

This implies that De f ault(ΓR(F))⊆ NH(ΓR(F)) and if not A belongs to NH(ΓR(F))
but it does not belong to De f ault(ΓR(F), then there exists

η : not A← B ∈ P, F |= B

Since F is a model of P, we obtain not A ∈ F . Then, by Property A.1.1 we have

F = least(P∪De f ault(ΓR(F)) = ΓΓR(F)

♦

As corollary we obtain Theorem 4.6.1
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♦

Proof of Theorem 4.7.1:
We prove a stronger result from which the theorem derives as a consequence.

Theorem B.0.2 Let P be any Dynamic logic program, P T its transformational equiva-
lent.Then F be a fixpoint of ΓP kΓS

P k iff there exists a fixpoint FT of Γ2
P T k such that

F = {A | A ∈ FT} ∪ {not A | A− ∈ FT}

We know that

WFDy(P k) =
\

F ∀F : F = ΓP kΓS
P k(F)

From Theorem B.0.2 for each such F there is a corresponding FT that is a fixpoint of
Γ2

P T k and since
W T k =

\
FT

we obtain as a consequence Theorem 4.7.1.
proof

First of all let us consider a partially evaluated (see Theorem A.2.1) version of P T .
We replace the rules of the form

re j(LR
, j)← re j(LR

, i) re j(L, j)← re j(L, i)

For each rule τ in Pj of the form

τ : notL← B

with the the set of rules
re jAt(L)i ← B

for each i such that i≤ j, there exists a rule η in Pj such that τ ./ ηand

re jAt(L)S
i ← BS

for each i such that i < j, there exists a rule η in Pj such that τ ./ η.
After this partial evaluation, we divide each PT

i in two programs PE
i and PS

i in the
following way: Each rule whose head is a literal of the form LS is in PS

i , all the other
rules are in PE

i . In this way we also obtain the two sequences of programs P Ek and P Sk.
We use ΓT , ΓE and ΓO, instead of the ΓP T k , ΓP Ek , ΓP Sk respectively.

We observe further that in the body of each rule in P Ek there are only positive lit-
erals of the form At(L) and at most one negative literal of the form notre jAt(L)S

i . Con-
versely, in the body of each rule in P Sk there are only positive literals of the form At(L)S
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and at most one negative literal of the form notre jAt(L)i, where L is a literal of L .

Let X be any subset of LT . We divide X in two parts X1 and X2 with

X1 = X |LE , X2 = X |LS

Define what LE is

Then, from what previously said it results

ΓT 2(X) =

ΓT (ΓE(X2) ∪ ΓO(X1)) =

ΓE(ΓO(X1)) ∪ ΓO(ΓE(X2)) =

ΓE(ΓO(X1))|LE ∪ ΓO(ΓE(X2))|LS

From now on we will use Γ and ΓS instead of ΓP k and ΓS
P k respectively.

Let W T k be the well founded model of P T k and

W S = W |LS

define LS before

Let F be a fixpoint of ΓΓS. We define FE in the following way

FE = {A | A ∈ F}∪{A−|not A ∈ F}
∪ {re jA−0 | not A 6∈ De f ault(F)k}
∪ {re jAt(L)i | ∃ τ ∈ Pi, τ ∈ Re jR(F)k, hd(τ) = L}

Then we consider FT = FE ∪ W S. By the previous argumentations it follows

ΓT 2(FT ) = ΓEΓO(FE) ∪ ΓOΓE(W S)

Since FT = FE ∪ W S, and ΓOΓE(W S) = W S, we have simply to prove

ΓEΓO(FE) = FE

By definition

ΓO(FE) = least(
k[

0

EE −PO
i )

We have that

not A ∈ De f ault(F)k ⇔ re jA−0 ∈ FE ⇔ A−S. ∈ E−PO
0

and
τ ∈ Pi∩Re jR(F)k ⇔ re jAt(hd(τ))S ∈ FE ⇔ At(τ)S ∈ E−PO

i
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From this it follows

∀L|L ∈ L , L ∈ ΓR(F) ⇔ At(L) ∈ ΓO(FE)

and this implies

not A ∈ De f ault(ΓR(F))k ⇔ re jA−S ∈ ΓO(FE) (B.3)

τ ∈ Re jR(ΓR(F))k∩Pi ⇔ re jAt(hd(τ))S ∈ ΓO(FE) (B.4)

Let us consider now

ΓEΓO(FE) = least( ΓO(FE)−P Ek )

From B.3 and B.4 it follows

A−. ∈ (ΓO(FE))−PE
0 ⇔ not A ∈ De f ault(ΓR(F))k

At(τ) ∈ (ΓO(FE))−P Ek ⇔ τ ∈
k[

1

Pi \Re jR(ΓR(F))k

Then it follows
At(L) ∈ ΓEΓO(FE) ⇔ L ∈ ΓΓR(F)

Moreover, by definition of ΓE we derive also

re jA−0 ∈ ΓEΓO(FE) ⇔ not A ∈ De f ault(F)k ⇔ re jA−0 ∈ FE

re jAt(hd(τ))i ∈ ΓEΓO(FE) ⇔ τ ∈ Pi, τ ∈ Re jR(F)k ⇔ re jAt(L)i ∈ FE

And this finally implies FE = ΓEΓO(FE) and hence FT = ΓT 2(F)

Conversely, let FT be a fixpoint of ΓT 2. Let F be the following set of literals.

F = {A | A ∈ FT} ∪ {not A | A− ∈ FT}

We have to prove F = ΓΓR(F).

Let consider the set FE = FT |LE . Clearly F ⊆ FE . From the previous discussion we
now that FE = ΓEΓO(FE). By definition it follows

re jA−S
0 ∈ ΓO(FE) ⇔ not A ∈ De f ault(ΓR(()F))k (B.5)

re jAt(hd(τ))S
i ∈ ΓO(FE) ⇔ τ ∈ Pi, τ ∈ Re jR(ΓR(F)) (B.6)

253



B. PROOFS OF THEOREMS FROM CHAPTER 4

Then from FE = ΓEΓO(FE) it follows

ΓΓR(F) = least(
n[

1

Pi \Re j(ΓR(F))) = F

This concludes the proof.
♦

As corollary we obtain Theorem 4.7.1.
Proof of Theorem 4.7.2: It follows immediately from Definition 44. The number of
defaults assumptions is at most twice the size of the set of atoms in L i.e. l. The number
of rewritten rules is exactly twice the number of all the rules in any update Pi i.e.
2m. Each rule L ← B in any Pi generates at most four rejection rules, one of the form
re j(not L, j)← B , another of the form LR ← body

R
, not re j(L, i), another one of the form

re j(L, j)← re j(L, i), and another one of the form re j(LR
, j)← re j(LR

, i). Hence there are
at most 4m rejection rules. There are no other rules in P T n. Hence there are at most
6m+ l rules in P T n ♦

♦
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Appendix C

Proof of theorems from Chapters 5 and
6

Proof of Theorem 5.3.1: We separately prove the double implication of theorem 5.3.1
in the two directions:

Let us assume that s′ is a resulting state from s given I,D and the set of actions K.
By Definition 51, this is equivalent to state that there exists an evolving stable
model M1,s∗ of I,D given the input programs s∪K, /0 such that s′ ≡F s∗. An
interpretation M1 is an evolving stable of I,D given the input programs s∪K i.e.
iff M1 is a refined stable models of I,D∪ s∪K i.e.

M1 = least ((I∪D∪ s∪K)\Re js(M1, I,D∪K∪ s)∪De f ault(M1))

All the atoms of the form event(τ), where τ is the effect of a dynamic rule, are
false by default assumption. Hence the rules of the form (5.3) and (5.5) play no
role. Also, all the literals of the form prev(Q) where Q is a fluent literal are false
by default, hence the rules of the form Q ← prev(Q) in I plays no role. Since s is
consistent w.r.t. all the static rules, there is no conflict between the static rules in
D, hence such rules does not reject any literal in s nor they infer any fluent literal
that does not belong to s. Hence we can simplify the expression above in the
following way:

M1 = least ((D∗∪ s∪K)∪De f ault(M1))

where D∗ is the set of rules consisting of any rule of the form

assert(event(τ))←Cond.

for every dynamic rule effect(τ)←Cond. in D and any rule of the form

assert(prev(Q))← Q. assert(not prev(Q))← not Q.

for every Q such that inertial(Q) belongs to D. Hereafter, for sake of simplicity
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we will omit the negative literals of the form not A when A is an auxiliary literal
or an action literal, i.e. A 6∈ F . Moreover by Prev(s) we indicate the set of literals
which are either of the form prev(F), where F is a fluent literal that is declared as
inertial in D and is true in s, or of the form not prev(F) where F is a fluent literal
that is declared as inertial in D and is false in s.

Finally, by ED(s,K) we mean the set of literals event(τ) such that

assert(event(τ))←Cond.

belongs to D and s∪K |= Cond. Hence, the unique refined stable model M1 is:

M1 = s∪K∪assert(Prev(s))∪assert(ED(s,K))

The trace associated with any evolving interpretation M1,s∗ is then the sequence
J : I,D,Prev(s)∪ED(s,K). Hence, M1,s∗ is an evolving stable model of I,D give
the sequence of input programs K, /0 iff s∗ is a refined stable model of J .

Let s∗ be any interpretation over the language of I,D, ands′ = s ∗ |F . To prove
the theorem, we simply have to prove that s∗ is a refined stable model of J iff s′

satisfies the equality 5.6. By definition s∗ is a refined stable model of J iff

s∗ = least
(
(I∪D∪Prev(s)∪D(s,K))\Re jR(s∗)∪De f ault(s∗)

)

We start by assuming s∗ is a refined stable model of J . We first simplify the
expression above in order to obtain an expression similar to 5.6.

Let s′ = s∗F . Since s′ only contains fluent literals, the dynamic rules and the inertial
declarations in D plays no role in determining s′. Hence, the only rules we are
interested in are the static rules in R . Moreover, since s∗ is two valued, there is no
mutual rejection between the rules in R ; otherwise there would be a fluent literal
Q such that all the rules with head Q or not Q would be rejected and not Q would
not be in the set De f ault(s∗) as well. Hence neither Q nor not Q would be in s∗ in
contrast with the two valuedness of s∗. Finally, by partially evaluating the facts
in ED(s,K), and the rules of the form

F ← Body, event(F ← Body). (5.3)

we can erase the facts of the form event(τ) from the rules (5.3) whenever event(τ)∈
ED(s,K) and ignore the rules (5.3) whenever event(τ) 6∈ ED(s,K) Hence we obtain
the following equivalence for s′.

s′ = least
(
I \Re jR(s∗)∪Prev(s)∪R ∪D(s,K)∪De f ault(s∗)

)

We can split the set of default assumptions in two subsets, the one concerning
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the inertial fluent literals and the one concerning the fluent literals that are not
inertial. We obtain then:

s′ = least
(
I \Re jR(s∗)∪Prev(s)∪De f ault(s∗)|I ∪R ∪D(s,K)∪De f ault(s∗)|(F \I )

)

where De f ault(s∗) stands for De f ault(s∗, I,R∪D(s,K))|(F \I ). The expression

De f ault(s∗, I,R∪D(s,K))|(F \I )

is equivalent to
De f ault(s′,R ∪D(s,K))|(F \I )

Moreover, the expression De f ault(s∗)|I is equivalent to

De f ault(s′,s∪R ∪D(s,K))|(I )

Let Inherit(s) be the following set of rules

Inherit(s∗) = {Q ∈ F : Q← prev(Q) ∈ I \Re jR(()s∗)∧ prev(Q) ∈ Prev(s)}

What remains to do in order to prove that s′ satisfies the equality 5.6 is then to
prove that:

Inherit(s∗)∪De f ault(s∗)|I )≡ (s∩ s′∩ I )

We consider separately the negative and the positive fluent literals. Let Q be
a fluent literal that belongs to (s∩ s′ ∩ I ). We want to prove this is equivalent
to saying that Q ← prev(Q) belongs to I \Re jR(s∗) and that Prev(Q) ∈ Prev(s) i.e
Q ∈ Inherit(s∗).

The literal Q belongs to (s∩ s′∩ I ) iff Q ∈ I , not Q 6∈ s and not Q 6∈ s′. This implies
that there exists no rule in R ∪D(s,K) whose head is not Q and whose body is
true. Hence the rule Q← prev(Q) belongs to I \Re jR(s∗) and, by Q ∈ s we derive,
by definition of Prev(s), that Prev(Q) ∈ Prev(s).

On the other hand, if Q ← prev(Q) belongs to I \Re jR(s∗), this implies that there
exists no rule in R ∪D(s,K) whose head is not Q and whose body is true, and if
Prev(Q) ∈ Prev(s), this implies not Q 6∈ De f ault(s∗) and hence not Q is not derived
by any rules nor by default assumption. Hence not Q 6∈ s′ and so Q ∈ s. On the
other hand, prev(Q) ∈ Prev(s) implies, by definition, Q ∈ s and Q ∈ I . Thus, we
have proved that

Q ∈ (s∩ s′∩ I )⇔ Q← prev(Q) ∈ I \Re jR(s∗) ∧ prev(Q) ∈ Prev(s)

Let us now consider the negative fluent literals. We want to prove that, for any
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inertial fluent, the following double implication holds.

not Q ∈ (s∩ s′)⇔ not Q ∈ De f ault(s′,s∪R ∪D(s,K))|F

We know not Q ∈ s′ iff Q 6∈ s′, which implies, since s′ is a model of R ∪D(s,K) that
there exists no rule in R ∪D(s,K) whose head is Q and whose body is satisfied
by s′. This, together with the fact that Q 6∈ s, by definition of De f ault implies
not Q ∈ De f ault(s′,s∪R ∪D(s,K)) as desired.

We have hence proved

Inherit(s∗)∪De f ault(s∗)|I )≡ (s∩ s′∩ I )

and so that s′ satisfies the equality 5.6.

Let us assume now that s′ satisfies the equality 5.6, i.e.

s′ = least
(
(s∩ s′∩ I ) ∪De f ault(s′,R ∪D(s,K))|(F \I ) ∪D(s,k) ∪R

)

Let NED be the set of literals of the form ¬event(τ) such that event(τ) ∈ ED(s,K)
and there is no dynamic rule of the form effect(τ) ← Cond such that s′ satisfies
Cond. Let s′ be the following evolving interpretation (again we omit the negative
literals which are not fluent literals).

s∗ = s′ ∪ Prev(s) ∪ ED(s,K) ∪NED∪assert(ED(s′,K))∪ assert(Prev(s))′

We have to prove that s∗ is a refined stable model of J . We start by proving that

Inherit(s∗)∪De f ault(s∗)|I )≡ (s∩ s′∩ I )

Let Q be a fluent literal in (s∩ s′ ∩ I ). This is equivalent to Prev(Q) ∈ Prev(s),
not Q 6∈ s′. Since s′ is a model of R ∪D(s,K), we conclude there exists no rule in
R ∪D(s,K) with head not Q and true body in s′. Hence Q← prev(Q) ∈ I \Re jR(s∗)
and thus Q ∈ Inherit(s∗). On the other hand, if Q ∈ Inherit(s∗), i.e. Q← prev(Q) ∈
I \Re jR(s∗) and prev(Q) ∈ Prev(s), then Q ∈ s, i.e. not Q 6∈ s, Q ∈ I , and there exists
no rule with head Q whose body is true in s′. So not Q 6∈ s′, i.e. Q ∈ s′ and finally
Q ∈ (s∩ s′∩ I ).

Let us now consider the negative fluent literals. We want to prove that, for any
inertial fluent, the following equivalence holds.

not Q ∈ (s∩ s′)⇔ not Q ∈ De f ault(s′,s∪R ∪D(s,K))|F
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The proof proceeds in the same way as above, and we conclude

Inherit(s∗)∪De f ault(s∗)|I )≡ (s∩ s′∩ I )

We obtain then the following equality:

s′= least
(
Inherit(s∗)∪De f ault(s∗)|I )∪De f ault(s′,R ∪D(s,K))|(F \I ) ∪D(s,k) ∪R

)

Which is equivalent to

s′ = least ( Inherit(s∗)∪De f ault(s∗) ∪D(s,k) ∪R ) |F

Since s′ is consistent w.r.t. D(s,K) and R , these sets of rules do not contain any
pair of rules with conflicting heads and whose bodies are both true in s′. Hence,
replacing Inherit(s∗) with Prev(s)∪ I \Re jR(s∗) we obtain

s′ = least
(

(I∪D(s,K)∪mR)\Re jR(s∗)∪De f ault(s∗)
) |F

and from this, considering the definition of s∗

s∗ = least
(
(I∪D∪Prev(s)∪D(s,K))\Re jR(s∗)∪De f ault(s∗)

)

This is equivalent to saying that M1,s∗ is an evolving stable model of I,D given
the sequence of input programs K, /0, i.e. s′ is a resulting state from s given I,D

and the set of actions K.

♦

Proof of Theorem 5.5.1: By Definition 52 the sequence s1, . . . ,sn,s′ is a sequence
of possible resulting states iff there exists a sequence of evolving interpretations
M0,M1, . . .Mn,s∗ such that M0|F ≡ s, Mi|F ≡ si and s∗|F ≡ s′. Let I0,D0,T1 . . . ,Tn be the
trace of M0,M1, . . .Mn,s∗. By Definition 46 this amount to say that s∗ is a refined stable
model of the program

I0,D0,T1 . . . ,Tn∪En (C.1)

We prove that the various Ti have one of these 3 forms:

1. Ti = Auxi where Auxi is a set of literals of the form Prev(Q) or not Prev(Q) where Q

is an inertial literal, or literals of the form event(τ) or not event(τ) and τ is the effect
of some dynamic rules.

2. Ti = Auxi∪ initialize(Fβ).

3. Ti = Auxi∪Dk for some k
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Indeed, the set Auxi is a set of auxiliary literals that are asserted. The auxiliary
literals of the form Prev(Q) and not Prev(Q) are those that are asserted to guarantee that
the truth value of the inertial fluent Q is preserved from one state to the next unless
some static or dynamic rule changes it, while those of the form event(τ) or not event(τ)
are asserted to specify that some effect τ has been triggered from a dynamic rule whose
head is effect(τ).

If the input program Ei corresponding to Mi does not contain other rules except
actions, the literals of the form Auxi+1 are the only rules appearing in Ti+1 (case 1). If
this is not the case then, either Ei contains the set of assertions assert(initialize(Fβ))
(case 2) or it contains the set of assertions assert(Dk) (case 3). In case 2, the trace Ti+1

also contains (above Auxi+1) all the rules of initialize(Fβ) (and nothing else), in the case
3 it also contains all the rules of Dk (and nothing else).

By definition, there exists no rule with head not assert(prev(Q)) or
not assert(prev(not Q)) in the Dk or Ik. Moreover, since every fluent only appears
in an update Dks after being initialized, there exists no rule with head Q or not Q in any
Tj with j < i where Ti is the Ti containing initialize({Q}). Hence, by Property 3.7.4, it
is possible to move every Fβ to the first program in the sequence without changing
the semantics of the program C.1. Since

S
Fβ = I we can simplify program C.1 to the

following program

(I0∪ I),D0,T ′1 . . . ,T ′n ∪En (C.2)

where T ′i is Ti pruned by any initialization rule.
We prove now that it is possible to ignore the various sets Auxi thus obtaining a

simplified program, i.e. the program C.2 is equivalent to the following DyLP:

(I0∪ I),D0,D1, . . . ,Dk∪Auxn (C.3)

Since sn is a two valued interpretation, then, for any inertial fluent Q, either Q ∈ sn

or not Q ∈ sn and hence,by the rules in I, either prev(Q) ∈ Auxn or not prev(Q) ∈ Auxn.
Hence, by Corollary 3.7.1, it is possible to eliminate the facts of the form prev(Q) and
not prev(Q) from any Auxi with i < n without changing the semantics of the program.

Let
effect(τ)←Cond.

be any dynamic rule in the updated EAP. By Section 5.3 the expression above is a macro
for the set of rules

F ← Body, event(τ).

assert(event(τ)) ← Cond.

assert(not event(τ) ← event(τ),not assert(event(τ)).
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If either event(τ) or not event(τ) belongs to Auxn, by Corollary 3.7.1 it is possible to re-
move both event(τ) and not event(τ) from any Auxi with i < n without changing the se-
mantics of the program.

It remains to examine the case when neither event(τ) nor not event(τ) belong to Auxn.
Let Aux j be the set of auxiliary literals containing either event(τ) or not event(τ) with the
greatest index j. By the hypothesis above, j < n. We prove that not event(τ) ∈∈ Aux j.

If, by contradiction, event(τ) ∈ Aux j, then event(τ) belongs to M j, hence, either
assert(event(τ)) ∈M j or, by the rule

assert(not event(τ)← event(τ),not assert(event(τ))

assert(not event(τ)) ∈M j i.e. either

event(τ) ∈ Aux j+1 ⊆ Tj+1

or
not event(τ) ∈ Aux j+1 ⊆ Tj+1

thus contradicting the hypothesis of maximality of j.

Hence it can only be that not event(τ) ∈ Aux j. By Corollary 3.7.1 it is it is possible
to remove both event(τ) and not event(τ) from any Auxi with i < j without changing the
semantics of the program. Then, by Proposition 3.7.3, it is it is possible to remove
not event(τ) from Aux j without changing the semantics of the program.

Hence any set of literals of the form Aux j can be removed without changing the
semantics of the program.

Finally, by Proposition 3.7.5 all the empty Tis can be removed without changing the
semantics of the program. Hence we end up concluding that we can simplify the trace
of M0,M1, . . .Mn,s∗ to the DyLP.

(I0∪ I),D0,D1, . . . ,Dk∪Auxn

as desired.

The set Auxn consists of set Prev(sn), the set ED(sn,K) and the set R(sn) of literals of
the form not event(τ) for each dynamic rule whose preconditions where true in sn−1 and
false in sn. The negative literals in R(sn) simply rejects facts of the form event(τ) from
Auxn−1. Since we have already simplified the trace by erasing all the Auxis with i < n,
by Proposition 3.7.3 we can remove the set R(sn) without changing the semantics of the
program.

Thus, s1, . . .s′ is a sequence of possible resulting states iff s∗ such that s∗|F ≡ s′ is a
refined stable model of I0∪ I,D0,D1, . . . ,Dk,ED(sn,K)∪Prev(sn). This, by Definition 55,
is equivalent to say that s′ is a resulting state from s given I0∪ I,D0,D1, . . . ,Dk and the
set of actions Kn+1, as desired. ♦
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Proof of Proposition 6.3.1: For any event e, by Definition 59:

S = (P ,EP,Ei.EF) `e ⇔ P ′ ` e

where P ′ = P R]Ev(S , i) and ` is any of the inference relations `Se, `∩ or `WF defined
as follows:

P ′ `Se e ⇔ e ∈ Se(R S(P ′))

P ′ `∩ e ⇔ e ∈ M ∀ M ∈ RS(P ′)

P ′ `WF e ⇔ e ∈ WFDy(P ′)

where R S(P ′) is the set of all the refined stable model of P′ and Se/1 is a function that
selects one of the refined model of P ′ (see Section 6.3.1).

These conditions, by definition of the refined and well founded semantics, are
equivalent to, respectively:

e ∈ Se(R S(P ′)) ∧ M = least
(
ρ
(
P ′)\Re jR (

P ′,M
)∪De f

(
P ′,M

))

e ∈ M ∀ M ∈ RS(P ′) ∧ M = least
(
ρ
(
P ′)\Re jR (

P ′,M
)∪De f

(
P ′,M

))

e ∈ WFDy(P ′) ∧ W = least
(

ρ
(
P ′)\Re j

(
ΓS(W )

)
∪De f

(
ΓS(W )

))

and, since the only rules whose heads are events belongs to Ev(S , i) and none of this
rule is rejected 1, for any positive event ep these conditions are equivalent to, respec-
tively:

M = Se(R S(P ′)) ∧ ∃ ep ← B ∈ Ev(S , i) : B⊆M (C.4)

∀ M ∈ RS(P ′) : ∃ ep ← B ∈ Ev(S , i) : B⊆M (C.5)

W = WFDy(P ′) ∧ ∃ ep ← B ∈ Ev(S , i) : B⊆W (C.6)

and, for any negative event not ep, since it may only belong to the set of default literals,
these conditions are equivalent to, respectively:

M = Se(R S(P ′)) ∧ 6 ∃ ep ← B ∈ Ev(S , i) : B⊆M (C.7)

∀ M ∈ RS(P ′) : 6 ∃ ep ← B ∈ Ev(S , i) : B⊆M (C.8)

W = WFDy(P ′) ∧ 6 ∃ ep ← B ∈ Ev(S , i) : B⊆ ΓS(W ) (C.9)

We are now ready to prove the statements 1−6.

1. Let eb be any basic event. By definition of Ev(S , i), the only rule whose head is
eb may be the fact eb whose body is always satisfied and belongs to Ev(S , i) iff

1since there exists no rule whose head is the negation of an atom
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eb ∈ Ei. Hence the thesis follows by conditions C.4, C.5, C.6.

2. Given any complex event e = e14 e2, by conditions C.4, C.5, C.6, we have S `e e

iff for M = Se(R S(P ′)) (resp. for any refined model M of P ′, or for the well
founded model W of P ′) there exists a rule e← B in Ev(S , i) such that B⊆M (resp.
B⊆W ).

The only rule in Ev(S , i) whose head is e14 e2 is:

e14 e2 ← e1,e2.

Then S `e e1 4 e2 iff e1,e2 ∈ M (resp. e1,e2 ∈ W ), i.e. (by Definition 59) S `e

e1 ∧ S `e e2.

3. Given any complex event e = e15 e2, by conditions C.4, C.5, C.6, we have S `e e

iff for M = Se(R S(P ′)) (resp. for any refined model M of P ′, or for the well
founded model W of P ′) there exists a rule e← B in Ev(S , i) such that B⊆M (resp.
B⊆W ).

The only rules whose head is e15 e2 are:

e15 e2 ← e1. e15 e2 ← e2.

Hence S `e e15e2 iff either e1 ∈M (resp. e1 ∈W ) or e2 ∈M (resp. e2 ∈W ), i.e. (by
Definition 59) either S `e e1 or S `e e2.

4. Given the event name enam, by conditions C.4, C.5, C.6, we have S `e enam iff for
M = Se(R S(P ′)) (resp. for any refined model M of P ′, or for the well founded
model W of P ′) there exists a rule enam ← B in Ev(S , i) such that B ⊆ M (resp.
B⊆W ). The only rules whose head is enam are those of the form:

enam ← e. ∀ enam is e ∈ S

Hence, S `e enam iff, for some e such that

enam is e ∈ S

e ∈M (resp. e ∈W ), i.e. (by Definition 59) S `e e .

5. Given the event name e = A(e1,e2,e3), by conditions C.4, C.5, C.6, we have S `e e

iff for M = Se(R S(P ′)) (resp. for any refined model M of P ′, or for the well
founded model W of P ′) there exists a rule A(e1,e2,e3) ← B in Ev(S , i) such that
B⊆M (resp. B⊆W ).
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The only rule whose head is e may be one the form:

e = A(e1,e2,e3)← e2.

Moreover, by the definition of Ev(S , i) and AR(S , i), the rule above belongs to
Ev(S , i) iff

∃ m < i s.t. S m `e e1∧ ∀ j s.t. m < j ≤ i : S j 6`e e3

Hence, S `e A(e1,e2,e3) iff e2 ∈ M (resp. e2 ∈W ), i.e. (by Definition 59) S `e e2

and the condition above is satisfied.

6. Let not ep be any negative event. If M is a refined model of P ′, since M is two
valued, then not ep ∈M iff ep 6∈M.

If the chosen inference relation is `Se, S `Se e not ep iff not ep ∈ Se(R S(P ′)) and this
condition is satisfied iff ep 6∈M, i.e. (by Definition 59) S 6`e ep as desired.

If the chosen inference relation is `∩ and S `∩ e not ep, then, for any refined stable
model M of P ′, not ep ∈M, i.e. ep 6∈M and hence S 6`∩ e ep immediately follows.

If, S 6`∩ e ep we proceed by induction on the structure of ep to prove that

S `∩ e not ep.

If ep is a basic event, we already proved in (1) that S 6`∩ e ep implies ep 6∈ Ei.
Hence there exists no rule in Ev(S , i) whose head is eb and hence not ep belongs to
De f (P ′,M) for any refined model M, and hence:

not ep ∈M = least
(
ρ
(
P ′)\Re jR (

P ′,M
)∪De f

(
P ′,M

))

Which is equivalent to S `∩ e not ep.

If ep is a complex event and S 6`∩ e ep then, by condition C.5, there exists at least
one refined model M of P′ such that ep 6∈M , i.e. for any rule e← B ∈ Ev(S , i) there
exists some literal Bi with Bi ∈ B such that Bi 6∈ M, i.e. S 6`∩ e Bi. By definition of
Ev(S , i), the various Bi are simpler events than ep hence, by inductive hypothesis,
S `∩ e not Bi, i.e. not Bi belongs to any refined model M of P′. Hence the body of
the rule B is not the subset of any refined model M. This holds for any rule of the
form e← B. By condition C.8 this implies S `∩ e not ep as desired.

It remains examine the inference relation `WF . We remember that, for any event
e, S `WF e e iff e ∈W where W is the well founded model of P ′. We proceed again
by induction on the structure of ep.

If ep is a basic event, then by (1), S 6`WF e ep iff ep 6∈ Ei which, in turn, is true
iff ep ∈ P′. Since there is no other rule in P′ whose head is ep, then ep ∈ P′ iff
not ep ∈ De f

(
ΓS(W )

)
which, since there is no rule in P′ whose head is not ep, is
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equivalent to

not ep ∈W = least
(

ρ
(
P ′)\Re j

(
ΓS(W )

)
∪De f

(
ΓS(W )

))

i.e. S `WF e not ep. So we conclude S 6`WF e ep iff S `WF e not ep.

If ep is a complex event, by condition, C.9 S `WF e not e is equivalent to say:

∀ ep ← B ∈ Ev(S , i) : ∃Bi ∈ B s.t. Bi 6∈ ΓS(W )

By Proposition 4.5.4, this is equivalent to:

∀ ep ← B ∈ Ev(S , i) : ∃Bi ∈ B s.t. not Bi ∈W

By inductive hypothesis, this is equivalent to:

∀ ep ← B ∈ Ev(S , i) : ∃Bi ∈ B s.t. Bi 6∈W

or, equivalently:
6 ∃ ep ← B ∈ Ev(S , i) : B⊆W

which is the negation of condition C.9 i.e. it is a sufficient and necessary condition
for S 6`WF e ep as desired.

♦
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